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PREFACE 


Tus text contains sufficient material for the customary 
three semester courses in algebra, and will be found to meet 
adequately the varied college entrance requirements. The 
first part of the text is identical with the corresponding part 
of the authors’ First Year Algebra. Attention is directed to 
the following features of the text: 

By changing the traditional order of topics, some of the 
confusing difficulties of algebra are postponed until the third 
semester. Note the omission from Chapter VIII of certain 
types of factoring and of the generalized forms of even the 
simple types. These topics are gathered together in Chap- 
ter XVI, where they form a desirable review and extension of 
Chapter VIII. Obviously this chapter may be taken immedi- 
ately after Chapter VIII if desired. Note also that Chap- 
ter XIV contains only so much of evolution and radicals as is 
required in the solution of quadratic equations. The subjects 
exponents and radicals are treated toward the end of the 
course. These chapters also may be taken in their traditional 
order, before quadratics, if desired. Note also that Chapter II 
contains only addition and multiplication of signed numbers, 
leaving subtraction and division until a later time. Note 
finally the Chapter XXVI containing supplementary topics. 
Many teachers will wish to use some of these topics in con- 
nection with earlier chapters. 

In the early part of the text especially, each topic taken up 
is used in the solution of equations. (See §§ 9, 10, 12, 41, 51, 
60, 107, etc.) In this manner the study of the topics is made 
purposeful and the equation receives desirable emphasis. 

Problems are introduced at short intervals. Informational, 
geometric, and physics problems are used, as well as other 
valuable types. New types are introduced’ gradually, are 
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taught with extreme care, appearing first in classified lists and 
thereafter in miscellaneous lists. Experimental verification is 
suggested for some of the facts from geometry and physics 
that are used. (See Exercises 7, 25, 28, 39, 49, 106; §§ 13, 
142, 143, 190, etc.) 

The abstract drill examples are simple rather than complex, 

are graded with extreme care, and are sufficient in quantity to 
meet the needs of the average class. 
+ Mechanical processes like “transposition ” and “clearing of 
fractions” are not introduced until the student is familiar with 
the underlying principles. In this manner thoughtful solu- 
tion of exercises by the student is made habitual. 

Efficiency in arithmetic is maintained and increased by the 
use of fractional and decimal coefficients, by requiring evalua- 
tion of expressions, and by expressing quadratic surds in their 
approximate decimal form. (See in this connection Chapters 
XIV, XV, and XXI.) 

Formule are introduced as one of the most practical uses of 
algebra. (See §§ 17 and 146.) Other applications of algebra 
are found in §§ 44, 84, 143, 150, 190. 

The data for informational problems are, in the main, of per- 
manent rather than temporary interest, and of general rather. 
than local interest. 

Graphical representation and graphical methods are intro- 
duced from the secondary school point of view. They are 
viewed as a means of instruction rather than an end. The 
data for statistical graphs contain only two, or at most three, 
significant figures. 
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ALGEBRA 


INTRODUCTION 


AxcEBrRA is like arithmetic in some respects. Arithmetic 
consists cf the study of addition, subtraction, multiplication, 
and division of some kinds of numbers, and of the application 
of this knowledge to some of the common problems of daily 
life and of business. Algebra continues this study of numbers. 
_ In arithmetic, numbers are represented by the digits 1, 2, 3, 
etc.; sometimes also, they are represented by letters, as, for 
example, in interest problems, where the principal is repre- 
sented by P, the rate per cent by R, and the interest by I 
These letters make it possible to abbreviate rules; thus, the 
rule “the interest for one year equals the principal multiplied 
by the rate per cent,” may be expressed by the letters as 
follows: 

ia ie J, 
100 

In algebra, letters are regularly employed to represent num- 
bers. Some new kinds of numbers and many new mathemati- 
cal ideas are studied, and, as in arithmetic, some of the uses 
of this knowledge are illustrated. 

Algebra has a very long history. A little was known about 
it centuries before the Christian Era. The oldest mathemati- 
cal book which we have, written by an Egyptian named Ahmes, 
contains some problems similar to those found in our algebras. 
Ahmes lived before 1700 p.c.. Knowledge of algebra grew 
very slowly indeed for many centuries; in fact it was not 
until the sixteenth century that algebra assumed the form 
which it has to-day, and since then many discoveries and im 
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provements in it have been made. Many oi the wisest mathe- 
maticians of former days contributed to this growth. Thanks 
to their combined achievements and ingenuity, it is now possi- 
ble for any boy or girl in the first year of high school to get a 
much broader view of the elementary part of the subject than | 
many of these men had. 

Scattered through the text, will be found historical notes 
calling attention to some of the epoch-making innovations in 
the development of algebra, together with the name and time 
of the man making the step forward. 


I. LITERAL NUMBER 


1. In arithmetic, numbers are represented by the digits 1, 
2, 3, 4, 5, 6, 7, 8, 9, and 0, and combinations of them In 
Algebra, numbers are also represented by letters. Numbers 
represented by letters are called Literal Numbers. The follow- 
ing examples illustrate the use of letters as numbers. 


Exampre 1. Ifa boy saves 5 cents per day, how much does 
he save: 


(a) in 3 days? (6) in 5 days? 
(c) in any number of days ? 
This last result may be expressed by saying, ‘“‘as many cents as are 
obtained by finding the product of the number of days and 5.”’ 
In algebra, it may be expressed thus: 


Let n = the number of days. 
Then, 5 x n = the number of cents saved. 
So, if n is 6, 5 x nis 5 x 6 or 80, 
if n is 8, 5 x nis 5 x 8 or 40. 


Exampite 2 How many inches are there: 


(a) in 9 feet ? (6) in any number of feet ? 
Let - @ =the number of feet. 
Then, 12 x = the number of inches in & feet. 


122 is read ‘* twelve a.’ 
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2. Sign of Multiplication. The symbol, x, is used to in- 
dicate multiplication in algebra as well as in arithmetic; it is 
read “times” or “multiplied by.” A dot, - , placed above 
the line, is also used as a sign of multiplication, and gener- 
ally even the dot is omitted, so that 12 xm may be written 
~12-m or 12m. ax6 may be written a-b or ab, and is 
read “a 6.” 


Historica Note. —The symbol, x, was first used by an English- 
man, Oughtred, about 1631. The symbol, + , was introduced by Leibnitz 
in 1693. Multipiication was indicated as early as the thirteenth century, 
in Hindu and Italian books, by simply writing the factors side by side. 
This method was forgotten for a time, and was reintroduced by German 
algebraists during the fifteenth century. 


3. The result obtained by multiplying two or more numbers 
_ together is called the Product, and the numbers are called 
the Factors of the product. 


EXERCISE 1 
1. What does 10d mean? Sr? 6s? 
2. Ilow much is 10d, whendis2? 3? 5? 


3. How much is 77, whenris4? 6? 122 4? 


for) 
~ 


Another way of expressing this example is to’say: ‘‘ what is the value 
of 7r when ris 4?” 


4. Wind the value of 8a when ais 5; 15; 2.5; 3. 
5. Find the value of 9 W when Wis 8; 12; 4. 


6. If a equals the number of inches in the , , kB 
line AB, what does 3a equal? Illustrate it. eS moes 

7. If b represents the number of square feet in a rectangle, 
what does 2b represent? 2b? 66? 


8. If a man earns $3 per day, what will ‘he earn in 6 
davs? in 20 days? in » days? 
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9. If a book costs 75%, what will three of them cost? 2 of 
them? How much is 752f, when a is 4? 

10. Ifa train travels at the rate of 25 miles per hour, how 
far will it go in 3 hours? in 5 hours? in # hours? 

11. One cubic foot of water weighs 62.5 pounds. How 
much do x cubic feet weigh? How many pounds are 62.5% 
pounds when a is 4? 5? 10? 

12. If a farm consists of 85 acres, valued at A dollars per 
acre, what is the value of the farm? What is it when A 
is 75? 

13. If a man receives y dollars per week, how much will he 
receive ina year? Find the amount if y is 22. 

14. If each of 35 persons contributes s dollars to the expense 
of an excursion, what is the total expense? Find it when s 
is 5; 6. 

15. If n represents a number, what will represent a number 
3 times as large? 5 times ? 24 times? Find the value 
of each of these when n is 2; 6; 10. 


4. The symbols ( ) are called parentheses. In mathematics, 
they mean that the numbers within are to be combined as the 
signs indicate, and that the result is to be treated as a whole. 


Thus, (3 x 5)—(7+ 8) means: multiply 3 by 5; add 7 and 8; subtract 
the second result from the first. 


5. An Important Multiplication Law. When several numbers 
are to be multiplied ‘together, the product may be found by 


multiplying the first factor by the second, that result by the 
third, and so on. 


Exampte 1. ee ee 


Example 2. If a square contains 4a square feet, find the 
area of a square 5 times as large. ; 
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Sotution: 1. Thearea is 5 x 4a square feet or (6x 4)x a=20xa 
= 20 asa. ft: ; 


_ 2. This result is true for any value of a; 
at a@=3, 4a=12, 


and 5x4a=5 x 12=60; 
also 20 a = 20 x 8= 60. 


The fact that the result is 60 in both cases shows that the solution is 
probably correct. 
EXERCISE 2 
Find, as in Examples 1 and 2, the results in the following examples, and 
test the results as in 2 for some particular value of the literal number : 
1. Ox 8a. 3. 9X8n. 5. 3xim. T 8 2 
QA 100.0 ~ 4. 9x17 2 .6-5x tk 8. 12x22. 


9. If one number is represented by 26, what will represent 
a number 3 times as large? one third as large? 


10. If John is 4 times as old as James, and if James is 2y 
years of age, how old is John? Find both ages if y is 3. 
11. If the volume of a sphere is 163¢ cubic inches, what is 
the volume of a sphere 3 times as large? 
12. If the interest on a sum of a money is 257 dollars for one 
year, what is the interest for 4 years? 3 years? 6 years? 

13. There are three numbers of which the first is 4 times 
the second, and the third is 3 times the first. Represent the 
second number by s, and find the others. Find their values 
when the number s is 5. 

14. There are three numbers of which the second is 8 times 
the first, and the third is 4 times the second. Let f represent 
the first, and then represent the others. 

15. The value of A’s property is 5 times that of B’s, and the 
value of O’s property is 4 times that of A’s. Represent the 
number of dollars B possesses by 6, and then represent 
the number of dollars owned by A ard C. 
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6. An Important Division Law. 
Since 2x3a=6a, then6a+2=3a4, 
Similarly, 407+5=84a, since 5-8x=40z. 


Rule. — To divide the product of an arithmetical number and a 
literal number by an arithmetical number: 


1. Find the quotient of the arithmetical numbers. 
2. Multiply the quotient of step 1 by the literal number. 


f 


EXERCISE 3 

1. Divide each of the following numbers by 5: 

(a) 251. (b) 30%. (c) 45 rs. (d) Tdy. 
2. Divide each of the following numbers by 3: 

(a) 67. (b) 30c. (c) 42d. (d) 54e. 
8. Divide each of the numbers in Example 2 by 2. 
4. What part of 36 w is: 

(a) 3w? (6) 4w? (c) 6w? (d) 1w? 
5. What part of 44 is: 

(a) 11x? (b) 4a? (c) 22%? (da) 12? 
Find the following quotients: 


6p ocyeo. 9. 49b+ 49. 12. 63 s+ 63." 
7. 96 f+12. 10. 120¢+120. 13. 72¢+72. 
8. 8la+9. 11. 45r+9. 14. 25a+ 25. 
Historicat Norr.—The symbol, +, was introduced by John Pell 


who lived during the seventeenth century. 
7. Use of Literal Numbers in Solving Problems. Literal num- 
bers aid in solving certain kinds of problems. 


" 
Exampie. How long will it take a bricklayer to lay 38,500 
bricks if he can lay 3500 in one dey? 
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ARITHMETICAL SOLUTION 


Since he can lay 3500 bricks in one day, then in the unknown number 

_ of days he can lay 3500 times that number of bricks. Since this must be 

38,500, according to the statement of the problem, then the number of 
‘days must be x55 of 38,500 or 11. 


ALGEBRAIC SOLUTION 


Let nm = the unknown number of days. 
Then, 8500 n = the number of bricks laid in these days, 
and 88,500 = the number of bricks to be laid. 

So, 8500 n = 38,500. 


Since one v is 37) of 3500 n, divide these two equal numbers by 3500. 
Then, n =11. 
Test: 11 is correct, for 3500 x 11 = 38,500. 


8. The mathematical statement 3500 n = 38,500 is called 
an Equation. The literal number in the equation is called the 
ee ee 
~ Unknown Number. 
An Equation expresses the equality of two numbers. 
The numbers on the right of the equality sign form the 
Right Member of the equation, and the ones on the left, the 
Left Member. 
_ An equation implies a question: “for what value of the un- 
known number is the equality true?” 

For example, in the equation of §7, n can have only one value, — the 
one found, 11; thus, mn cannot be 10, for 3500 x 10 is 85,000, and not 
88,500. 

Finding the value of the unknown is called Solving the 
Equation. 


Historicat Norse, — The equation is implied in Ahmes’ book. To in- 
dicate the unknown number, he used a word haw corresponding to our 
word heap. Diophantus, a Greek mathematician of the fourth century, 
used for the unknown the last letter, s, of the word for number ; Vieta, 

a French mathematician of the sixteenth century, used the vowels, A, E, 
JZ, O, Vand Y; Harriot, an English mathematician of about the same 
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time, also used the vowels but wrote them with small letters ; Descartes, a 
French mathematician of the same ee used the last letters of the 
alphabet, x, y, and z. 


9. In solving the equation in § 7, two equal numbers were 
divided by the same number. It is clear that if equal numbers 
are divided by equal numbers, the quotients are equal. 

This fact is used in algebra in the following form: 

Rule. — Both members of an equation may be divided by the same 
number without destroying the equality. 


Exampie. Solve the equation: 
36 k = 468. 


So.ution: 1. Since & is 3, of 36%, divide both members of the equa- 
tion by 386, 


2. k= 4g8 (Rule § 9) 
3. se 
EXERCISE 4 
Solve the following equations: 
1. 7p = 238. 6. 27 y = 3d1. 
2. 8n=608. To 2e= 1615 
3. 9a = 428, 8. 5y = 218. 
4. 6A = 312. 9. 8m = 1864. 
5. 15% = 240. 10. 10 w = 2345. 


The arithmetical solution of the following examples is easy. Their 
' algebraic solution leads to the simplest form of equation. Give the alge- 
braic solution. 


a 11. What number mniltiptied by 18 Neaaegs 221? 


12. The product of a certain number and 17 equals 408; 
find the number 


13. A farm consisting of 43 acres is offered for sale at the 
price $3655. -What is the average price per acre ? 


14. What number multiplied by 3.7 equals 8.51? 
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15. If the total expense for a picnic for a party of 18 boys 
and girls is $5.94, how much must each one contribute ? 


- 16 Aman is compelled to make a journey of 126 miles in 


his automobile over a poor road in 7 hours; how many miles 


_ must he average per hour ? 


17. The fastest train-on the Pennsylvania Railroad between 


St. Louis and New York makes the trip in 24 hours; if the 


distance is 1052.4 miles, what is the average rate per hour? 


10. A second rule used in solving equations is: 


Rule. —Both members of an equation may be multiplied by the 
same number without destroying tie equality. 


This fact may be illustrated by the scales Sup- 
pose that the sugar § balances the weight W; if Ls | 
the weight is doubled, then the weight of sugar 
must also be doubled in order to keep the balance. 


Exampre 1. The circumference of one of the large redwood 
trees of California is 70 feet. Find its diameter. (The circum- 
ference of a circle is twenty-two sevenths of its diameter.) 


Sorution: 1. Let d = the number of feet in the diameter. 


2. Then, a = 70, the number of feet in the circumference. 

3. Multiply both members of the equation by 7. 

Then, r. a =7.70, (§ 10) 
or | 22. = 490. 

4. Divide both members of the equation by 22. 

Then, ~ ‘= =" = 22.8, or 22.2+ feet. 


Cuxcx: Does = of 22% = 70? 


2 35 
22 22-_ -2465- 
Cpagucc meas x —= 70. 
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Exampte 2. Solve the equation 3} a= 142. 


Sotution 1 §a”%= 142 
2. Multiply both members of the equation by 8. 


1 
Then, B. 3 =8 142, (Rule, § 10) 
or 5a = 11386. 
8. Divide both members of the equation of step 2 by 5. 
Then, t= US6 = 227.2, (Rule, § 9) 
5 28.4 
Cueck: Does Z xX B242= 5 x 28.4=142.0? Yes. 
EXERCISE 5 
Solve the following equations and problems: 
/ 1. 8a=280 6. $2=81. 
2. 15 y=345 7 4y=188. 
3. 27 ¢= 1242. 8. 32=96 
4. 76m= 1444 9 121=429 
& 2752%=27775 10. §r=200. 


11. Three tenths of the cost of a certain automobile is 
$210 Find the cost of the automobile. 


12 The selling price of a certain book is $ of its cost. 
Find its cost if it sells for $1.50 


13 Five eighths of a certain number is 95. Find the 
number. 


14 Thirteen ninths of a certain number is 148. Find the 
number. 


15. Two fifths of the area of Lake Michigan is 9200 square 


miles, Find the area of Lake Michigan. 


16. Three eighths of the cost of the Suez Canal was 
$37,500,000 Find the cost of the canal. 
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17. Seven twenty-fifths of the distance from New York to 
San Francisco is 910 miles. Find the distance from New 
York to San Francisco. 


18. Many metal articles, like a brass candlestick, are made 
by pouring melted metal intoa mold. The piece taken from 
the mold is called a casting. 

In making a brass casting, +3, of the metal is lost in the 


melting. How much brass must be melted to make a casting 


which will weigh 72 pounds? (Find the second decimal.) 

19. Cottonseed meal is used as a fertilizer on farms. It 
contains about 7% of nitrogen, a necessary plant food. How 
many pounds of cottonseed. neal must a farmer purchase who 
wishes to distribute 15 pounds of nitrogen over an acre of 
ground ? 

20. Tobacco stems also are used as a fertilizer They con- 
tain about 8% of potash, another necessary plant food. How 
many pounds of tobacco stems must a farmer purchase who 


- wishes to obtain 12 pounds of potash ? 


11. Addition and Subtraction of Numbers having a Common 
Factor. 
A number which isa factor of two or more numbers 1s 


- galled a Common Factor of these numbers 


Thus, 3 1s a common factor of 6 and 9 
ais acommon factor of 4a@and 7a. 
5 18 acommon factor of 8 x 5 and 2 x 5. 


A short method of adding numbers which have a common 
factor is illustrated in the following examples 


Historica, Note —The svmbol. +, was first used in print by a Ger 
man mathematician, Widmann, in 1489 The origin of the symbol is much: 
tn doubt. Italian writers of this perind used the symbol p, the first letter 
of the Latin word p/us. One exnlanation given for the sign. +, is thax 
it comes from an inverted ¢, 7. The Latin word. et. means and, and in. 
place of 1t this inverted ¢ was often used. It is easy to see how the 


_ symbol + may have been derived from the symbol, 3. - 
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EXERCISE 6 | 
1. 3 times 7 plus 2 times 7 is 5 times 7. 
3x7 “- 28 = ED Dea 
for 21 + 14 = 35. 


2 (12x 9)+(8 X 9)= 20x 9=? 
3. (8 x 4)+(7 x 4) = (?) x 4=? 
4 (5xX7)+(6xX1N)+O0XTD)=(?)xXT=? 
5. 6 times n + 4 times n = (?) times n? 
6. 62442 =(?) x? 9. 127+674+3v= 
Ta+3sa=? 10. 2r+37+57r410r= 
8. lly+8y+5y=? 
11. 6 x 4)—(2 xX 4)=3 x 4=12, for 20 — 8 = 12. 
12. 20x 7)—-4xTD=(?)x T=? 
13. (2 x 8)—6 x 8)=(?) x8 =? 


= 


14. 9u—5a=(?) a? 18. 137 by 4 See 
15 16b—5b=? 19. 12446A—2 4+5A=? 
(16. 20y—10y=? 20. 8r+138r—i1r+5r=? 


17 4m+6m—2m=? | 
21. One number is four times another. Represent the | 
smaller by s. Then represent the larger and find their sum. 


22. One number is % as great as another. Let 6 equal the — 
iarger. Represent the smaller and find their sum. 


~~28. One number is 5 times as large as another Let s equal 
_ the smaller. Represent the larger and then find their difference. 
24. The base of a rectangle is three times © 
the altitude. Represent the altitude by a; then ei 
represent the base. Find also the perimeter. 
(The perimeter is the sum of the lengths of the sides.) 
25. What is the perimeter of a triangle if one of its sides 


is 2¢ inches, if the second side is three times as long as the 
first and the third side is 2} times as long as the first? 
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__ 26. How many inches in n feet? in n yards? in n yards + 
n feet + n inches? 
27. How many cents in # nickels? in a dimes? .in w dimes 
+ «nickels + a cents ? 
Simplify the following: 
28. 2c+}c. 380. 5a4+2a. 32. 2b+.25b. 34. du+he. 


— 29. 3ce+hc. 31. 8c4+.2c. 33. dmtlim. 35. 2y+hy. 


12. Addition of Literal Numbers used in Equations. 


ExamptEe 1. The sum of two numbers is 91. -The greater 
- aumber is 12 times the smaller. Find the numbers. 


Sotution: 1. Let s =the smaller number. 
me. hen, 12 s = the larger number. 
8. Then, s+ 12s=91, since the sum of the numbers is 91. 
4. Adding, 13s =91, 
5. Dividing, Saale 


Cueck: If the smaller number is 7, the larger must be 84 and their 
- gum is 91. : 
EXERCISE 7 


Solve and check the following equations: 

1. 3a+4a= 42. 7 30+11¢7+124—130. 
2. 4m+5m= 108. 8. 15¢+ 8t—3t= 20. 

3. Tb—b= 66, 9. Tr—5r+6r=4, 

4. 3a2+7¢= 120. 10. 18w—Tw+9w=65. 
6. lly—2y=81. ll. 222%+132—-—62=116. 
6. 624+52=99. 12. 16y—-2y+4y=102. 


13. The greater of two numbers is four times the smaller 
The sum of the numbers is 60. Find the numbers. ~ 

14. If five times a certain number is increased by three 
times the same number, the result is 168. Find the number.. 

15. Divide $56 between A and B so that A shall receive 
seven times as much as B. ~ 


ied 


#¥ 


‘< 
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16. A,B, and C together have $96. B has twice as much ag 
C, and A has as much as B and U together. How much haseach? 


17. A man had $4195. After spending a certain sum, he 
found that he had left four times as much as he had spent. 
How much did he spend ? 


18. Thesum of three numbers is 120. The second is five times 
the first, and the third is nine times the first. Find the numbers. 


19. The sum of three numbers is 360. The second is four- 
teen times the first, and the third is the sum of the other two. 
Find the numbers. 


20. Three men are asked to contribute toa fund. The first 
agrees to give twice as much as the second, and the third to 
give twice as much as the first. How much must each con- 
tribute to make a total of $525? 


\' 21. The perimeter of the triangle ABC 
A \is 240 inches. Find the lengths of its 
\” sides. 


| 
4 


22. The perimeter of a rectangle is 132 
inches. The base is double the altitude. 
Find the dimensions of the rectangle. 
23. The length of the fence about a 
rectangular field is 320 rods. If the long dimension is three 
times the short dimension, find the length of each. 


24. The perimeter of the quadrilateral ABCD is 220 inches, 
The side CD is twice as long as the side 


AB; the side AD is three times as long; A — 

the side BC equals the sum of the sides AT ae 
AD and CD.* Find the length of each & — 

side. * 


25. The shortest distance by railroad from New York to 
Chicago is 10 times the distance from New York to Philadel. 
phia. The sum of the two distances is 990 miles. Find the 
distance from New York to Chicago and to Philadelphia. 
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PROBLEMS ABOUT ANGLES 


13. When two lines meet they form an Angle (Z), peo 
The angle ABC is a Right Angle. ; 

Angles are measured by a unit called a Degree (°). © 

A right angle contains 90°. 


_ ‘Two angles whose sum is a right angle are Comple- 8 A 
mentary Angles; each of the angles is called the c 

Complement of the other. The angles AOB ard 

BOC are complementary; hence a + b= 90. b 


EXERCISE 8 
1. How many degrees are there in one half of a right 
angle? one third ? 
| 2. What is the complement of 30°? 40°? 70°? a°? #°? 
3. Are angles of 25° and 55° complementary ? Why? 


4. If the angles 3a and 7 are complementary, what is 
their sum? Form an equation and determine x What are 
the angles? . . 

ls. Determine the angles 5a and 4a if they are comple- 
mentary. 

6. What angle is double its complement? (Let ¢ equal 
the number of degrees in the complement; form an equation.) 


7. What angle is three times its com- 


plement ? i 
8. What angle is five times its com- 
piement ? 
A Straight Angle equals two right A 0 B 
angles. 
A ) F} 


What kind of angles are the angles AOC 
and BOC? How many degrees in their sum ? 
How many degrees in Z AOB? How many degrees in a straight angle ? 
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9. Find each angle in the adjoining figure. 
Vee 
10. There are three angles whose sum is 180°. = : 
The second is double the first, and the third is the sum of the 
other two. Draw a figure to illustrate this problem, Find 
the angles. 


Two angles whose sum is a straight angle are called Supple- 
mentary Angles; each of them is called the Supplement of the 
other. 


11. What is the supplement of 50°? 90°? 100°? a°? 2a% 


12. The angles 5% and 7 are supplementary How many 
degrees are there in each ? 
ee 


"13. Find the angle which is four times its supplement. 


14. Find the angle which is five times its supplement. 


A\ es 4x, 
A B 4/4 5x)X 3x 
3x 
D 
Fig. 1 Fia. 2 Fic, 3 


_ The sum of all the angles around a point is 4 right angles or 360°. 
Thus a+60+c+d+e= 360. 
15. Find each of the angles in Figure 3. 


16. There are four angles whose sum is the total angle 
‘around a point. The first angle contains a°; each of the 
others is double the preceding. Draw a figure to illustrate this 
problem. How many degrees are there in each angle ? 


17. There are four angles whose sum is the total angle around 
a point. The second angle is one half of the first; the third 
angle is three halves of the first; and the fourth angle is four 
times the third. Find the angles. 


pee A he a ; a) ee 


\ 
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If the angles of triangle ABC are torn off and placed side 
by side, their sum is found to be 180°. 

Draw a triangle with a ruler, and see if 
you find this to be true. 

Frem this we conclude that the — 
_ Sum of the angles of a triangle is 180°. © A 


B 


18. The second angle of a triangle 
is double the first, and the third 
angle is six times the first. How PBA 


many degrees are there in each? 


19. Find the angles of a triangle when two of the angles are 
equal and the third is equal to the sum of the other two. 


20. Find the angles of a triangle if the first is 4 times the 
second, and the third is 7 times the second. 


DEFINITIONS 


14. An Algebraic Expression, or simply an Expression, is a 
number expressed in algebraic symbols; as, 


2. ab, De — See 
s 


The Numerical Value of an expression is found by substitut- 
ing particular values for the literal numbers, and performing 
the indicated operations. 

ab indicates that a is to be multiplied by b. 


" indicates that r is to be divided by s. 
s 
2«— 3yz indicates that 8 times the product of y and 2 is to be sub- 


tracted from 2 times «. 


15. If the same number is used as a factor one or more times 
to form a product, the result is called a Power of the number. 


The number itself is called the Base. 
An integer written at the right of and above the base, to 
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indicate the number of times the base is used as a factor, i is 
called an Exponent. Thus, 


a?, read ‘‘a square’ or ‘*a second power,’’ means a <x a, 

a8, read ‘‘a cube”’ or *‘a third power,’’ means @ X a X a; 

at, read ‘‘a fourth” or ‘a fourth power’? means a K a4 X a X @. 
If no exponeut 1s written, the exponent |] is understood. 


Historicat Notr. — Mathematicians sought suitable symbols for the 
powers of a number fora long time. At first words were used for them. 
Our ‘a square”? and ‘‘a@ cube” owe their introduction to Greek mathe- 
maticians who called the s-cond power by a word which means the square, 
and the third power by one which means the cube. Herigone, a French 
mathematician of the early part of the seventeenth century., wrote a2, a3, 
a4, etc., and finally Descartes, in 1637, introduced the present symbols. 
The word, power, comes from a Latin word, potentia, which corresponds 
to the Greek word used for the second power. The word, exponent, was 
introduced by Stifel about 1553. 


16. The Fundamental Operations are addition, subtraction, 
multiplication, and division. Indicated operations are to be 
performed in the following order: first, all multiplications and 
divisions in their order from left to right; then all additions 
and subtractions from left to right. 


Exampie. Find the numerical value of the expression, 


hab +08 — a, 
when a=4, b=3, c=5, d=2. 


SoLvution. Substituting, 


4ap +72 — is Ree ae 3+ %2_w = 4-4-84°-9_9.2.2 


EXERCISE 9 
Find the numerical value of the following expressions when 
/ @=2,°b=6, c=3, d=4ema4, n= 3) 
1. 3a+56. 3. 5m+3n, 5. b? — d?, 


® 4c—2d. | LO rete 6. a+ n3, 
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7 2° —35. ; 12.52 G Sais 
8. 2d | 3¢, 13. m? —mn + n?. 
Pet 14. @+307b+3 ab? 
9. 3ab+2c—4d - &+3ab+3 ab 
10. 5b4+6m—n2. 1p, 2et4e—3d, 
eee m+n 
eg an 16. ct +0, 


Write in symbols the following and find their value: 


17. 
18. 


19. 
20. 
21. 
22. 


23 


24. 


25 


The sum of a and 6; cand d; mand n. 


The difference between a and b; c and d. 
(The difference between a and b is b—a.y 
The product of a and 6; cand d; mand n. 


The quotient of a and b; cand d; mand n, 

a increased by 2b; ¢ increased by 3d. 

The square of m increased by the square of n. 
The cube of b decreased by the cube of m. 

10 more than 3a; 5 less than 4 b. 

3 more than the quotient of m divided by d. 


. 4 less than the product of a and «. 


The sum of the squares of a and b. 


FORMULA 


19 


17. When a rule of computation is expressed by means of 


algebraic symbols, the result is called a Formula. 


EXAMPLE 1. 


Find the formula for the area of a rectangle. 


So.Lution: The area equals the product of the base and altitude. 
Let @ = the number of units in the altitude. 

Let 6 = the number of units in the base. 

Let A = the number of square units in the area; 


then, 


A =ab. 
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The following examples show how to use a formula. 


ExAmpueE 2. Find the area of a rectangle whose altitude is 
8 inches and whose base is 15 inches. 


Sotution: 1. Use the formula A= ab. 
2. Substitute 8 for a, and 15 for b. 
Then, A=8 x 15 or 120. 
Examp.e 3. Find the altitude of a rectangle whose base is 
75 feet and whose area is 675 square feet. 
SoLotion: 1. Substitute in the formula A= ab. 
A = 675; b= 785. 
2. Then, 675 =a x 75, 
or 675 = 75a. 
8. Divide both members by 75: 9 =a. 


Exampte 4. Find the base of a rectangle whose altitude 
is 11 inches and whose area is 385 square inches, 


So.urion;: 1. Substitute in the formula A = ab. 


2. A’=386:. (a= 11. 
Then, 385 = 11 x b. 

8. Divide both members by 11: 285 = b, 
or b = 35. 


Rule. — To solve a problem by a formula:. 
1. For the known letters in the formula substitute their values. 
2. Perferm all of the indicated operations. 


3. If an equation is formed, solve for the unknown letter, if pos- 
sible. 


EXERCISE 10 


1. The figure XYZ W 1s a Parallelogram (C7). 
Find a formula for determining its area. 
(a) Let 6 and a equal the units in the base and 


the altitude, and A the square units in the area. i vy 
(b) How does XYZW compare in area with Liba/ 
FGHK? aes 


(c) What is FGHK? What is its base? alti- 


F K 
tude ? area? {a 72] 
(d) What then is the area of XYZ W? G b H 
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(¢) Make a rule for finding the area of a parallelogram, 
(f) Expressed as a formula, this rule is 
Az=a-b 
(g) Find A when a = 12 and bd = 20. 
(h) Find A when a= 15 and b = 25, 
(@) Find a when A = 500 and 6b = 40. 
(j) Find a when A = 600 and b = 25. 
(%) Find 6 when A = 760 and a = 15. 
(@) Find 6 when A = 960 and a = 82. 


2. The figure XYZ is a Triangle (A XYZ). 
Find a formula for determining its area. 
(a) Let b, a, and A represent the units in the 


base, altitude, and area respectively. Xx 
(b) What is the figure XYZW? what is its VA we, ; 
base ? altitude ? area ? “f b % 
(c) What part of OQ XYZWis A XYZ? ee See Ft 
(d) What then is the area of A XYZ? xf B z 


(e) Make a rule for finding the area of a triangle. 
(f) Expressed as a formula, this rule is, 


A= ap, 
2 


(g) Find A when a = 10 and 6 = 17. 
(h) Find A when a = 20 and b = 30. 
(4) Find b when A = 260 and a = 40. 
(j) Find a when A = 1200 and b = 60. 


3. The figure of the rectangular solid has the dimension. 

indicated. 

Find a formula for determining its volume. 

Let V represent the number of units in the volume. 

The volume equals the product of the three dimen- 
sions. : 

(a) Express this rule as a formula. 

(b) Find V when a=3, b=5,¢=8. © 

(c) Find V whena=6, b=9,c=7. 

(@) Find c when V= 240, a =6, and b=6., 
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4. The figure XYZW is a Pyramid. x 


Its volume equals one third of the product 
of its base and altitude. 

(a) Express this rule as a formula, letting V equal i 
the number of units in the volume. 

(b) Find V when a = 18, b= 16. 

(c) Find b when V = 160, a = 24. 

(d) Find q when V = 900, b = 30, 


en poled inv 
P37 The ‘formula for the circumference of a circle is: 
C=27R, 
where C=the number of units in the circum- 
ference, 
where R =the number of units in the radius, 
where 7 = 3.1416 (z is read “ pi”). 
(a) Express this rule in words. 
(6) Find, by the formula, C when £ is 10 inches. 
(c) Find, by the formula, R when C is 628.32 inches. 


a) 


6. The formula for the area of a circle is: 
A= rR’. 


(a) Express this rule in words. 
(b) Find, by the formula, A when R is 10 inches, 
‘(c) Find, by the formula, A when R is 6 feet. 


7. The numbers s, v, ¢, and g are connected by the formula 
s=vt+ ; gt’; 
find s when v= 50, t= 3, g = 32.16. 
8. From the formula nae, find # hon w=75, v=50 
g 


g= 32.16, (Carry the result to one decimal place.) 
9. From the formula V = 4 7R’, find V when R is 3. 
10. From the formula S= 4 7R’, find S when R=5. 


II. POSITIVE AND NEGATIVE NUMBERS 


18. The first numbers studied in arithmetic are the integers, 
such as, 1, 4, 15, etc.; the next are the common fractions, such 
as, +, 4, 2, 7, etc. and the decimals, such as, 2.03, 4.6, etc. The 
literal numbers in the first chapter represented only these 
same arithmetical numbers. One of the most distinctive 
things about algebra is its use of certain other numbers, 


19. Opposite Quantities. Suppose that the temperature at a 
certain hour of the day was 73°, and that there was a change 
‘of 5°. To determine the new temperature, it would be neces- 
_ sary to know whether the change was a rise of 5° or the oppo- 
_ site, a fall of 5°. 

Suppose that a person was known to weigh 85 pounds, and 
that during a certain time there was a change in his weight of 
5 pounds. To determine his new weight, it is necessary to 
_ know whether the change was an increase of 5 pounds or the 
opposite, a decrease of 5 pounds. 

These are two illustrations of opposite quantities. Many 
- concrete quantities exist in two such opposite states. 


EXERCISE 11 


Tell the opposite of each of the following: 
1. Sailing 35 miles north. © 5. Moving 5 steps forward. 


2. Sailing 25 miles east. 6. Depositing $15 in a bank. 
3. Receiving $30. 7. Rise of 10° in temperature. 
4. Gaining $5. 8. Walking 5 rods tothe right 
9. 


Increasing weight by 5 pounds. 


10. Adding 7. 
93 
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11. What is the total result if any one of the changes in 
Examples 1 to 10 is followed by a second change of opposite 
kind and of like amount ? 


12. What is the total result of two transactions, one giving 
a gain of $50, and one a loss of $25? 


_ What single change will produce the same result as the two 
changes indicated in the following examples ? 


13. Ifa ship sails first 6° north and then 2° south ? 
14. If a ship sails first 8° east and then 10° west? 


15. If a boy, becoming ill, loses 10 pounds, and then gains 
8 pounds ? 


16. If the temperature first rises 12°, and then falls 15° ? 


17. If a man first deposits $100 in a bank and then with- 
draws $125 from his account ? 


18. A vessel sails from the equator due north 28°, and then 
due south 57°. What is her latitude at the end of the voyage ? 


20. In Example 10, Exercise 11, the opposite of adding 7 is 
subtracting 7. Addition is always indicated by the sign +, 
and subtraction by the sign —. These same signs are used to 
‘distinguish between opposite quantities. A quantity pre- 
ceded by the + sign is called a Positive Quantity, and one 
preceded by the — sign is called a Negative Quantity. Quan- 
tities preceded by the signs plus and minus are called Signed 
Quantities. 

EXERCISE 12 


The following are naturally considered positive quantities 
What are the corresponding negative quantities ? 


1. Sailing east. 5. Rising temperature. 
2. Sailing north. 6. Forward. 
3. Right direction. 7. Upward. 


4. Increasing. 8. Deposits. 
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9. Assets. 10. Profits. 11. Above zero. 12. Time a.p. 


13. At 7 a.m. the temperature is — 13°; at noon 

it is 8° warmer, and at 6 p.m. it is 5° colder than’ 
at noon. Required the temperature at noon and 
at 6 p.m. : 
14, At 7 a.m. the temperature is + 6°; at noon 
it is 14° colder, and at 6 p.m. it is 2° colder than at 
noon. Required the temperature at noon and at 
6 P.M. 

15. At 7 a.m. the temperature is — 7°, and at 
noon + 9°. How many degrees warmer is it at 
noon than at 7 a.m.? 


Eliz 
S|l2 
=| |= 
ELE 
ETE 


16. The temperature at 6 a.m. is — 14°; during 
the morning it grows warmer at the rate of 3° per 
‘hour. Required the temperature at 9 a.m. and at 
10 a.m. 

_ 17. The positive quantities in this set indicate rise in tem- 
perature. What single change will produce the same result? 
(a) +12° and +10° 

Soxtution: 1. A 12° rise followed by a 10° rise gives a total of 22° rise. 

2. This may also be expressed thus: 

(+ 12°) +(+ 10°) = + 22°. 
(6) +9° and —5°. (¢) —4° and —5°. d) +7° and —9%. 


_ 18. In this set the positive quantities refer to gains in finan- 

cial transactions. What is the equivalent single change? 

-(a) +$15, +25, — $30. 

Sotution: 1. A gain of $15 followed by a gain of $25 gives a gain of 
$40 ; followed by a loss of $30 gives a total result of $10 gain. 

2. Expressed in symbols thus: 

(+ $15) +(+ $25) + (— $30) =(+4 $40) + (— $30) = + $10. 
(b) + $20, + $30, — $50. © (c) — $45, + $50, — $10. 
(ad) + $35, — $20, — $25. (e) + $14, — $20, + $19. 
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In the following problems, select and mark the positive and 
negative quantities. Find the total result as in the preceding 
problems and express it as a signed number. 


19. A man’s income during the year is $1500, and his ex- 
penses are $1300. Find the result at the end of the year. 


20. A man’s monthly account book shows the items: salary 
$150, rent $40, food $50, insurance $25, interest on savings 
$15. Find the result at the end of the month 


21 Positive and Negative Numbers. The preceding exercises 
show that positive and negative quantities exist. In dealing 
with these quantities, positive and negative numbers are 
necessary. 

Starting with an arithmetical number like 3, a new number 
called Negative 3 is made; 3 is then called Positive3. These 
two numbers are opposites and have the power of destroying 
each other when added, just as do opposite quantities which 
are equal in amount. Positive 3 is written, +3; negative 3 is 
written, —3 The arithmetical number 3 is called the Absolute 
Value of +3 and — 3. 


The negative number must always have its sign written before it; the 
positive number is often written without its sign. 


Historicat Norse. — Hindu mathematicians, who knew about positive 
and negative numbers long before European mathematicians, in referring 
to them, used words which correspond to our words for assets and debits. 
They also were acquainted with the illustration of such numbers by means 
_ of the opposite directions on a straight line. To indicate that a number 
was a negative number, they placed a dot over it European mathemati- 
cians did not arrive at an equal understanding of positive and negative 
numbers until the sixteenth century. 


EXERCISE 13 


1. Read the following numbers, write each in symbols, and 
tell the absolute value of each: 
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(a) positive nine; | (6) negative seven; 
(c) positive four ; (d) negative three fourths; 


(e) negative five sixths; 
(f) negative three and three centiins 


2. Read the following numbers and tell the absolute value 
of each; 


(a) +6; (6) = 2; (c) —5; 
(d) —3; (ey +; (f) = 2.98; 
(g) +3.41; (h) — 45.087; (i) — 102.34, 


22. Addition of Positive and Negative Numbers. The rules for 
addition of signed numbers are suggested by the foliowing 
_ problems: 


1. Find the sum of +5 and +3. 
Just as $5 gain plus $8 gain gives $8 gain, similarly 
(8) G3) 4 8 


2, Find the sum of — 5 and —3. 
Just as $5 loss plus $3 loss gives $8 loss, similarly 
(-— 5)4+(-—3)=-— 8 


3. Find the sum of +5 and —- 3. 
Just as $5 gain plus $3 loss gives $2 gain, similarly 


4. Vind the sum of — 5 and +3. 
Just as $5 loss plus $3 gain gives $2 loss, similarly 
GaGa) ==2, 


Rule.--1. To add two positive numbers, add their absolute values 
(§ 21), and prefix the plus sign to the result. 
2. To add two negative numbers, add their absolute values and 
prefix the minus sign to the result. 
3. To add a positive and a negative number, find the difference of 
their absolute values, and prefix to the result the sign of the number 
‘aaving the greater absolute value. 
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EXERCISE 14 


1. Find the sum of +10 and —3. 
Sotution : Use Rule 8. Subtract 3 from 10; prefix + sign. 
(+ 10)+(-—8) =+7. 
2. Find the sum of —12 and + 6. 
Soxution : Use Rule 3. Subtract 6 from 12; prefix — sign. 
(— 12)+(+6) =—6 
3. Find the sum of —9 and — 5, 
Sotution: Use Rule 2. Add 9 and 5; prefix — sign. 
(-9)+(-— ae 14. 
4. To each of the numbers: 
+6, +9, +14, +5, +18, +3, 
(a) add —4; (b) add — 12; (c) add—15. ~ 
5. To each of the numbers: . 
: —5, —15, —2, —10, —16, —20, 
at (a) add +6; (b) add +15; (c) add +123. 
(d) add —5; (e) add —6; (f) add —7. 
6. To each of the numbers: 
— 36, +48, —17, —25, +24, +29, 
(a) add +9; (6) add — 8; (c) add —7. 


Vans the sum: 

hs 8. 9. 10. ale 
+ 124 a Le-2 = 1,385 + 2.10 105 
— 36 4.29 8) — 1.63 — 1435 SS 


12. + 9 Here 9 must be taken from 17. It is necessary to be- 
—17 come expert in subtracting the upper number from the 
— 8 lower. 


13. 14, 15. 16. 17. 18. 


il +17 — 28 + 72 + 65 —59 
+43 = 42 + 44 —109 — 247 +78 


POSITIVE AND NEGATIVE NUMBERS 29 


19. +6 Hint: There are two ways of doing this example. Either 
—2 add in order from bottom to top, or from top to bottom ; 
+4 or, add first all of the positive numbers and all of the nega- 


ek tive numbers separately, and then combine the results. 

20. 21. 22. 23. 24. 25. —- 
44 —T7 +15 — 5 +16 10 
—6 Sue —12 —14 —11 +13 
—2 +9 + 6 +11 — 7 —14 

e +5 4 26 Be aye), pen ¢ 
Boe 8 et eke =e! alt 
Find the sum: : 

26. —#, +4. 28. —3, —4 30. +24, —13. 

27. —%, —+%- 29. —2, +4. 31. —31, + 22. 


_ 82. Demosthenes was born in the year — 385, and died at 
the age of 63. What was the year of his death? 
_ 33, Pythagoras was born in the year — 580, and lived to the 
age of 79 years. What was the year of his death? 
34. At the beginning of the month the number of pupils in 
‘a schoolroom is 53; 3 pupils enter during the month and 5 
_ leave school. How many pupils are there in the room at the 
end of the month? 
35. A principal of a school finds that his six algebra classes 
“have the enrollment indicated in line 2. He decides to make 
_ the changes indicated in line 3. 


Classes ul 2 3 4 5 6 
Members 29 15 2, 28 18 14 
Changes —o ~ +6 ==)| Vf +3 +7 


(a) Tell what each of the changes in line 3 means. 
(b) Find the result in the class membership. 
(c) How can he check his work from line 3? © 
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23. From the examples in Exercise 14 it is clear that adding 
a negative number has the same effect as subtracting the posi- 
tive number of equal absolute value. 
Thus, (+ 12)+(—5)=12—5=7. 
(—10)+(— 5) =— 10 —5 =— 15. 


24. It is convenient to picture the positive numbers thus: 


where +1 is placed at any distance from the point A, +2 
twice as far, etc. In this sense, the positive numbers form a 
scale extending to the right. Any number precedes all larger 
numbers on this scale; thus, 3 precedes 4, 5, 6, etc. 

Since (—3)+(+3)=0, it is natural to think of —3 as 
being 3 less than zero; and, similarly, of — 4 as being 4 less 
than zero. 

It is natural to think of the negative numbers as arranged 
on the left. 


—-5 —-4 -3 -2 -1 oO +1 +2 +3 +4 +5 
A 
. Thus, the positive and negative numbers together form a 
complete scale extending in both directions from zero. 
Starting on the left, any negative number precedes the posi- 


tive numbers and may be thought of as being less than the posi- 
tive numbers ‘ae 


MULTIPLICATION OF POSITIVE AND NEGATIVE NUMBERS 


25. The terms Multiplier, Multiplicand, and Product have the 
same meaning in algebra as in arithmetic. 

The rules for multiplication of signed numbers are sug- 
gested by the following problems. In these problems, read 
the sign, x, “multiplied by.” 
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1. Find the product of +4 and aes) 
Since positive numbers are like arithmetical numbers, 
(4+ 4) x (43) =4+12. 


2 Find the product of —4 and +3.. 
In arithmetic, to multiply by 8 means to add the multiplicand three 
times. If this is done in this problem, 
Gr 8) = 4) a (4) (= 4) = 


3. Find the product of +4 and —3. 


In arithmetic, 4x3=8 x 4, since each equals 12. The order of the 
factors may be changed. If it is assumed that the same law holds in 
algebra, : 

(+ 4) x (— 8) should equal (— 3) x (+4) or, — 12, by problem 2. 

Then, (4+ 4) x (— 3) =— 12. 


To muitiply a number by a negative number seems to be accom- 
plished by multiplying it by the absolute value of the multiplier 
and changing the sign of the product. 

4. Find the product of —4 and —3. 


The multiplier is a negative number. If the suggestion from problem 


- 8 is followed, the result in this problem may be obtained by multiplying 


(— 4) by 3 and changing the sign of the product. 
(--4) x 3=—12. Changing the sign of — 12 gives + 12. 


Therefore, (— 4) x (-3) = +12. 

Gathering together the results of problems 1, 2, 3, and 4: 

1, (+4) x (43) = +412. 8. (+4) x (— 3) ==—12. 
2. (—4) x (43) =— 12. 4. (—4) x (—3) = +42. 


Rule. — To multiply one signed number by another: 

1. Find the product of their absolute values. (See all four above.) 

2. Make the product positive if the multiplicand and multiplier 
have like signs. (See 1 and 4 above.) 

3. Make the product negative if the multiplicand and multiplier 
have unlike signs. (See 2 and 3 above.) 
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t EXERCISE 15 
1. Multiply the numbers: 
+5, +6, +8, +7, +9, +12, 
(a) by +4; (0) by —3; © —83 @ by —9. 
2. Multiply the numbers: 
—6, —10, —8, —7, —15, —12, © 
(a) by +4; (6) by —93 © by —6; (@) by +7. 
3. Multiply the numbers: 
+11, —9, +14, +12, —25, —15, 
(a) by —6; (6) by +73 (©) by —8; @) by —10. 
Find the products of the following factors: 


Paes: Neer i epee: ta 12) ee 
5. 7, ee 9.5/5 Ue os 13. 
6x Oe 20. 10 15 0 Sia 
dae ag ees Bs Treo ee 


15. Find the product of —2, +3, —4 
(—2)-(4+3)=—6; (—6)-(-4) = +24. 
ey Geese ee 20..—6, =e 


1, Se Be 21) 2 Ty eae 
leh eae Oke ee. 22. 9. 2b hee 
19,7 See See 23: +10, —7, 8 6: 


24, If the number of negative factors is oon what is the 
sign of the product ? 


25. If the number of negative factors is odd, what is the 
sign of the product? 
2G. Powers of Positive and Negative Numbers. 
(+2)? = (+ 2)(+2)=4+ 4. (§ 15) 
(+2)? = (+ 2)(+ 2)(+ 2)=+8. 
(+2) = (42) 42)(42)(42) = 416. 


It is clear that every power of a positive number is positive. 
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(— 2)? = (—2)(—2) = +4. 
(—2)*= (— 2)(— 2)(— 2) =-8. 
(—2)*=(—2)(— 2)(— 2)(—2) =+ 16. 
(— 2)’ = (— 2)(— 2)(— 2)(—2)(— 2) =— 32. 
It is clear that every even power of a negative number is 
positive and every odd power is negative. 


| EXERCISE 16 

) Find the values of the following powers: 

m1. (—3). 5. (—5)*. 9. (=8)', 
2. (—3)% 6. (—2)% 10. (-5)% 

| 3. (+49 RiCede, - 11. (—6)% 

| 4, (—1). 8. (+1)% 12. (—1)% 

13. Find the value of az?+ be+e 

when a=1°b=2, c==3, ¢=—2. 


ax? + ba +o=1+-(—2)?+ (+ 2)(—2) + (—8) 
=+4-4-—3=—3. 


In the following examples, let a=+1, jae 2,c=+8, and 


g@=—2. Find the values of the expressions: 
14. 3ab. 18. be + ax. 22. ab? + bed. 
15. ab’. 19. a’b+ abi. 23. 68+ 23%. 
16. 5 ba’. 20. ba? — ca, 24. at —cat 


yeh pew 21. ax? — b2%, 25. a‘? — ave. 


III. ADDITION AND SUBTRACTION OF ALGEBRAIC 
EXPRESSIONS 


DEFINITIONS 


27. A Monomial or Term is an expression whose parts are 
not separated by the signs + or —. Thus, 
; 202, — 3ab, and + 6 are the terms of the expression 22? — 3 ab + 5. 


In an expression, a term whose sign is plus may be called a positive 
term, and one whose sign is minus, a negative term, as the terms 2 x, and 
— 3ab, respectively, although the algebraic value of the term depends 
upon the values of its literal factors. 


28. If two or more numbers are multiplied together, each of 
them, or the product of any number of them, is called a Factor 
of the product. 

Thus, a, b, c, ab, ac, and be are factors of the product abe. 


29. Any factor of the product is called the Coefficient of the 
product of the remaining factors. 
Thus, in 2 ab, 2 is the coefficient of ab, 2a of b, a of 25, ete. 


30. If one factor of a product is expressed in numerals and 
the other factor is expressed in letters, the former is called the 
Numerical Coefficient of the latter. 

Thus, in 2 ab, 2 is the numerical coefficient of ab. 


If no numerical coefficient is expressed, the coefficient 1 is understood ; 
thus, @ is the same as 1 a. 


31. By § 25, (— 3) xa=— 3a; that is, —3a is the product 
of —3 anda. Then —3 is the numerical coefficient of a in 
—3a. 

Thus, in a negative term, the numerical coefficient includes 
the sign. 

34 
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32. Terms which are alike in their literal parts are called 
Like or Similar Terms; as, 2 xy and —7 a’y. 

Terms which are not alike in their literal parts,are called 
Unlike or Dissimilar Terms; as, 2 @ and 7 ay’. 

Sometimes unlike terms may be like with respect to one 
or more letters. Thus, 2axy and 3 bay are like with respect 
to ay. 


EXERCISE 17 


Tell all of the factors of the monomial + 6 ay 
What is the numerical coefficient of the monomial — 6 xy? 
In 2, what is the coefficient of y? of a? of ay? of 62? 


all Fed ct 


Select the sets of like terms: 


(a) +227’, —3 a (6) +7m, —6n, 
(c) +5abe, — 6 ab’c (d) —8ab, + 9ab. 


33. The result obtained by adding two or more numbers is 
called the Sum. 


ADDITION OF MONOMIALS 


34. Addition of Like Terms. In paragraph 11, it was found 
that 6n+4n=10n. 6n and 4n are like terms since they 
have the common factor m ($11). The coefficients of n are 6 
_ and 4, and their sum is the coefficient, 10, of the result. 


Rule. — To add two or more like terms: 
1. Multiply their common factor by the sum of its coefficients. 


Exampte 1. Find the sum of 52? and 3 2”. 


Sotutron: 1. The common factor in 52? and 342 isx%. The -coeffi- 
cients are 5 and 3; their sum is 8. 

2. Hence, 5a? + 322 = 8 2. 

Cuecn: Let x=—2. 52? =5-(—2)2=5-4=20, 327=3.4= 12, 
and 20+ 12=32. Also, 82?=8.4= 82. 


Exampie 2. Find the sum of — 5a’y and + 3 2’y. 
SoLution: —527y +3 ax7%y = f(--5)+(4 8) ] ey =— 2 wy. 
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Cueck: Let x=1 and y=1. Then, —5ey=—-5-1-1=—5, 
+8a% =4+38-1.1=+48, and (—5)+(+3)=—2. Also, —2a¥4y= 
(—2)-1-1=-2. 

Exampre 8. Find the sum of 16.x 19 and 14 x 19. 

_Soturron : 1. The common factor is 19; its coefficients are 16 and 14. 

2. 16x19 414 x 19=(16 + 14) x 19 = 30 x 19 = 570, 


EXERCISE 18 
ind the sum in each of the following: 

A 5 Aand —12 A. 8. —17 ae? and —15 2. 
2. 11p and —6p.° 9. ye and — 9 YZ, 
3. —7Tmand —8m. 10. 8 ay? and — 29 a%y*, 
4. —4n and —9n. 11. —be and +6 be. ; 
6. +15 Hand —112. 12, 12x 16and8 x16. ~~ ¥ 4 
6. —5aband + 13ab. 13. 21x 17and 9x17. S10) 
7. —13 7s and + 367%s, 14, 13 x 23 and 7 x 23,= 4S? 
“15. 16. a: 18. 19. . 
+7a + 15 wy + 12 r°s — 2 ay? + 5m 
+9a — Any — 37s — 9 xy? —15m 
~ 20. 
—74 
+ 9a Hint. Add first the positive terms, getting + 17a; then - 


+8a_ the negative, getting — 10a; then add these results, getting 
—38a +74. Allshould be done mentally. 


+7a 
bay. 22: 23. 24, 25. 

15 m —132 + 8ab 16 xyz 21 ab’c 
—2m + 22 —Tab — A myz — 6ab*c 
—5im — 7# — 5ab — 6 xyz —17 ab’c 
+3m + 32 + 3.ab + 3 xyz + ab’ 


+ q 
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26. Find the sum of 9a’, — 7 a’, and + 8a’. 
Soxurion ; 943 +(—7 a?)+ 8 a? = 9a? —7 a? + 8a? = 1043. 


Norg. This illustrates another arrangement of an additionexample. The 
terms are first connected by the +sign. Then +(—7 a8) is written as —7 a’, 
since adding a negative number is the same as subtracting the positive num- 
ber of equal absolute value, (§ 21.) 


Add, as in Example 26, the following: 
27. Tab, —3ab,and +9ab. 29. 12y, —Ty, +9y, and—8y. 
28. 97°, —6 7°, +37°,and 107°. 30. 152, +92, —11z,and —8z. 


31. Find thé sum of 12¢, —5a, —3y’, —5a, and 8a. 
SoLurion: 12a+(—52)+(—3y?)4+(—5a)+(8 2) 
= la—5x-38y — 6a+8u. 
=74a4+82—38 y% 
In this Example, 12 @ and —5a give7a; —5xand +82 give +32; 
there is no term to combine with —3y?, Only the like terms may be 
combined. ; 


Add, as in Example 31, the following: 

32. 8 ab, —Icd, —6ab, and +4 cd. 

33. 6a’, —1027, 277,42, —9y*, and —3 2% 

34. 127, —3r, —8s, —5r, +358, —Tr’, and 11s. 

35. 10¢, —4d, —3k, + 9c, —4k, +5d, —6k, and —2¢ 
36. 11 m’, —8n’, + 61, —5n’, +3 m’, and —81. 


Simplify the following: 
37. 5a—8a+4+10a—12¢. 
38. —307+6e4+2?—11a’+2% 
39. 47°s—71°s+5r’s — 67°. 
40. —8 mn —3 mn +2 mn —9 mn. 
41. 6c+11d—4d— 5c—2e. 
42. 2a°?—38x2—42—5274+8-2. 
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43. 97°4277-3—Ar* 47. Zay— 7 vy —h ay. 

44. }a+}ta—ta, 48. 17¥% +3 y—yt+iy. 
45. —Lmn+imn+imn. 49. 2.5 xy —.3 xy +1.2 ay. 
46. —27°s? +178? —i1°s’, 50. —38.05a+44a—134.. 


_ DEFINITIONS Sy 


35. A Polynomial is an algebraic expression consisting of 
two or more terms: as,a+ 0, or 22°—3ay+57? 

A Binomial is a polynomial of two terms: as, a+). 

A Trinomial is a polynomial of three terms. 


ADDITION OF POLYNOMIALS 


36. Addition of polynomials is similar to addition of de- 
nominate numbers in arithmetic. 


Examp.e 1. Find the sum of 3 yd. 2 ft. and 6 in, and 
5 yd. i ft. and 4 in. 
SoLuTiIon: 8 yd.+2ft.+ 6in. 
5 yd. +1ft.+ 4 in, 
8 yd. + 38 ft. + 10 in. 
-Exampre 2. Find the sum of 2a+30+5c and 4a+642¢ 
SOLUTION ; 2a+3b+5c 
4a+ b+2¢ 
6a+4b04+7¢ 


Rule. — To add two polynomials: 

1. Rewrite the polynomials, if necessary, so that like terms are 
in the same vertical column. ae 

2. Add the columns of like terms. 

3. Write the results of step 2 with their proper signs for the cum. 


Examere 1. Find the sum of 6a—7 2, 32°?-—2a+3y", and 
2 2?—a—mn. ¢ 
SoOLuTION - 6a—T x? 
—2a4+32974 3 y? 
— a4+2x2 — mn 
8a —242+3y2— mn 
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Cuecx ; Lettinga=2, x=1, y=1, m=2, n=1:- 
6a—Te=12—-7T=5; —2a43e2+38y=—-443438=42; 
—-a+2e2—mn=—24+2—-2=-2; 
_and the sum of these values of the polynomials is 5 + 2 — 2 or 5, 
The value of the sum of the polynomials, _ 
8a—202 +4 3y2— mui is6—24+3—2or5. 

| Since the two values are equal, the solution is probably correct. This 
| is called checking by substitution. 
Another method of checking is to add carefully in the opposite direc- 
| tion, as in arithmetic. 
Exampe 2. Find the sum of a? — 4°+3 ay?—3 a’y, 2a + 
| 8ay'+y*, and 2a’°y—4 ay? Check for x=1, y= 1. 


Sotution: 1. a3 --3e%y+3ay?-y3=1—-3438-1= 0 


223 +3ay?+ y= 2 tobe le 16 
fey + 2 xy — 4 xy? = ase! =—2 
8e8— xy +2 xy? +4 


| _ Also, 3 28 —'x?y +2 zy” =38—1+22=+4. The solution is correct. 


_ $7. In Example 2 of this last paragraph, notice that the 
three polynomials have been rearranged. The term containing 
the highest power of x is placed first; then the term having 
the next lower power of 2, and soon. The term — y’, not con- 
taining any @, is thought of as containing the lowest power of. 
win this expression. The polynomials are arranged in Descend- 
_ing Powers of x. 
These polynomials are arranged also in Ascending Powers of 
y. The exponents of y in the terms increase from left to right. 
In all examples in addition, subtraction, multiplication, and 
division of polynomials, it is advisable to arrange the polynomi- 
als, if necessary, according to ascending or descending powers 
of one of the letters when writing them preparatory to solving 
the example. When the polynomials are so arranged, there 
is less likelihood of making some error in the solution, compart- 
son and checking of results is facilitated, and the final solution 
has a more workmanlike and finished appearance. _ 
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EXERCISE 19 
Find the sums in the following: 
Ls Qe $. 

(i FLAS 18} = 67 -— 57% —16an+14bn 
—9A+2B +127 —13 n® 6am — 5bn 
+3A— B = SP ade Yam— Boban 

| 4, B. 

= BGlias ii Tr — 6rs? 
e?+dab— 20? + 67°s — 10 
— 2a? — 2.ab ; —i1r—drs4+i15r3? 
6. ae 

8a? — 5ary t+ Qay?—4y> —T mé + 5 mn? 

+ 6 ay + 5y — 6 m’n—138 mn?+2 n3 
— pa — 7 ay’ +4mn+ 3 mn? 


Norr. In Examples 5 and 7, blank spaces are left when the first poly- 
nomial is written for powers which are not present in the polynomial. 


8. 8a—46+6cand5a+7b—3ce. 

9. 4kK—7T+38m,5k+2—4m, and 3k —2. 

10. 2a+8b—5c,—3b—8c¢c4+7d,and+6c—4a+2d 
41. 12r+6s—9t,8r—9s+411t, andl5r4+7s—6t- 


12. @ + 2ay+y?, 2? —2ay + y’, and —2a?—2y?+10ay, © 


13. 4m?—4mn+n?, m2 +4mn+4n%, and —5m?+5n2 
14. &4 30%) + 3ab0?+0' and a — 38 ab + 3 ab? — b°. 

15. 3a°+9ay—4y’, —2 ay — 5 a? —10 y?, and7 y°—6 ay +82", 
16. 15a°—644a4 16a? and —2—13a+4+ 8a?—8 a’. 

17, @ + ay + xy? + aty+ay*+y> and ab —aty+ ay! +27y?—y’. 


18. 12e%—4¢%+38, —8e%+6+415 23 + 20%, and “16S Oe: 
—8e2—11a- 


LU ATVE AIAN AMDL SS peey 1 a —pritud Xx f 
AAC 7 ail heh ak ee. “4 AVF" a 
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19. 94°+3AB’— B’,—24°B+5 AB? +7 B, and —64 
+13 A’B. 

20. Fa+3b—Feand ja—jpot+ Wye 

21. 2m—2n+y7, Cie fe ag 
22. 3a —46 —+%cand — $a —16+3 

23. 2.3A—602B+35 Cand —16A—438B—2C. . 
24. 2.252? —3.5ay +4y and —1.52?+ 2.75 wy — 3.2 y?, 
25. 3m—1.3n+4 and 574 2n —1.6. 

26. 2a?—5ab—b’,7 a? + 3ab—90’, and —4a’?—6ab+8b*, 
e7. 4a — 30% —11 452%, 1222-7 — 82° — 152, and 14 
4+62+102 —9 2%, 
28. a — 3 ay’?—2 ay, 3a°y—5y— 4 ay’, 5 ay? — 6 y—T 2, 
and 8 y® + 7 aw — 9 a’y. 
29. 15 a3—2—9a?—3a, 13 a—5a’?—6—7T a’, PEW et ‘a 
_ and 16 a’ + 3a’ — 10a — 2. 
& 30. 12 a3 — 2° + 4 aa? — Bara, 18 x — 2 a’e — 3 a? — 13 a2’, 
~ We%+ 112? — 17 a? +3 az’, and 6a2?—8 ae —Te+9a%. 


SUBERACTION 


38. Subtraction is the process of finding what number must 
be added to one given number to produce another given 
number. 

Thus, subtracting 3 from 8 determines the number which must be 
, added to 8 to give 8; and subtracting @ from b determines the number 
“ which must be naded to a to give b. 

The number subtracted is called the Suotrahend. 

_ The number from which the subtrahend is subtracted is 
called the Minuend. 

The result is called the Remainder or Difference. 


42 


ALGEBRA 


. ~— EXERCISE 20 
What must be added to the first number to give the second ? 


FU13.6 Zhe 
8. 255, 300. 
9. 164, 22-a. 


357 Shs EVO 
— 6° into +4°? 
— 5° mto + 7°? 
— 2° into + 9°? 


(—4)4+2?=+6. 
(— 5) +?=+43. 
(—8)+?=—2. 
(—6)ept= 6 a 
fall to change: 
+ 8° into —3°? 
— 2° into — 8°? 
+ 10° into — 3°? 
0° into — 8°? 


P04 bes 4. 3a, 5a. 
2. 11, 15. 5. 4m, 7m 
Sealz, 13; 6. 8m, 15m. 
How much must the temperature rise to change: 
10. + 2° inte +10°? 14. 
ta. +83° into + 12° ? 15. 
12. —8° into —3°? 16. 
13. —6° into — 2°? a hye 
Find the number to be added : 
18 (+3)4+?=+48. 22. 
19. (—3)4+?=0. 23. 
20. (—-3)+?=42. 24. 
21. (—3)+?=44. 25. 
How much must the temperature 
26. + 2° into 0°? 30. 
27. +2° into —3°? sale 
28. +4° into —6°? 32. 
29. +3° into — 5°? 33. 
Find the number to be added: 
34. (+3)+?=0, 40. 
35. (+3)+?=—2 Al, 
86. (+4) +?=-- Te 42. 
37. (+5) +?=—b6. 43 
(38. (4+2)4+? = — 5p 44. 
39. (+1)+?= —-7, 45. 


(47)4+?=—-2, 
(—5)+?=-7. 
(—4)+?=-8. 
(-1)+?=-9. 
(—2)+?=—10. 
(—3)+-7=—12. 


ADDITION AND SUBTRACTION 43 
39. Subtraction of Positive and Negative Numbers. 


a). (B) 
The rule for subtraction of signed numbers | gygng as Grane 
is suggested by the following problems: _ Given; | CHANGED; 
é Suprract “App~_] 


1. Subtract +2 from +6 +6 + 6 
This means: (+2) +?=4-6. Result, +4 $2 —2 
fence, (+6) —(4+2)=4+4. +4 +4 


Subtract — 2 from +6. +6 
This means: (— 2) + ?=+6., Result, E 2 
Hence, CH6)— (= 2) = 4-84 +8 


Subtract~+ 2 from — 6. —6 
This means: (+2) +?=—6. Result, —8.| +2 
Hence, (—6) — (+2) =- 8. —8 


Subtract —24rom — 6. —6 
This neans: (—2) +? =—6. Result, Z —2 
lence, (6)— (2) 4: —4 


In the column A on the right, the problem is arranged. as 
usual for a subtraction problem, with the result as it was 
obtained in the solution on the left; in the column B on the 
right, the sign of the subtrahend has been changed from + to —, 
or from — to +. Notice that the correct result is then ob- 
tained by adding. Hence, 


Rule. —— To subtract one number from another, change the sign of 
the subtrahend and add it to the minuend. 


Historican Note.—The symbol, —, like the symboi, +, first 
appeared in print in a mathematical book by Widmann in 1489. The 
Italian and French mathematicians of the same period used the symbol, 
ff, derived from the first letter of the Latin word minus 


44 ALGEBRA 


EXERCISE 21 
1; Subtract —6 from —15. 


Sotution: — 15 Imagine the sign of the subtrahend changed to 
— 6 + and then add by the rule in § 22. Do not 
— 9 change the sign on the paper. 
2. Find the remainders: | 
+18 +9 +8 —11' -—-14 —16 — 8 —12 
ci sls ewe Dae amie PRA UTS pees Ol 
gy 89 ga 406. aR = her 19 1 aha eB 
fPas Pee Ee 


From each of the minuends of nfeentes. 3, subtract —11. 
From each of the minuends of Example 3, subtract +12. 
From each of the minuends of Example 3, subtract —14. 


eee 


The minimum temperature on a certain day in Chicago 
was —14 and the maximum was —3. What was the range 
of temperature ? 

8. The Roman nation lived under a republican form of 
government from the year —509 to the year —31; for how 
many years did the republic last? 

- 9. Was subtraction always possible in arithmetic ? 
10. Is subtraction always possible in algebra? Why? 
11. Find the remainders: 
+15a —12% — Tm +4+14n? +4277rt —32ay2 
— 6a 418% +15m — 8n? +434 rt $18 aye 


12. —167°s 4.33 ay? 3=—26m? —438n? —45 ay 
—197’s —1liey? —47m? —17 7? +13 ay 

Subtract : 

13. —ay from + 2y. 15. 21 abc from — 39 abe. 


14. —15' from — 46 a® 16. —45 aa* from +19 ax. 
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17. Subtract — 81 a% from —8 a. 
18. Subtract 197s from —6rs. 

19. Take 8a from —12a. 

20. From —3 m? take 4 m2. 

21. Take 194 from — 23 a, 

22. Take —16 n*x from — 27 nz, 


SUBTRACTION OF POLYNOMIALS 


40. Rule. — To subtract one polynomial from another : 

1. Rewrite the minuend, if necessary, in descending powers of 
some one letter. . 
2. Write below it the subtrahend, having like terms in the same 
| yertical column. 

3. Imagine the signs of the terms of the subtrahend changed, and 
add the resulting terms to those of the minuend. 


| Exampyue. Subtract 7 ab?—9a7b+8 28 from —2a7b+4ab? 
~ +5’. 


y SotuTion;: 1. Arrange according to descending powers of a. 
Minuend : 5 a3 — 2a?b + 4ab? 
Subtrahend : —9a°> +7ab?+8b% Change signs mentally; add. 


Remainder: 5a?+7a?b —3ab2—863 
Curecx: The sum of the subtrahend and remainder is the minuend. 


My are ee 

Ayes EXERCISE 22 (fj 44% | 

Lo 
Subtract; check each in some way: 

i Bed | 3. —= / 5. > i 
wa—9a— 7 17 m—12n+6p 2ab+ 5bc—3ac 
SE Bi 20m—16n—5p —ab+11be—4«ae¢ 

Beh a adatl =e: 
Bo 8a+2y 8a+7Tb—c +138¢—11 


—-8a+Tx—3y 2a+4b-—e¢ —3a°+ 6a— 5 


14. 
15. 
16. 
17. 


46 ALGEBRA 
. a | 11. ; 
107° +6rs a? +-3.a°b +208 e— 2a +y 
37—2rs+8rs a®—3a’b+ab7— B e+2ay+y? 
8. 10. 12. 
5at— 6a a? +y Parry tay+y 
e+2 x7 —5 wM—aytayt+y e—aoy+ay’?—y 
a a [ aS a 
13. From 5a—36+44c subtract 5a+36b—4e. 


From —2m?—4mn-+9n? subtract 8 m?—7T mn +14 n?. 
From ab+bce+ ac subtract ab — bc + ac. 

From 4 2°—9 #?—11 2+-18 subtract 3 2°—8 #?—17 #+ 25. 
From —3y+8a—42 subtract —z+112—6y. . 


..From 8.4 +2 B—7 C subtract 8 A—2B+7C. 
. Subtract 2a°— 7 —4e— 627 from 527 —12 +95? —2 a. 


From 2? — 2ay + y? subtract 2? — 2 ay — y*. 


. Take 7b—9c— 2d from 6a—5b+412¢, 

. Take 12.a?+4a—9 from 3a*?+8a?—6. 

: Shbimaet t+a—a—a@ from 8a—307?+1— a’. 
. From 10a?—*1a?—112 take —152?— 202+12, 
. From 17 a —12at?+ 50° take 8 a®—3 a} +13 B% 
26. 
27. 


Take 6¢c—5d—9b—4a from —10b—2c+3a—9d. 
Subtract 4—3a—27+82'+102' fron 9—T7x+62? 


. —120° 4 5 at 


28. 
—10a*. 


From 7a—11a?—8+6 a subtract 16 G9 eh eee 


29. From a°+3 aty—ay?+5 ay? — 4 ay! subtract 8 ty —7 ay 
— 6 xy? +11 xy*— 


30. 


Subtract 


7? —5—20n?+13n from —9—147n?4+16n+5n3 
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/ @1.) Subtract 
— —0 + 3a°y — 3 ay’? + y° from 2° — 2 ay — 2 ay? + 9’. 

é 32. Subtract —22?—13+4 412 from 24+ 152'— 18. 

33. Subtract }m—jn+7p from $m+3n-+ orp. 

34. Subtract 3a—7,b+-8,¢ from 2a—4b—2¢. 

35. Subtract —?v+tw—#afrom *v+2w— fa. 

26. By how much does 81l?+4a?—36ab exceed —30ab 
. 490? +2507? 

37. By how much does —5c+12a—8b exceed 7a— 9ce—b? 

38. By how much does 0 exceed —3a+2b—c? 

39. By how much does 1 exceed —5a—4b+46? 


' 40. From a?—2ab+b? subtract the sum of —a?+2ab—6? 
and —2@+207, 


Hint : The last two expressions are both to be subtracted ; they are there- 
fore subtrahends and should have their signs changed. Write down the min- 
uend, and, below it, the two subtrahends with their signs changed ; then add, 
thus doing the whole example at one operation. 


A 41. From the sum of 3a?—2abd+ 0? and 5a?—Sab+60? 
= take 6a?—4ad—3 8". : 
42. From 92?—82+2° take the sum of 5—2?+ a and 6 a8 
—Ta—A. 
43. From the sum of x+7y—T7z and +4a2—9y take the 
sum of 9a—2y+zand —5e+67—7Tz. 
44. From the sum of 2a+36—4d and 2b)—4c+3d take 
the sum of 4a—4b0—3c+2dand 38a+2¢c. 
45. Subtract 52+ .25y —1.22 from 3%—1.75y+.8z. 
41. Addition and Subtraction used in Equations. There are 


two more important rules used in solving equations. They 
will be illustrated by the scales. Review §§ 9 and 10. 
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Suppose that the sugar S exactly balances the weight W on the. scales 
in the figure. If a 3-lb, weight be added to the right scalepan, and 3 lb. 
of sugar to the left scalepan, then the scales will 
still balance. 

Similarly, if any number of pounds of weight be 
removed from the right scalepan and an equal 
weight of sugar from the left scalepan, then the scales will still balance. 


Ww 


These facts illustrate the rules: 
_ Rule.—1. The same number may be added to both members of 
an equation without destroying the equality. 


2. The same number may be subtracted from both members of 
an equation without destroying the equality. 


Examp.e 1. Solve the equation «—3=7. 


Sotution: 1. x—8 is 8 less than x; if 3 is added to x — 3, the sum is 
therefore x. Add 8 to both members of the equation in order to keep 
them equal. 

2. Adding 3 to both members, x —3+3=7+3, 

3. Or x= 10. 

Curck: Does 10—3=7? Yes. 


Exampie 2. Solve the equation 18¢—5=3a +565. 


- Soxurion: 1. 18%—5=32-4 55. 
2. Adding 5 to both members of the equation, 
; 182 =382 +60. 
3. Subtracting 3 x from both members of the equation, 
15 « = 60. : 
4, Dividing both members of the equation by 15, 
e=4, 


Cureck: Substitute 4 in equation 1; does 18 x 4—5 a 8x4+ 55? 
does 72—5=12+4 55? Yes. 


42. In order to abbreviate the ‘explanation of the solutions 
of equations, symbols A, 8, M, and D will be used. 


Thus: A, will mean “add 3 to both members of the equation.” 


S,, will mean “subtract 2n from both members of the 
equation.” 
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M_, will mean “multiply both members of the equation 


E ay? 


D, will mean “divide both members of the equation by 7.” 
These symbols will be used in the text from now on. 
Pupils will find them helpful when solving equations. 


EXERCISE 23 
Tell what the following symbols mean: 


1, A, 3. Ms;,. 5, 27. 7. Ag, 9._8,,- 
7 J ate cae: SR ares 6. M_}. 8) Die 10. M_, 
11. Solve the equation 24 —11m=6—8m. 
So.ution: 1. 24—1llm=6—8m. 
Da Agae 24—3m=6. (Rule 1, § 41) 
8. Ses: —~3m=-—18. (Rule 2, § 41) 
4. Mia: +3m=+ 18. (Rule, § 10) 
5. Dg: 7.10. (Rule, § 9) 


Cuecr: Substitute 6 in the given equation. 


Does 24—11x6=6—8x6? does 24—66=6-—48? does —42 


=— 42? Yes. 


Norte 1. 
vious equation”’ ; the result will be equation 2. 


‘In step 2, ‘‘ Asm’”’ means ‘‘add 8m to both members of the pre- 


In step 4, ‘‘ M-1”’ means 


“multiply both members of the previous equation by —1’’; the result will 
be equation 4. F 

Nore 2. Whenever the coefficient of the unknown is negative, as in step 
3, multiply both members by — 1 so as to make it positive. 


Solve the iollowing equations and test the result: 


12. #+3=12. 
18. yt T=15. 
41am — 2=9.\/ 
15. 2m+ 5=11,- 
16. 3a4+7=19. 
17. 5¢—2=23. 
1s. 4#—7=21. 


19. 
20. 
21. 
22. 
23. 
24. 
25. 


38k=8+k. 
6x%=2 +45. 
Ty=3y4+12. 
6z2=63—32. 
10r = 80—6”, 
2s=99—9s., 
3a=120—7 a. 
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26. 15%=45—152 
ra — 8T, Ars FSO +34. 
28. 3% 1 9=37 —2. 
29. 54-—3= 284 2t. 
30. 6w—11=88 — 3w. 
381. 15k—-18=9k +17. 
32. 4b+15=35—08. 


83. 38c—6=c4+14.- 


/ 


34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 


{ 


Shy a0e ek 
—11z2+10=4—82 


Gyro tasdre 6. 


1Ft=Feloee 
119, 46 0 
{3p.—9s 274 ee 
(Ope Let ees 


43. In order to solve problems, it is necessary to translate 
the statements which give the conditions of the problem into 


algebraic syimbols. 


Exampie. One number exceeds another number by 18 
The product of the smaller number and .3 equals the e large 


number. Find the numbers. 


Sotution: 1. Let’ s =the smaller number 
2. Then s+ 18 = the iarger number, 
3. and 3s =the product of the smaller and 3. 
4, -*. 38 =s+ 18, since the product must equal the 
larger number. 
-B. Ss: 2s = 18. 
6. Dz : Soy 


Cureck: The smalier is 9; the larger 27; and 3 x 9 = 27. 


Notr. The symbol, .*., means “‘ therefore.” 


Rule. — To solve a problem by means of an equation : 
1. Represent one of the unknown numbers by some letter. 
2. Represent the other unknown numbers by means of this same 


letter, using relations given in the problem. 


3. From the conditions of the problem form an equation between 


the numbers; solve the equation. 


4. Check the result by comparison with the statements of the 


problem. 
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EXERCISE 24 
1. What number increased by 11 equals 19? 


2. There are two numbers of which the larger is 5 times 
the smaller. The difference between the numbers is 24. Find 
the numbers. 

3. One number exceeds another by 54. The larger number™ 
is 7 times the smaller. Find the numbers. 


/ 4. Five times a certain number exceeds 8 by 37. | Find the - 
| number. 


5.. 1f 12 times a certain number is diminished by 3, the result 
is the same as if 4 times the number iis increased by 5. Find 
‘the number. 


+ 6. 15 exceeds twice a certain number by the same amount 
that 3 times the number exceeds 10. Find the number. 


7. The age of John is double that of his brother James. 
| What are their ages if equal results are obtained by subtracting 
5 years from John’s age, and adding 10 to James’ age. 


| 8 The age of A is twice that of B, and the age of C equals - 
[the sum of the ages of A and B. The sum of the ages of A 


} 


| and C exceeds the age of B by 40 years. Find their ages. 


9. One angle is four times as large as a second angle; if 
‘their sum is increased by 5°, the result is one “straight angle, 
‘(See §13) Find the angles. 

10. A farmer wishes to inclose a rectangular field for a past- 
ure, making it 15 rods wide. He wants to make it as long as 
possible, using 172 rods of wire fencing, which he has on hand. 

How long can he make it? 
1. If six times the area of Lake Superior, the largest fresh- 
‘water lake, be decreased by 12,000 square miles, the result 
equals the area of the Caspian Sea, the largest salt-water lake, 
180,000 square miles. Find the area of Lake Superior. 


‘ye 
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12. If twice the height of Mt. McKinley, the highest moun- 


tain in North America, be decreased by 11,798 feet, the result 
equals the height of Mt. Everest, the highest mountain in Asia, 
29,002feet. Find the height of Mt. McKinley. 


“ 13. The longest river in the world is the combined Mis- 
sissippi-Missouri and the next longest is the Nile. Twice the 
length of the Nile diminished by 2800 miles euals the length 
of the Mississippi; the length: of the Mississippi is 700 miles 
more than that of the Nile. Find the length of each river. * 

14. The highest velocity of wind recorded in the United 
States up to January 1, 1910 exceeded 25 times the lowest 
average velocity at any point.in the United States by 2 miles 
per hour; the highest velocity exceeds the lowest i 98 miles. 
Find the starhent and lowest velocity. 


“15. In the United States, the lowest average annual precip- 
itation, rain and snow, is at Yuma, Arizona; and the highest 
is at Mobile, Alabama. The precipitation in inches at Mobile 
is 20 times that. at Yuma; the sum of the two precipitations is 
65.1 inches. Find the precipitation at each place. 


44. Percentage and Interest Problems, Many of the problems 


involving percentage and interest may be expressed and solved 


by algebraic methods. 


EXERCISE 25 
| Percentage Problems . 
1. What does 4% mean? 5%? 1%? mG ? 
2. What is4% of 500? 6% of 250? 
3. Express decimally 4 % of p; 6 % of b; 15 % ofc. 
4. Ifthe cost of an article is ¢ dollars, and the rate of 


gain is 25%, what is the gain? what is the selling price? 
(c-+:25 c= ?.) 


5. Find the cost of an article sold for $165 if the gain is 
10%. (c+.10c=165.) 


- formula: 
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6. A grocer wishes to make 25 % on some canned goods. 


_ At what price must he buy them so as to be able to sell the 
| goocs at $1.25 per dozen ? 


7. A man wishes to sell hats at $3.50 each. At ae price 


' must he buy them so as to make 12 % upon the cost? 


8. A real estate agent knows that he can sell a certain lot 


| for $3270. At what price must he buy the lot from the 
| present owner in order that he may make a profit of 9% ? 


Interest Problems — 
9. What is the simple interest on $200 at 6 % for 1 year? 
for 2 years? for ¢ years? 
10. What is the simple interest on R dollars at 6% for 


“1 year? for 2 years? for t years? 


/ 11. What is the simple interest on $200 at 7 % for 1 year ? 


for 4 years? for ¢ years? 


12. What is the simple interest on P dollars at r % for 


“year? for 3 years? for ¢ years? 


13. If J represents the number of dollars interest on P 


_ dollars invested at r % for t years, it may be expressed by the 


-. Pri 
~ 100" 


Solve the following problems by substituting in this formula: 
14. If a man receives $1150 income from $3500 which has: 


Express this formula in words. 


been invested for 4 years and 6 months, what rate of interest 


has he received ? 


Sotution: 1, Let yr = the rate per cent. 
2, P=3500; [= 1150; ¢ = 4}. 
8 *, 1150 — 2506- 143, (Since 7=P. t.) 
‘ inde 10 700° 
s. 1150 = 3-35-79. 

1150 = 2457, 
4.Me: 2300 = 315 r. 
5 Das: eel Geom Be 
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15. What principal must i invested at 4% to yield an 


income of $1500 per year? 

16. For what length of time must $4000 be invested at 
5 % simple interest to yield $750 interest ? 
1%. What rate of simple interest has been camel on an 
investment of $2500, if the income is $1000 in 10 years? 


Amount in Interest Problems 


18. The sum of the principal and interest is the amount. 

Indicate the amount at the end of one year if P dollars are. 
invested at 4%. (P+ .04P=1.04 P.) 

Similarly at 6%; at 7 %. 

19 What is the amount at the end of two yearsif P dollars 
are invested at 4 % ? for 3 years at 5 % ? 


20. What sum of money will amount to $3500 if invested 


\at 5 % simple interest for 5 years ? 
_\“21. How long will it take $1500 to amount to $2000 if 


“invested at 5%? (2000 =1500 +1500-,5,-t. Solve the 


equation for ¢.) 
~~ 22. How long will it take $ 1200 to double itself at 6 % ? 


23. Letting A represent the number of dollars in the 


amount, and P, r, and ¢t the usual numbers, show that the 
amount may be expressed by the formula: 


Prt 
-A=P4+— 
* 700° 
Solve the following problems by substituting in this 


formula: 


24. In how many years will $3500 amount to $4550 at 5% 


simple interest ? 
25. The members of a certain company paid $300 per 


share for some stock. At the end of 7 years, they received 
$.800 per share for their stock. What rate of simple interest 


did their money earn for them during that time ? 


Historica, Norz —The symbol % was used first about the year 1686, 


= PVA t 7 if i 
U 
(yo? eres 
ie a, One ¢ 
redo 
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45. Terms which are parts of a single number expression 
are often inclosed in Symbols of Grouping. 


_ The Parentheses, ( ), are symbols of grouping; thus, 
3a—(2a+y—2) 


means that 2 «+y-—2z is to be subtracted from 3 a. 


| 


Other symbols of grouping are the Brackets [ ], the 
| Braces, § {, and the Vinculum, : 


i 


_ All are used in the same manner as the parentheses, and are 
aor to collectively as parentheses. 


¢ 


Historicat Notre. — The parentheses are used most commonly now. 
They were introduced by Girard, a Dutch mathematician, about 1629. 
Previously the brackets and the braces had been used by Vieta, about 
1593, although Bombelli, an Italian, had made the first start in the direc- 
tion of their use in 1572. Descartes used the vinculum. 


REMOVAL OF PARENTHESES 


46. Parentheses preceded by a Plus Sign. 
Devetorpment. 1. Consider a‘ + a? +(a’—a). 


This means that a? — a is to be added to at + a?. 
at + a? “.a+a?+(a?—a) 
ee OR —a =a'+a?+a?—a. 
Sum: at+a+a?—a 


2. Consider a—b+(c—d). 


SoLurTion: 
a—b -.a@—b+(c—ad) 
+c—d =a—b+c—d. 
Sum: a—b+cec-d 
55- 
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3. Notice that the signs of the terms which are within the 
parentheses are not changed when the parentheses are re- 
moved. This fact suggests the 


‘Rule. — To remove parentheses preceded by a plus sign: 

Rewrite all.terms which are within the parentheses without 
changing their signs. 

47. Parentheses preceded by a Minus Sign. 

DeveLopmMent. 1. Consider a*+ a?—(a?—a). 


Sotution : This means that (a? — a) is to be subtracted from a* + a? 
at + @ -. a + a%—(+4+ a? — a) 
+ a ~a =at+a?—a?+a. 
Remainder: at§—a+a+a 
2. Consider a—b—(+c—d). 
SoxurTion : 
a—b | “« @a—b—(+¢e—d) 


+c—d =a—b—-—c+d. 
Remainder: a—b—c+d 


3. Notice that the signs of the terms which are within the 


‘parentheses are changed when the parentheses are removed. 
This fact suggests the 


i | 
Rule. — To remove parentheses preceded by a minus sign: i 


‘@ 
Rewrite all terms which are within the parentheses, but change — 
their signs from + to —, or from — to +. 


Exampte 1. Remove the parentheses from 
2a—3b—(5a—4b)+(4a—D).: 
So.tution: By the rules, the expression becomes 
2a— 3b —b.a 4-46-4440 —6: i} 
When this is simplified, the result is a. 
Cueck: Let q@= 1; and 6 = 2: 
ahead —(5a—4b)+(4a— 0) =2-6-—(5—8)+(4—2) 
=2—6—(—8)+42 


=2-64842=41 


Also the result @4=1. 


} 


p 
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48. The above rules apply equally to the removal of all 


' symbols of grouping (§ 45). 


It should be noticed in each case that the sign of the first 
term within the symbol of grouping is not the sign prefixed to 
the symbol of grouping; thus, in —(a—b6) the term a is 


| positive within the parentheses. 


49. Parentheses sometimes inclose others; in this case, the 
following rule should be observed by beginners. 


Rule. — To remove two or more parentheses, when one incloses an- 


| other: 


1. Combine the terms within the innermost parentheses, if pos- 
sible ; then remove these parentheses according to the rules in S$ 46 
and 47. 

2. Combine the terms within the resulting innermost parentheses, - 


and remove these parentheses. 


8. Continue doing this until all parentheses are removed. 


Examere 2. Simplify 4¢—j32+(—2a—[a#—a])}. 

The brackets are the innermost symbols of grouping; they are pre 
ceded by a minus sign. Remember that the sign of 2 within the brackets 
is +. 


SoLurIon : 

x 4¢—u"+(—22—[x—a])} 

2. =4x”—{8x4+(—2%—x2+a)} Removing the[ J. 

3. =42—{8%+(-—32+a)} Combining within the ( ). 

4. =42—-82—-—32x%+a} Removing the ( ). 

5. =4%—a. Combining within the { }. 
EXERCISE 26 


Simplify the following expressions by removing the symbols 
ot grouping : . 

1. 3m—(2n+>p). 4. Tv+(—3w+2). 

2. d4+(2—2y). 5. 6r—[—3a+b} 

8. 5a—(2b—c). 6. 8s+jf—3m—#}. 


- 
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1. 9k—-[p—29] 9. 1—fm—n}. 
8 2a+(3b—c). 10. 8—[—2a+0B]. 
In the following examples, since neither symbol of grouping 


incloses the other, remove both at once. Tell what each 
example means; thus in 11: “subtract the number (¢—d) 


from the number (2 a — b).” RC tae, i re 
11. (2a—b)—(c—@). “Ab. Ga Nae 
12. (a— b)-- (c+). 17. [(m+nx]+[p—q]- 
13. [r+s]+[t—t]. 18. jm+ni}—jp—q} 
14. fr—s{—j2 +}. 19. (—~a+b)+(—c¢+d). 
15. (@—y)—(@+w). 20. (—a+b)—(—c—d). 


In the following examples, combine terms after removing 
the parentheses : | 


21, 3c—(5c--6) 26 (3b—11)—(4b+5). 
22. (2a—b)—(5a—D). 27. (+e+y)—(—2e+y). 
23. 2a—(3a—b)+2b. 28. 5at—(—2at+a)+6. 
24 a’+a—(a?—a). 29. (2r—s) —(3r—2s). 


25. (0 a—6)—(2a—4), 30. (3p—2q)+(—3p—24). 
31 9m—(4m+6n)+(3 m—N). 
82 8r+(5r—[2s+)). 
33. 3e—(2y+[5«—-—y)). 
34. 5a—(4a—}3a—1}). 
35. 6b—§7b -(9b4+ 4)— 7}. 
36. (Tt—7) —[8t—(10 r+ t)—3 7}, 
37. 3¢—(5e—[72+9a—4]—3a), 
38. 5ab—[(3 ab — 10)—(4 ab + 7)]. 
39. 7¢—(5c+[12c¢—j6c+42})). 
40. m—((6m—7 n)—n|—[3 m+ 4n—(2m—37n)). | 
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INTRODUCTION OF PARENTHESES 


50. Sometimes it is necessary to introduce . parentheses into 
an expression. 

DrvELOPpMENT. 1. What is the rule for removing parenthe- 
| ses preceded by a plus sign ? 
_ 2. What, then, should be done with the signs of terms which 

are placed within parentheses preceded by a plus sign ? 

_ 8. Inclose the last two terms of a+b+c—d in Parentheses 
preceded by a plus sign. 

4, What is the rule for removing parentheses preceded by a _ 
minus sign? 

5. What, then, should be done with the signs of terms which 
are placed within parentheses preceded by a minus sign ? 

6. Inclose the last two terms of a+6+¢—d in parentheses 
| preceded by a minus sign. 
_ Rule.—1. To inclose terms in parentheses preceded by a plus 
_ sign, rewrite the terms without changing their signs. 
2. To inclose terms in parentheses preceded by a minus sign, re- 
- write the terms, changing the signs from + to —, and from — to +. 


_ Examrtr. Inclose the last three terms of r-+-s—t+v in 
| parentheses preceded by a minus sign. 

Sotution: 1. r+s—t+v=r—(—s+t—v). (Rule 2). 

Cueck: If the parentheses are removed, the result is the original 
expression. 

EXERCISE 27 | 

Inclose the last three terms of the following expressions in 

: _ parentheses preceded by a plus sign: 


1 m+n—c+d. 6. a? +b? —2 be + 
2. a+6—r—s. 7. 07 ee oe 
3. ety+z2—w. 8. a —40?+12b—9, 
4, r—stito. 9. ent y te 


5. p—gq—a+b. 10, n*— 57x? eu +6n+7) 


i) ae 
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+ 
* 


11-20.. Inclose the last two terms of the foregoing SEDTCe : 
sions in parentheses preceded by a minus sign. ; 


21-30 Inclose the last three terms in parentheses preveded 
by a minus sign. 


EXERCISE 28 


Indicate and simplify, where possible, the following: 


sent the larger number 


1. The sum of a and 5; aand B. 
2. The sum of w and (x+ 3); wand (# — 5) 
3. The difference between a and 5; a and b. 
4. The difference between (a — 2)and 3a; (a + 7) and 3 a. 
5. The sum of (3a +45) and (2a-— 6); also their differ- 
ence. is 
6. The amount by which 15 is greater than 12; greater — 
than a, greater than (a + 2). 
7 The amount by which 5 wis greater than 10; greater 
than 2%; greater than (a — 4). 
8. The amount by which 20 exceeds 15; exceeds ¢; ex- 
ceeds (t — 3). 
9. The amount by which 3p exceeds 5; exceeds (p +1); — 
_ exceeds (p — 3). 
10. The amount by which (2 4 + 3) exceeds (a — 5). 
11. The smaller part of 15, if J is the larger part. 
12. The smaller part of a, if 7 is the larger part. 
13. The larger part of n, if 3 is the smaller part. 
14. The smaller part of 2a, if (a — 3) is the larger part, 
15. The larger part of (8¢ — 2), if (c +1) 1s the smaller — 
part. 
16. The sum of two numbers is 50; the smaller is P. Repre- 
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_ 17. The sum of two numbers is 37; the larger is J. eye 
eat the smaller. 


18. The difference between two numbers 1s 5; the smaller 
jis s, Represent the larger. 


19. The difference between two numbers is 7; the smaller 
3. Represent the larger. 


_ 20. The difference between two numbers is 10; the larger 
jis n. Represent the smaller. 


21. The integer which is consecutive to the integer a. 
Hint: 6 is consecutive to 5; 7 is consecutive to 6. 


22. The second integer consecutive to a. 
23. The sum of a and the consecutive integer. 


/24, The sum of n and the two consecutive integers 


| 25. If ais an odd number, what is the consecutive odd 


mumber ‘ te 
| Hunt: 5 is consecutive to 8; 11 to 9; 17 to 15. 


- 51. Parentheses are used in equations and problems. 


Exampte. The sum of two numbers is 88. The larger . 
‘mumber exceeds the smaller by 36. Find the numbers. 


 Soxution: 1. Let i =the larger number 
fee. chen (88 — 7) = the smaller number. 
8. Then 1— (88 — 1) = 36. 
4, Removing(), ¢—88&+/=36. (§ 47) 
21—88 = 36. 
5. Agg:* 27 = 124, 
6. De: , 1 = 62, the larger number. \ 


} 88 — 62 = 26, the smaller number. 
CuEck: 62 — 26 = 36 


® See § 42 for the symbol Ags. 


elt 
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a _-« EXERCISE 29 
- Solve the following equations 

1. 2r—(r4+6)=11. ~- 67 

2. (8e+4)—(2%+ 9) =15. 
12A+(2A—3)=6 A-—(—T7 A—15). 
(4t—5) —(2#4+5) =(2t—9) — (4t—7). 
(—10”+12) —(6x%—5) = (13 —8 w) —(45 +9 a). 
(8e+5)—(2e%—T7) =(4x+4-9)— (2a—11). 
(6y—8)-—Qy+4)=Q0—18y)—lly. 
(13 —4m)— (8 m+ 9) = (2m—8) —(6+7m). 
(8t—11)—(7 —5 4) =12—(13 + 40). 
+10. (172—1)—(9z2—10) =15 —(13z + 6) — 

11. The sum of two numbers is 30. The greater number 
exceeds the smaller number by 4. Find the numbers. 


12. The sum of the ages of A and Bis 115 years. A is 13 


ON Oe Bee cease 


years younger than B. What are their ages ? 
18. Divide the number 123 into two parts such that the 


greater exceeds the smaller by 67. 


14. The sum of the ages of A and B is 102 years. <A is 26 
years older than B. Find their ages. 


15. Divide $93 between A and B so that A may receive $23 
less than B. 


16. The Library of Congress at Washington consists of three 


main stories, whose total height is 64 feet. The height of the : 
second story exceeds that of the first by “G feet, and is 8 feet 


less than that of the third story. Find the belgut of each of 
the three stories 


17. The total length of the Upper Steel Arch Bridge at 
Niagara Falls is 1240 feet. Its main span, the longest of the 
kind in the world, exceeds twice the remaining part of the 
bridge by 40 feet. Find the length of its main span. 
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| 18. The first appropriation for a library for Congress was 
made in 1800. The present Library of Congress was completed 
| at a total expense of over $6,000,000. The cost of the gold | 
| leaf on the dome of the present building increased by $1200 
| equals the appropriation made in 1800; and the sum of that 
| first appropriation and the cost of the gold leaf is $8800. Find 
, each of these amounts. 


19. Seven major planets besides the earth revolve around the 
sun. The number of planets which are farther from the sun 
| than the earth exceeds by one twice the number which are 
| nearer to the sun than the earth. Find the number of planets 
} nearer to and the number farther from the sun than the earth. 
| 20. The sum of two consecutive integers is 35, Find them. 
| (See Example 21, Exercise 28.) 
21. The sum of three consecutive integers is 108. Find the 
numbers. 
| 22. The sum of four consecutive integers is 218. Find them. 
_ 23. The sum of two consecutive odd integers is 196. Find 
\ them. 
| 24, Find the integer which is such that when increased by 
| the first consecutive integer, and their sum decreased by the 
e second consecutive integer, the result is 75. 
ri 25. There are four angles which make up the total angular 
| Ee cemitade aroundapoint. (See§13, Example15). The second 
angle is 3 times the first; the second exceeds the third by 10°, 
and exceeds the fourth by 50°. Find the angles. Illustrate 
with a figure. 
26. An angle exceeds its ee ee by 30°. Find the angle. 
(See Example 11, § 13). 
27. The complement of a certain angle exceeds the angle 
itself by 20°. Find the angie. (See § 13.) 
28. Thesum of the supplement and complement of a certain 
angle is 120°. Find the angle. 


64 ALGEBRA 


phe iM cen Ly ame 


29. The fertility ot farm land is maintained by adding fer- — 
tilizers which contain ceriain plant foods, such as nitrogen, 
potash, and phosphoric acid. In 100 pounds of a good corn . 
fertilizer, the amount of phosphoric acid should exceed the — 
amount of nitrogen by 10 pounds, and the amount of potash 
should equal in weight the. sum of the other two Find the’ 
number of pounds of each plant food in the mixture. 


30. Texas is the largest state in the Union, and Rhode 
Island is the smallest. The area of Texas exceeds 213 times 
the area of Rhode Island by 72 square miles. The sum of | 
their areas is 267,144 square miles. Find the area of each 
state : 


me 


Historicat Nore —In Examples 5 and 8, negative roots are found 
The mathematicians of the 16th century were slow to admit that such | 
roots had any meaning. Cardan called them numere ficte. Even such : 
men as Vieta and Harriot, who contributed so much to the growth of 
algebra, admitted only positive solutions. Girard (1590-1632) and Des- 
cartes (1673) were especially instrumental in establishing the fact that 
negative roots should have the same meaning as positive roots. 


V. MULTIPLICATION 


52. The Law of Signs for Multiplication of positive and nega- 
_ tive numbers (§ 25), may be written: 


Rule. —1. The product of two numbers having like signs is posi-~ 


. tive. 


2. The product of two numbers having unlike signs is negative. 


Historica Norge. — Until the time of Michael Stifel (1553), little 
progress was made toward finding the rule for multiplying powers of the 
‘same base, owing to the cumbersome notation that had been used pre- 


| viously to denote the various powers. Some men even made a table cor- | 


responding to our multiplication table, giving the products of some of the 
powers Stifel introduced a better notation, used the word exponent, 


and gave the rule which we now use. 


53. The Law of Exponents for Multiplication 

Drvetopment 1 Review the definitions of exponen+, 
base, and power of a number, given in paragraph 15. 

2 What does a? mean? 2? r7? e? 


3. Write in exponent form : 
—@ b-b+db-ds @) mem-m, () y-yryry Ys 

(d) r-1 +. 7 (if there are 10 factors), 

(e) w-a---a (if there are 8 factors), 

4, Find the product of a and a* 

@=a-a-a; a=a-a-@ a. 
@-at=(a-a-a)X(@-a-a-a) =4-d-a-4-4:0-a=a), 

5. Find as in 4, the following products and write down the 
results as in part (a): 

(a) a-at=a’. Oise r =7% 


(6) 2 -at=? ~, () mem=? 
65 
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6. Observing the results in 5, see if you can get the follow. _ 

ing products mentally; check as in 4: : 
(a) m*>+m'> =? © #-¢=? 
(0) mm =? @ y-¥y=? 
7. The facts observed lead to the 


Rule. — To find the exponent of any number in a product, add the 
‘exponents of that number in the multiplicand and multiplier. 


EXERCISE 30 
Find the indicated products 
Le a? <2? ats Ls: 7. m®. m?, 10. 2%. 2? 
2. at- a, 6.0.8 8. sl «8%, 11.3° 53% 
3. mom. 6. +t 9. 7. y 12. 52.5% 


54. The Commutative Law of Multiplication. 

DevetopmMentT. 1. 3X4 and 4 x 3 each equal 12. 

2. Notice, in step 1, that the same factors occur in each — 
product, but that the order is changed. Does changing the — 
‘order of the factors change the value of the product ? 

3. Compare 3 x 4x5 and 3 x5 x 4, by finding their values. — 

4. Write these same factors in some other order, and com- © 
' pare the product with the products obtained in step 3. , 

5. Arrange the factors 2, 4, and 5 in three different ways 
and compare the products. 


Rule. — The factors of a product may be arranged in any order 
without changing the value of the product. 


EXERCISE 81 
Arrange each of the folli wing sets of factors in two ways 
and find the products. 
2.3, 7. 4. 5, 2,4. 
2. 2, 5,6. 5. 6, 5, 3. 
3. 3,4, 6. 6.26, 4 2 
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MULTIPLICATION OF MONOMIALS 


55. Devetopment. 1. Find the product of 7a and — 2 b. 


Soxution : 1. —2b=(—2)b. . (See § 31) 
2. Then : Ta(—2b)=7-a-(—2)-b 
Then, since the order of the factors may be changed, (§ 54) 
3. Ta(—2b)=7-(—2)-a+b 

at bah, (§ 5) 


2. Find the product of — 5a and — 6 2°y. 
Sotution: 1. (— 5x)(— 6 ay) = (— 5) -x-(—6)- 2?-y. 
= (— 5)-(—6)-%-aP-y 
= + 30 ay. 
3. Find similarly the product of 3 mn and 2 p. 
4, Find similarly the product of + 2 a% and + 5 ab. 


5. Give at sight, if possible, the following: 
(a) 2rs- Bt. (©) Ta-3a02 
? (6) 3ay-2z. (d) 4m +5 ma. 


Rule. — To find the product of two monomials: 
1. Find the product of the numerical coefficients, using the Law 
of Signs for Multiplication. 
2. Multiply this product by the literal factors, giving to each an 
exponent equal to its exponent in the multiplicand plus its exponent 
in the multiplier. 


Examere 1 Multiply 2 a® by 9 atb?. 

Soution : (2 a®) (9 a*b?) = + (2 x 9) - a6+4) . b? 
: = 18 a2, 

Exampte 2. Multiply —5 a®yz> by + 6 ay’w. 


Soxution: (— 5 x8yz5)(+ 6 xy’) = — (5 x6) - a+). y(t). 25. w 
7 = — 80 xty3z>w. 
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EXERCISE 32 
Find the following indicated products: 
Le 11 2’yz- aye 
ue a a®-a>-at 12. 1st. nst". 
[ 8. a. 2° 528 13. ab*c®- abc. 
| 4. yp 14. 7°s - rs*t3, 
| 5. m>.m-m 15; 2° %.2%, 
6. a®-at- a’. 16. 4°. 48, 
| 7 EEE 17; 5°. 5% 
8. a’b®- ab. 18. 10%- 10% 
9. arty? - ary. 19. prt-7*. 
10. a®x - ax 20. max? - mna. 
‘ Multiply: 
21. Ta® by 3a’. $1. —6a°d® by — dc’. 
22. —9 m? by 8 mt. 32. +9aa* by —9 ay*, 
23. —5ab by 2a 33 8 2°2’ by — 8 y*z8 
(24. —3rs* by —9 rs. 34. —7 AB’ by +12 ABC. 
25. 5ayz by —11 xyz. 35. 12 a’bc by 6 bed’. 
26. —11 ay’ by 9 ay. 36. 13a? by —T a®b’ec. 
~/at. —6 a by —4 ab‘. 37 —14 m’n by — 6 mn*. 
28 —6 27> by +12 ay. 88. — 16 a®bct by +5 athrc. 
29. —9 mn? by 7 mn’. 39. —3 ay*2? by. —17 a*ySz 
30. —12rstby —9s% | 40. —4mn by +17 min. 


ue ay eee OLS eee 
S41. 38a, 5 mS and 6a, 
42. —4a', —97?, and 22. 
43. ay’, — y*z, and az°, 
44. —12a'l?, — bic’, and — 8 ca’. 
45. a’, —3a, —5a‘, and —4a°. 
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46. —T m’n, +8 mr’, and —2 nr, — 


a7. —3 and +2o. 53 —9 and +52. 
3 
48. +5 and -=%. ; 54. +14 and —=2. , 
Bin 6s 
49. +4and ge 55 —18 and a 
50. 12 and ee 56. +20 and — 53, %. 
3 57. dab? and — 3a’). 
51 Pag oa ess 58 —2mn and —2m’. 
59. +.5 7s? and —.3 r’s. 
52. —10 and — ‘s by Jun 60. —.12¢ and —.7t. 
_ 56. Numbers, and relations between them, may 
be represented by geometrical figures. . 
ExampLe 1 The product 4» 5 may be repre- 
sented by the rectangle in Fig. 1. Note that the 7 - 
1a. lI, 


area of the rectangle is 20 square units. 


Exampite 2 The product 4(8+ 7) may be represented by 
the Fig. 2 


3 + 7 3 7 


Fre. 2. 
4(347)=4x344xT. 
4x10= 12 + 28. 


Exampie 3. The product a(b+c) may be represented by 


the Fig. 3 
i) ot ¢ b c 


Fie. 3. 
a(o+c) =ab+ace. 
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EXERCISE 33 , 
1. Drawa figure representing 5(38 +4), as in Example 2. 
2. Draw a figure representing 4(2 + 3+ 5), as in Example 2, 
3. Draw a figure representing a(b-+c+d), as in Example 3. 


MULTIPLICATION OF POLYNOMIALS BY MONOMIALS 


57. Devetopment. 1. From the geometrical illustration 
in § 56, it is clear that: 


(a) 5(74+3)=(5 X 7)4+(6 X38)=35 +15=50. 
(b) 6(444.5)=(6x 4)+(6 xX 5)= 244 30= —- 
(c) a(b+c+d)=ab+ac+ad. 
In every case, each term of the polynomial is multiplied by 
the monomial. 


Rule. — To multiply a polynomial by a monomial : 
1. Multiply each term of the polynomial by the monomial. 
2. Unite the results with the proper signs. 


- Examere. Multiply 30?—2ab4+ 0? by —3 ab. 
Sonution: (3 a? — 2. ab + b2) x (—3 ab) =— 9 a® + 6 a2? — 8 ad?. 
Cuecx: This result is true for any values of aand b. Leta=1, and 
b=1. 
38a?—2ab+ b%?=38—241=2, —3ab=—8, and2-(—3)=-6; 


also, — 9a8b + 6 ab? — 38 ab? =—94+6—3 =—124+6=—6. 
EXERCISE 34 

ae : : 

i. 4a—9 by 5a. 6. 7? —2rs+s? by —71%s% 

2. m? — mn +n? by mn. -%. 62° —5 28 —T ot by —7 a’, 

“3. 3@+e2—5by —92% 8 —388—d?45ed by 4c 
4. 82'y—5ayby —3ay, 9. —3a’y+2°—3 ay by —2%y. 
5. 2@—6a’—T7 by —7a®. 10. oF —2° +a by — 23 


a meme ms 


\ 


_ 
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11. 5 m?—6mn—4 22 13. 2?—5ay+y? 


i — 2 xy 
12. 6p? ny 14 a? —307%+3a0?-B 
2) bes ae 


Perform. the following indicated multiplications: 

15. Ta-(@—5) 19. —3ab- (a?—2ab + B%). 

16. —6ab-(10a?—7b*). 20. 8 a* - (64° 5 x—12). 

17. wy-(at—Aarr+ty'), 21. —4a°d*- (8a?—2 ab—4%, 

18. —rs- (”—rs +s’). 22. —5m'- (8 m*—m?—3). 

23. Simplify the expression: 3(2 a —5)—2(# +46). 

_ This means that (2% — 5) is to be multiplied by 3; that (x +6) is to be 

| ‘multiplied by 2 ; and that the second result is to be subtracted from the first. 

 Souvtion: 8(22 — 5)— 2(2 + 6) =(6 x — 15)—(2 2 + 12). 

=6x%—15—2x%—12. 

fe =424— 27. 


In the following examples, first tell what each means, as in 
ample 23; then, simplify. 


24. 5(6a4+3b)+4(5a—2b). 27. 3(2m+ iaye 2(6—5 m). 
25. 2a(3a—y)—3a(2x+y). 28. 3c(2m—4)—6c(2 m+ 4). 
26. x(a — Y) —y(a+y). 29. r(r?—s)+s8(r— 8”). 
Multiply and then simplify the following: 


30. (eae: 36. (tts e 


2° 10 
31. et a . 87. aes ace 
32. ea at): i hale 88. 20 22 aay 
33. ee ne 40-05" “50, 24 a 
34. 1(20°9—4”+46). M 40. —42°(3 2t—24 a? + 15). 


35. 64a? —Laoy+ty’). 41. Lmn(gm’—} mn+3 n’). 


bon." 
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MULTIPLICATION OF A POLYNOMIAL BY A POLYNOMIAL 


58. A number may be multiplied by (2+3) by multiplying 

first by 2 and then by 3, and adding the products. Thus, 
(2+8)x6=(2 x 6)+(8 x 6) = 12 + 18 = 30, for (5) x 6 = 80. 

Similarly, (2+ 38)-(@+b)=2(a+ b)+ 3(a + d) 
' =2a+204+3a4+3b=54a+4+58, 

for (5): (a+b)=5a+ 56d. 

The multiplier in each case consists of the sum of 2 and 3; 
the multiplicand is multiplied separately by 2 and by 3, and 
the products are added. This illustrates the 


Rule. —To multiply one polynomial by another: 


1. Multiply the multiplicand by each term of the oe 
2. Add the partial products. 


ExametEl. Multiply 3a—4b by 2a—5b. 


So.tution: In accordance with the rule, multiply 3@—4b by 2 a and 
then by — 5 b, and add the partial products. A convenient arrangement 
is suggested by the arrangement of multiplication problems in arithmetic. 


43 8a— 4b 

12 2a— 5b 

86= 2x 43 6a2— 8ab = 2a (8a—46b) 
430 = 10 x 48 — 15 ab + 20b2=— 5 b(8a— 4b) 
516 = sum 6 a? — 23 ab + 20 6? = sum 


Norte : In arithmetic, the multiplication proceeds from right to left; in 
algebra, the multiplication proceeds from left to right. | 


ExampPLe 2. Multiply a?— 8a? —2a% by 2a +a. 
SoLurion: It is convenient to arrange the multiplicand and multiplier 
' in the same order of powers of some letter (§ 37) and to write the partial 


products in the same order. Leave spaces for any powers which may 
not be present in the multiplicand. 


Arranging the expressions according to the descending powers of a, we 


neve, — 2 ax — 828 
a+22 
at — 2 aba — 8 ax 
+2 ax — 4 a%x?2 — 16 x4 


a‘ — 4 a*x? — 8 ax? — 16 xt 
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Cuecx - This result should be true for all values of ¢ and 2. 


> Let a@=land g=1. 

Then, @—2a-x4—82e23=1—-2-—8=-9, 
a+2%=14+2=+8, 
and (a 9) CE B27 


‘also, at — 4 x? — 8 ax? — 16 ct = 1 4-8 — 16 =— 27, 


/\ hw EXERCISE 35 

- Multiply: 
1. 2+3 by +5. ll. 2a+bdbyat+d 
2 r—Tbyr—4 12. 3¢—2d by 2¢+d. 
3. 28s—5by s—3 13. Sr + 6s by 38r—2s. 
4. 3m+2 by m—4 14. 5e—2y by 3a—4y, 
5. 4¢—9 by ¢4 3. 15. Gm—3p by 4m-4 5p. 
6. 3a+T7 by 2~%+3 16. Ty—9z by 6y + 8z. 
1. 2m+5 by 5m—1. 17. 1la+5d by Ga—4d. 
8 Gp—3by 2p+7 18. 12p+7q by 8p—T7q. 
9. 5y—1 by 6y—8. 19. 22’—y by 2 —3y?' 
10. 7z+10 by 4z2—5. 20 9w?—Tv by 1} w+3x, 


21. m?@—m—3 by m+3. 

22. 2a°+Ta—9 by 5a—1, 

23. a —2ay+3y’ by x—3y. 

24. P-—ay+yPby ety. 
25. vw +4ay+16y hy x—4y. 

26. m?>+mn+n’* by m? — mn +n 

Die wa 2? = 2 o by +20 — 3 
28. 3+a2—Ta—4a’ by 2a+1 

29. 9a 4+22?—S5by44+32°—T2. 
30.,6n—8+4n? by —44+2n?—3n. 
31. 9r? —5y’+ 6ry by Sry +4 y? + im 
32. 3a°— 5 ab — 80’ by 4a? —9ab — TH. 
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33. a—b+cbya—b—e. 

34. r+s+tbyr—s—t. 

35. 2n? + m?+3 mn by 2n?—3mn + m?. 
36. a? + 3ab? — 3.a*b — BD by a’ +b? — Zab. 
37. m*—3m'+ 9m? — 27 m+ 81 by m+3. 
38. 4a+6b410c by 2a—3b+5¢. 

39. of + 4a? + 8a4+ 220° +16 by a —2, 
40. 2 +0?+¢+ ab—be+ac by a—b—«@ 


41. }a—4bdbyta4+10. 46. (3a—5)*% 
42 im—inbyimt+in. 47. (2m—3n). 
43. ta—tybyta+ty. 48. (47 + 5)% 
44. 2a—tbbya+hb. 49. (2a—3)* 
45. 2x—3y by 3a—4y. 50. (3a—4b). | 


Find the product of the following: 
51. a+3,a—4, anda+2, 
52. m+4, 2m —3, and.m — 5. 
53. e+y, 2 —acy+y’, and #—y* 
54. m+n, m+ n’, and m — n. 
55. a + ay + y?, w — ay + 9, and a? — y 


PARENTHESES IN MULTIPLICATION 
59. Examete. Simplify (a—2a)?—2(3a+2)(a—2). 


. Sotvution: To simplify this expression, first multiply (a—22) by 
itself (§ 15); second, find the product of 2, 3a+a and a—«z; third, 
subtract the second result from the first. 


1. a—2% 2. 8a4+% 
a—2% a—x 
a? —2ax 8a?+ ax 
—2axn+422 | —3ar— 22 
0 —4axn+4a7 3 a? — 2 ax— 22 


2 
§$a2— 44x —222 


i Xe ae no is , f 
> ie = ze Ls 
os a et C+ 
METER eon kas "5 
: 2s ; 
38. Then (a—22)?—2(3a+2)(a—2) 
4. =(a? — 4 ax + 427) —(6 a2 — 40% — 22) 
6. =a?—4an+422?-6a2?+4ax4+2a2 © (§ 47) 
6. =— 6a24+ 622. Answer. : 


Nore. Be careful to place the results of steps i and 2 in parentheses as 
in step 4. 


EXERCISE 36 


_ Tell, as in the above solution, what must be done to simplify 
_ the following; then simplify : 


fi. Ba+8)(a—6)+(2a+7)(4a—9). 

{ 2) (2m+7) (8m —5)—(2m—5)(8m+7%). 
. (a—2a)(a+32)+(a+22)(a—32). 

. 2a—3 b)?—4(a—b)(a+5b). 

2 (b+ 8) (h — 2)—(h +5) (h—6). 

5(@ — 4) (e4+1)—2(@—3) (+2). 
2(38a+ 2)(4a¢—3)—(8a%—2)(42%+48). 
3(8a+5)(2a—8)—2(4a—7)(a+6). 
4(8ae—2)(x%+6)—5(24—T) (#+2). 
\ 10. ao +b) (a? + b°)—(a— b) (a? — 0"). 
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USE OF MULTIPLICATION IN GOUATIONS 


4 
60. ExampLe 1. Seven. times the complement of a certain: 
( Bocle exceeds twice its supplement by 20°. Find the angle. 


Sotution: 1. Let a@ = the number of degrees in the angle. 
2. Then, 90 — a = the number of degrees in the complement, 
8. and, 180 — a = the number of degrees in the supplement. 
4. Hence, 7( 90 — a)= 2(180 — a) +20. 
5. Multiplying, 630 — 7a = 360 — 2a + 20. 
6. Combining, 630—7a = 380—2a. 
q. Seszo : —7Ta=-— 250 — 2a. 
8. Aca? — 5a =— 260. 
9. Mi: 5a = 250. 
10. Ds: a= 50. 


i Cureck: The angle is one of 50’. The complement contains 40° and 
the supplement, 130°. Does7 x 40° = 2 x 130°+ 20°? Yes. 


oo 
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Exampte 2. Solve the equation, 
(2a+5)(8a—7)—(2a—5)(8a4+7)=4. 


Soxvution: 1. (2a+6)(8a—7)—(2a—5)(3a4 TJ=4 
2. Multiplying, (6a? + a— 35)—(6 a? —a— 85) =4. 
8. Removing (), 6a?+a—35-—6¢0+a+4 85=4. 
4. Combining terms, 2a=4. 
5. De: GaP, 
Cuxck : Does (2-2 4 5)(3-2—7)—(2-2—5)(8-24+7)=4? 
Does (9) -(—1)-—(— 1)(4 18) = 4? 
Does —9-(—18)=4? 
Does ' —9+18=4? Yes 


Note: Tn Exercises like Example 2, be careful to put the products obtained 
in step 1, in parentheses as in step 2. ’ i 


EXERCISE 37 
Solve the following equations: 
1. 2(m—3)= 20. 2. 4(y—5)+7=15. 
8. 8(2a—4)4 2(4—5)=5(@+1). % 
4. 6(22—32)4+38=8(4a—5), 
6. 12—5(8a—2)=2(u—6). 
6. 2(v+9)+3(v—4) = 16. poe 
F-41658) 230145) = 84—9, 
. 10—5(87-4)=6(3— 2D. 
9 Tg—6(29—5)=6(6— 9). 
10. 3n—2(2n—7)=3(n—2), 5 
11. 3(4m—5)—4(m—6)=3(m417)—7. 
12. (a@— 5)(@+ 6)—(@+ 8) (@— 4)=0. 
1B. (y— 7) +2)—(y—9) (y+. 8)=0. 
“14. (2r+8)(3r—5)—6(r—4)(r—3)45=0. 


15. 3(2s—4)(s+7)—2(3e—2)(s +5) =—3(s—2), 


Lo 
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16, The sum of two numbers is 75. The larger. eee the 
smaller by 11. Find the numbers. 


47) The sum of two numbers is 100. If four times the 
ater be diminished by 22, the result is 35 times the a 
Find the two numbers. a 


18. The distance from New York to Tie exceeds the dis- 
tance from New York to London by 280 miles. Four times 
the distance .to London exceeds three times the distance to : 
Paris by 2900 miles. Find the two distances. 


19. One number Piacois another number by 7. If 6 times 
the smaller is diminished by 5 times the lar ger, the remainder 
‘is 5. Find the numbers. 


20. Separate 60 into two parts such that 4 times the soates 
shall exceed 2 times the larger by 30, 


_ 21, The sum of two numbers is 80. If twice thereater be 
decreased by 12, the result exceeds 4 times the smaller by 4. 
Find the numbers. 


22° The Library of Congress stands upon a rectangular base 
whose perimeter is 1620 feet. The length exceeds the width 
by 130 feet. Find the dimensions of the building. 


23” There are two consecutive numbers such that the sum 
of twice the smaller and three times the larger is 78. What 
are the pons! a 


240° Brice are two consecutive integers whose product ex. 
ceeds the square of the larger by 20. What are they ? 


25. The total population of Chicago, Philadelphia and 
Greater New York (1910 Census), was 8,501,174. The popu- 
lation of Chicago exceeded the population of Philadelphia by 
636,275 ; the population of New York exceeded twice the pop- 

ulation of Chicago by 396,317. Find the population of each of 
‘the cities. 
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EXERCISE 38 
Algebraic Expression 


1. A is now 15 years of age. Express his age: 

(a) 5 years ago; (b) myearsago; (c) y years ago; 
(d) 8 years from now; (e) m years from now. 

2. Bis b years of age. Express his age: 

(a) 4 years from now; (0) m years from now; 

2 6 years ago; % years ago; (e) t years ago. 


. A is now x years of age. B’s present age exceeds the age 
of ac by 5 years. ) 
(a) Express B’s present age; (6) the sum of their ages. 
(c) Express the age of each 10 years ago. 
(d) Express the age of each 10 years from now. 


4. A is now a years of age; B is twice as old. 
(a) Express B’s present age. 

(b) Express the age of each 3 years ago. 

(c) Express the age of each 7 years from now. 


@ oe the fact that B’s age 5 years ago was 3 times 
A’s age at that time. 


5. Express the value of: 


(a) (15—2) pounds of tea at 40 ¢ per pound 3 
(6) x pounds of tea at 60 # per pound; 
(c) the entire amount of tea. 


6. Express the value in cents of: 


(a) x nickels; (b) 2a dimes; (c) 8a dollars; 
(@) 4 quarters; (e) all of the coins. 


~ 


7. Express the vaiue in cents of 


(a) d dimes; (») (15 —d) quarters ; 
(c) (15+ d) half dollars; (d) all of the coins. 
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'B. Express in inches: 
(a) m feet; (6) 3m yards. 
(c) the combined length of m feet and 3 m yards. 
v 9. Express in pints: 


(a) 3a pints plus 2 quarts plus 5 2 gallons. 
(0) 2c pints plus (8c —2) quarts plus (5 —3 c) gallons, 


EXERCISE 39 


1. The sum of the ages of A and B is 50 years; in 5 years 
A will be 5 times as old as B., Find their ages. 

Sorution: 1. Let @ =the number of years in A’s age now. 

2. Then  (60—a@) =the number of years in B’s age now. 

8. Then a@+5= the number of years in A’s age in 5 yr. 

4, and (50—a-+5) or55—a 

= the number of years in B’s age in 5 yr. 

b. .. (a+ 5) = 5(55 — a). 

Complete the solution. 

NotE. Represent with care the present ages of both persons; also their 
ages at the other time mentioned ; then form the equation. 

/g, A father is now 9 times as old as his son. In 9 years 
he willbe only 3 times as old as his son. What are their 
present ages? 

v 8. The difference between the present ages of a father and 
son is 25 years. In 10 years the father will be twice as old 
as his son. What are their present ages ? 

“ 4, A is 5 times as old as B. In 9 years he will be only 
8 times as old as B. What are their ages ? 

5. Bis twice asoldas A. 85 years ago he was 7 times as 
old as A. What are their present ages ? 

«6. Ais 68 years of age, and Bis11. In how many years 
will A be 4 times as old as B? | 


Hint. Let WV equal the number of years. Find the age of each in V 
years, and then form the equation. 
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7 Ais 25 years of age and Bis 65. How many years ago 
was B 6 times as old as A? 


8” A grocer has two grades of tea, a 60¢ grade and a 90f 
grade. He wishes to make a mixture which he can sell for 
80¢ per pound. How many pounds of each must he use in a 
mixture of 120 pounds? 


Soxurion: 1. Let n = the number of pounds of 60 # tea used. 
2 +, (120 — n) = the number of pounds of 907 tea used. 
3 -. 60 n = the value of the 60¢ tea in cents. 
4 and 90(120 — ) = the value of the 90 # tea in cents 
5. .*. 60 2 + 90(120 — n) = the value of the mixture in cents 
6 But 120 x 80 = the value of the mixture in cents. 
7. .*. 60 + 90(120 — n) = 9600. 
8. From the equation n = 40, 120 — n = 80. 
Curck: 40 pounds of tea at 60% are valued at $24. 
80 pounds of tea at 90 % are valued at $72. 
Total value of the mixture is $96. 
Also, 120 pounds at 80% are valued at $96. 


so 
9. A grocer has tea worth 70% per pound and other tea 
worth 40¢ per pound. How many pounds of each must he 
take to form a mixture of 50 pounds which he may sell at 49¢ 
per pound ? 
10. A grocer has coffee which he sells at 36% per pound, 
and other coffee which he sells at 20¢ per pound. How many 


pounds of each must he take to make a mixture of 100 pounds 
which he may sell at 25% per pound? 


11. A seedsman wishes to make a mixture of grass seed 
consisting of clover seed and blue grass seed. He sells his 
Glover seed at 40¢ per pound, and his blue grass seed at 22 $ 
per pound How many pounds of each must he take to make 
a mixture of 200 pounds which he may sell for 25% per pound ? 
~ 12. A sum of money amounting tu $2.80 consists of dimes 
and quarters. The number of dimes exceeds the number of 
quarters by 7. Find the number of each kind of coin. 


fou { ¢ forse 
fé 
£3 4 
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Sotvtion: 1, Let gq =the number of quarters. 


2. Then q+7 =the number of dimes, 
° 3. -*. 25 q = the number of cents in the quarters, 
and 10(q¢ + 7) = the number of cents in the dimes. 


4.-.°. 25 q+ 10(q +7) = 280. 

Complete the solution and check it. 

13. A man has two kinds of money, dimes and fifty-cent 
pieces. If he is offered $4.00 for 20 coins, how many of each 
kind must he give? 

14’ A sum of money amounting to $2.20 consists of five- 
cent pieces and quarters. Tliere are in all 16 coins. How 
many are there of each kind? 

15. A sum of money amounting to $24.90 consists of $2 


bills, fifty-cent pieces and dimes. There are 5 more tifty-cent 


pieces than $2 bills, and 3 times as many dimes as $2 bills. 
How many are there of each denomination ? 


‘ 


61. Equations having Fractional Coefficients. 

Exampte 1. If the sum of a certain number and one half 
of itself be diminished by three fifths of the number, the re- 
mainder is 9. Find the number. 


SotcTion: 1 Let 2 = the number, 
C288 
=——— = 9, 
Then a+ axes 
2. The denominators must be eliminated. 
Myo: ee wee (§ 10} 
2 : 3% 
8. phe ss ae (§ 57) 
4, 10x2+5x2—62z2=90, 
6. Combining, 9a = 90. 
6. Ds 2 = 10. (§ 9) 
5 D 
Cueck: Does 10 _3- ae = 9? 


2 3 
10+5—6=9? Yes. 

Nore. In order to eliminate the denominators, multiply. the equation by 
the Lowest Common Multiple of the denominators. 
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oT ie Dee silane 

Exampie 2. Solve the equation aE es pe RB 
Sotution: 1. The L.C.M. of 6, 3, 5, and 4 is 60. ° 

Tm 5 38m 1 
2. Meo: 60( Lm — 5) =60(=— 3): (§ 10) 
3. 70 m — 100 = 36 m — 15. 
4. Ayo: Ssen: 70m —36m=100—15. (8 41) 
5. «. 34m = 85; m= $88 =$ = 2.5. 


Cueck: This solution may be checked by substitution or by going over 
the solution again. If the latter method is used, great care must be taken, 
as it is easy to overlook an error. : - 


EXERCISE 40 
Solve the following equations: 
2. mms. 12. m—"2 9%. 
4. “S845, 14. s¢_Sd 
6. Biase. 16. a+F=11—$. 
8. oe a1 428, 18. sv Put. A 
10. U4 Sv 8. 20. ie Seem 
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EXERCISE 41 


1. One fifth of a certain number exceeds one eighth of the 
same number by 3. Find the number. 


2. The sum of three numbers is 65. The second is one 


half of the first, and the third i is two thirds of the first. Find 
the numbers. 

3. What number increased by one half of itself equals the 
sum of two thirds of itself and 25 ? 

4. What number exceeds the sum of its third, sixth, and 
fourteenth parts by 18? 


5. What number is such that if four sevenths of it be sub- 


tracted from itself, the result equals the excess of three 
fourths of the number over 18? 

6. What number is such that if two thirds of it be in- 
.¢greased by 100, the result equals four fifths of it ? 

7. Seven eighths of a certain number is as much less than 
21 as three tenths of it exceeds 21. What is the number ? 

8. The difference between the third and fifteenth parts of 
a certain number is 28. Find the number. 

9. In a triangle commonly used by draughtsmen, the 
second angle is two thirds of the first, and the third angle is 
one half of the second. Find the angles of the triangle. (§ 13) 

10. In another triangle used by draughtsmen, there are two 
equal angles, each of which is one half of the third angle. 
Find the angles of this triangle. 

11. There are three consecutive numbers such that the sum 
of the second and third exceeds three halves of the first by 9. 
Find the three numbers. 

_ 12. A man has $4.35 in dollars, dimes, and cents. He has 
one fourth as many dollars as dimes, and five times as many 
cents as dollars. How many coins of each kind does he have ? 

13. The Treasury at Washington is one of the most impos- 
ing of the national buildings. Its perimeter is.1400 feet. Its 
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width exceeds one half of its length by 25 feet. Find its 
dimensions. 

14. The greatest depth of Lake Superior is one half that of 
Lake Michigan; the greatest depth of Lake Huron exceeds 
one sixth that of Lake Michigan by 700 feet. . The depth of 
Lake Huron exceeds that of Lake Superior by 100 feet. Find 
the depth of each. 


15. Probably the largest room in the world under one roof 
is the passenger concourse of the Union Station in Washing- 
ton, D.C. Its perimeter is 1780 feet. One fifth of its length 
exceeds its width by 22 feet. Find its dimensions. 


16. Ten times the population of the United States in 1820, 


in millions, exceeded the population in 1910 by 3.8 millions; 


the population in 1910 exceeded 7 times the population in 
1820 by 25 millions. Find the population in both years. 


17. Plants feed upon certain plant foods present in the soil, 
such as potash, nitrogen, and phosphoric acid. A fair crop of 
potatoes will remove from an acre of ground about 99 pounds 
of these three foods. The amount of potash removed is 5 
times, and the amount of nitrogen 21 times that of phosphoric 
acid. Find the number of pounds of each removed. 

18. The length of the foundation of the Capitol in Wash- 
ington exceeds twice the width by 5114 feet. The perimeter of 
the foundation is 22022 feet. Find the dimensions of the 
foundations of the Capitol. 


19. The average wholesale value of oak lumber in 1899 was 


$13.78 per thousand feet. This exceeded one half of the 


wholesale value in 1909 by $3.53. What was the a eset 
value per thousand in 1909 ? 


20. The distance from San Francisco to London via New 
York is 6990 miles. The part of the journey by rail is 50 
miles less than +4 of the part by water. Find the part of the 
journey on land and the part on water. 


Ste enemies 


VI. DIVISION 


62. Division is the process of finding one of two numbers - 
when their product and the other number are given. 

To divide 15 by 3 means to find the number by which 3 must be multi- 
plied to give the product 15. 

The Dividend is the product of the numbers; it is the num- 
ber divided. 

The Divisor is the other given number; it is the number by 
which the dividend is divided. 

The Quotient is the required number. 


‘ 


63. Itis clear that a+a=1; fora x1l=a, 


64. It is agreed that the product of zero and any number is 
zero. This makes division by zero impossible. 
Thus, if we try to find the quotient of 6 +0, and let g equal the quo- 
tient, we should have the relation 
6=0.-q. 
But-0 - gq =0 and not 6, so there cannot be any ordinary number to use 
as q. Hence, there is no number to represent the quotient of 6 + 0 


65. Division is indicated by writing a fraction whose numera- 
tor is the dividend and whose denominator is the divisor. 


Thus, the quotient of 15 + 5 is written 44. 
7 abe. 


The quotient of 7 abc + 8 xy is written 


Norz. The line, —, was used to indicate division long before the sym- 
bol, +. 


66. Division of a Product by a Number. 


Exampie. Divide 6 x 8 by 2. 
6x8. 
2 


* Sotutron: 1. 6x 8+2= 


85 
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38 
2, If 6 is divided by 2, SHE ENS = 28 - 
4 
3. If 8 is divided by 2, xe OE = 24, 
4. If both 6 and 8 are divided by 2, 
8 4 
6x8 _$x3_ 49. 
2 4 
5. Since we know that 6 en: ope = 48 ~ 2 or 24, it is clear that the results 


obtained in steps 2 and 8 are correct, but that the result in step 4 is in- 
correct. Hence, 


Rule. — To divide the product of two or more numbers by a num- 
ber, divide any one of the factors by the number, but divide only one 
of them by it. 


EXERCISE 42 


Find each of the following indicated divisions in two ways: 
pox: g, 18x24, 3 28 x 56. 
De oo BK ae 


67. The Law of Signs for Division. 
Since (+ 2) X (+3) =+6, then (+ 6) + (+ 2)=+38. 
Since (— 2) x (+3) =—6, then (— 6) + (—2)=+3. 
Since (+ 2) x (— 3) =— 6, then (— 6) + (4+ 2)=—3. 
Since (— 2) x (—3)=+ 6, then (+ 6) + (—2)=—3. 
If the signs of the dividend, the divisor, and the quotient in 


each of the previous statements are examined, the following 
Tules become clear: 


Rule.—1. The quotient of: ‘two numbers having like signs is 
positive. 


2. The quotient of two numbers having unlike signs is negative. 
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EXERCISE 43 
1. Divide each of the following numbers by +3: 
#12; +15; +27; -—18;  —36; —42; —867. 
2. Divide each of the following numbers by + 2: 
—18; +48; +72; —24; —96; +54; —108. 
3. Divide each of the numbers in Example 2 by: 
y= 95 10) O53 © —2~_@ —2, 
4. Divide each of the numbers in Example 1 by — 3. 
5. Divide each of the numbers in Example 1 by —2. 


68. The Law of Exponents for Division. 


DrvELOPMENT. 1. Review the definitions of exponent, base, 
and power of a number in § 15. 


2. Divide a’ by a’. 


ps8 Weg | 
5 e . . 
SoLurIOoN : i in Sale | 
QF ee 
eda 


Therefore a@°+ai=a% Cuecn: a-.a?= a5. 

Each a in the denominator is divided into one of the a’s in the numerator. 
The quotient in each case is 1, since 1+ a =1. 

8. Find as in step 2 the following quotients and write the 
results as in part @: 

(a) a +a =a?. (c) m’+m*=? 

(0) ryt? @ Mea? 

4. Examine carefully the exponents in the dividend, the 
divisor, and the quotient. In the following problems, try to 
give the results immediately without going through the solution 
asin step 2. Test by multiplication. 

(a) pi+p’=? © +=? 

(b) a&+a’=? (@) d+c=? 
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5. Divide atb® by a®b’. 


alpen Por 
A cay abs eo MIN -B.%-b-b-b- 20" Git: 
SoLuTion: a*b®+ a*b?= at PEPE SE > 
fs ge al | 


Rule. — The exponent of any number in the quotient is equal to 
its exponent in the dividend minus its exponent in the divisor. 


Hisroricat Norn. — This rule was known to Stifel (see note § 53). 


DIVISION OF MONOMIALS BY MONOMIALS 


69. Exampre 1. Divide —14 0°)? by +72 
Sotution: Use the Law of Signs, § 67, and the Law of Exponents, 
aHe- — 14 ab? _ 
+7 a 
Cureck: (+7 a?)(—2 ab?) =— 14 a3b?. 


— 2 a8-262 =— 2 ab®. 


Exampie 2. Divide 54 a’b?c? by — 9 a'b’c2. 
54 athe 
—— atb2c¢2 
“CuEecK: (-- 6 a8c)x (— 9 a4b2c?) = 4+ 54 a7b2c3. 

Notice that by the law of exponents, b? + b? =b?-? = 0°. 

No meaning has been given to the zero power of a number. 
Since 0? + 6? must equal 1, we agree that 0° =1. 


SoLuTIon : =— 6 al-9$(2-2)c8—-2) = — 6 a8b% = — 6 ae, 


Phe zero power of any number is 1. Thus: 
Cad: ea ly ea 

Rule. — oh divide a monomial by a monomial: 

1. Make the quotient positive, if the dividend and divisor have 
like signs; make it negative, if they have unlike signs. 

2. Find the quotient of the absolute values of the numerical co- 
efficients. 

3. Multiply the quotient of step 2 by the product of the literal 
factors, giving each its exponent in the dividend minus its exponent 
in the divisor. 


4. Omit any literal factor which has the same exponent in the 
dividend and divisor. 


DIVISION 


EXAMPLE. 


Souurion. 


89 


Divide — 33 a®ba’y* by + 3 abaty. 
(— 83 a®bx?y*t) +(+ 3 abx®2y) = — 11 aby?. 


Ans. 


CurcK: These solutions may be checked by substitution, for they must 
be correct for all values of the literal numbers (except 0 sometimes). A 
letter way is to use the rule that the divisor times the quotient equals the 
dividend. ; 


Here, does (+ 8 a'a?y) x (— 11 aby?) 


Divide: 

1. a by 2, 
roby 
- pi by p*. \ 
m* by m?.\ 

a’b® by ab.' 
rs’ by 7s, \ 
ey by xy, \ 
. ab? by a’d. 
= 12a by 20°. . 
15a by 322 \ 
. 20 73s? by 4 7°s?. 


eRe eae 


a en er) 
wo we oO 


—14mn by —2m. 
+16 a*b by —4 ab. 
—10 a7 by +5 xy. 

— 21 p* by - 7 p’ 

— 18 w*y by 2 ay. 

. 2min® by min’. 

— 36 adic? by + 6ath*? 
— 96 x’y" by Hy 


[i eet ee ee oy | 
fo PAP 1 


— 16 ay 


S 
rsa 


; 18 ca by 2-cd*. a 


21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 


— 33 a®da?yt? Yes. ; : 


EXERCISE 44 


— 24 atb’c by — 8 atb?. 
28 aye? by —T ay. 

— 33 a®a’y* by — 3 aty’. 
65 a®y’2 by — 13 av’. 
28 al’ by — 14 a*be’. 
—72 ay’ by —6 aly. 
— 40 a’b*e® by — 8 be. 
— 55 a y?28 by — 11 2% 
— 70 alb’e? by 14 abc. 

— 96 m’n* by —12 mn‘. - 
64 ab’c by —4 ab*e. 

— 63 r's® by T 7°s*. 

3mn by —6m. 
—5Psbyisr. 

4 ay by —4 xy. 


12 ab’e by — 24 ab? 
10° by 10°. 

v8 by 25. 

3°. 4? by 34. 4%, 


7°. 8?.B by 72-5. 
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DIVISION OF POLYNOMIALS BY MONOMIALS 


70. DrevetopmeNnT. 1. Since 2x 9=18, then 18=9. 
3a—15 
3 


2. Since 2(#+3) =2 ”+ 6, then 


3. Since 3(a—5) =3 a—15, what does equal ? 


4, What does each of the following equal? Test the result 
by multiplying the divisor and quotient. 
2a+2 6r+4 6m —9 
OQ OF ee 
5. Since a(b+c)=ab+ae, 
then tee =b+6. 


Rule. — To divide a polynomial by a monomial : 
1. Divide each term of the dividend by the divisor. 
2. Unite the results with their proper signs. 


_ EXAMPLE 1. Divide 12 —62?+3a by —3-. 
1208—692?4+3%_ . 

—8 ea 
CHECK : (—4a?+2%—1)-(—82) =122%-60? 432, 


SoLurion : —47242 % ae 


Exampie 2. Divide —9a°+3a?—12a‘ by —3 a2. 
Sotution: (— 12a*— 908438?) +(—8@)=4@43a—-1. 


Curckx: Multiply the quotient by the divisor; the result should equal 
the dividend. 


EXERCISE 45 
Divide: at 
1. 3a—6b by 3. 6. —3at+6 27 by — 327. 
2. 16r—8sby 8. ~ % +217—14 7's by —Tr’. 
8. 12 a?—16 7° by 4. 8. 18 m?n — 27 mn? by 9 mn. 
4, 20a?—15a by 5a. 9. —44a°b + 55 a% by 11 a’. 
5. a —o? +a by x. 10. 36 cd’ — 48 c’d* by 12 c’d®. 
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AL. 16 2° + 28 2° — 24 2% by 427, 
12. 104 mn? — 52 mn? by —13 mn, 
13. 6 ab’c? — 15 a%b°c’ + 3 atd§c by — 3 a®b*e. 
“14. —63 ab y®e? — 84 aye” by +7 aPyz’. 
15. 20 mén® — 35 mn’ — 30 min? by — 5 min’. 
16. — 36 a"+ 108 a? — 60a? by —12 a. 
_17— 32 a®b’e — 24 abc? + 48 ab’c by — 8 abe. ‘ 
18. —63 2 — 18 w +45 2 — 99 at by =—9.a+. 
Ag —12 aty + 6 ay? — 16 xy? + 20 ay? by — 2 ay. 
20- 60 a — 30 a” +- 15 a — 45 a® by — 15a’. 
21. (atb —a*b? + a°b*) + (ab). . 
22. (8 at—12 a*y) + (— 42°). 
23. (—21 cd? — 42 cd*) + (—7 cd’). 
24. (—6 m°> +9 m?—12 m) + (—3). 
95. (apt 1) + (—1). 


DIVISION OF POLYNOMIALS BY POLYNOMIALS 


71. Division of a polynomial by a polynomial is like long 
division in arithmetic. 


Divide 864 by 24. mf | 
1. 86 +24 = 3+. 24 Be 
2. 24x 3=72; subtract . 2. 2 6 © «© e 2 
8. 14+ 2=6+. 144 


4, 24x 6 = 144; subtract... . 2... . 144 


Divide 10 2?— 21 #—11%+412 by 20°?—32—4, 
' b4— 3 


1. 102?+2a7=5-2. 222—3a%—4 [1023-21 72-11 4412 
2. (202—-3x”—4)x (5m); subtract . . . . flOw—1522-20% 

8. (—6 22) +(2a?)=—-3. . — 622+ 92+12 
4, (242—3”—4) x(—8); subtract . . . . — 627+ 9%+12 


The following explanation of the process may be given. 
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We are to find an expression which, when multiplied by the divisor, 
— 3x —4, will produce the dividend. 

The term containing the highest power of x in the prud ict is the prod- 
uct of the terms containing the highest powers of x in the multiplicand 
and multiplier. 

Therefore, 102° is the product of 2? and the term containing the 
highest power of x in the quotient. Dividing 10° by 2a? gives 5x, 
which is the term containing the highest power of x in the quotient. 

When the dividend is formed, the divisor is multiplied by each term 
of the quotient, and the results are added. Now reversing the process, 
multiply the divisor by 5x and subtract the result, 10 x? — 15 2? — 20 x, 
from the dividend. 

The remainder, —622 + 92+ 12, must be the prodnes of the divisor 
and the rest of the quotient. Consider it a new dividend. 

Its term containing the highest power of x, —6?, is the product of 
2x2 and the term containing the next lower power of x in the quotient. 
Dividing — 6a? by 22? gives the next term, —3 Multiply the div:sor 
hy —8 and subtract the result from the previous remainder There is 
now no remainder. 

The quotient is therefore 5% — 3 


Rule. — To divide a polynomial by a polynomial : 

1. Arrange the dividend and the divisor in either ascending or de 
scending powers of some common letter. 

2. Divide the first term of the dividend by the first term of the 
_ divisor, and write the result as the first term of the quotient. 

3. Multiply the whole divisor by the first term of the quotient; 
write the product under the dividend and subtract it from the 
dividend. 


4. Consider the remainder a new dividend, and repeat steps 1, 2, 
and 3. 


NoTE 1. The terms of the quotient are placed above the terms of the 
dividend from which they are obtained. 


Note 2. The like terms are carefully arranged in a vartien column. 


Nore 3. Spaces should be left for any powers of the common letter 
which are not present in the dividend 


Nott 4 Asin arithmetic, there may be a final remainder 


Exampte 1 . Divide 9ab?+a°—9 68—5 a’d by 30°?-+a'—2 ab 


SoLutton; 1. Arrange according te descending powers of a. 
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a: a—3b 
2. &+a=a. a— 2ab+8? aE 5a2b+9ab2—9b8 
8. (a@2—2ab+3 b?) xa; subtract . ap temo —2a7b.43 ab? 
4. —3a2b+a=—-38b. rep cere 


5. (a?—2ab+8 6b?) x(—8b); subtract . . .. —3.7b+6 ab?—908 
Cureck: Leta=1 and b=1., 

Divisor: @?—2ab4+30=1—-2438=2, 

Dividend: a? — 5%) +9 ab2—9b8=1-54+9-9=—4, 

Dividend + divisor; (—4)+(2)=-— 

Quotient: a—8b=1—3=—2, 


_Exampie 2. Divide a’y?+ at— y! by —ay+y?+2% | 


SoLurTIon: 


2 + xy ts 2, 
a? — ay + 9? [a ay? = 
gt aby + 42y2 
+a3y —y* 


+ aby — ay? + ay® . 
xy? = ay? == y* 


Nore. The quotient is 22+ xy + y?; the remainder is —2y*. Asin 


arithmetic, the complete quotient may be written: 


—2y! 
Say ty 
Cueck: Letaw=1,andy=1. Then, dividend = 1, and divisor = 1. 


Complete quotient: «2 + xy + y? +- 


—2 
= =? =3- 2=1. 
eee Le aa, Pea cara ge 3+ 


Since 1x1 =1, the — is correct. 
Another check would be to multiply the divisor by the quotient and 


add the remainder ; the sum should equal the dividend. 


EXERCISE 46 
Divide: - 
1. Beas 0. 4. m?+8m+12 by m+2. 
2. 24+72%+12 by x+4. 5. A?+11A+24 by A+3. 


& y+7y+10 by y+5. — 6. 7? —127r 4.32 by r—8 
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. #—138+4 42 by s—7. ll. e&+a—6 by e—2. 
8. 24+63 —16¢ by t— 9. 12. aegis 
9, @+72—17¢ by c— 8. 13. — $a—28 by a = 7. 
lo. d?—12d+36 by d—€ 14. Preis a: 
15. nt —7 n?— 30 by n? 4+ 3. 
16. «—17 ax + 60a? by x — 5a. 


17. a2 + 5ab — 660? by a+118. 
18. v2 — 2az2—352 by «—7Tz. 
19. a! + 5a’y — 247? by 2 -—3y. 


20. 
al. 
22. 
23. 
24. 
25. 
26. 
27. 
. 6a? — 18 a— 11 a?+ 20 by 2a —5. 

. 40% —12 8 + 17 wy? — 12 wy by 2a —3y. 
. 12 a3 +6 ab? + 56’ — 23.07) by 4a—50. 

. tf +4oy+ 3 y' by 2—2ay4+ 3 y*. 

. 2n2 — —445n° —19n by —8n +450? — — 3. 
. 12 +13 2% —19 w—12 2 by — 3.22 — 4+ 4%. 
: 2a +8a—a+15 by 2a?—3a45. 

. —9m— 164m — 24m by 8m+m?+4. 
a + yf + ay? by x + y? — ay. 


xy? — 15 vy + 36 by ay — 3. 

15 a? —11la@—14 by 3242. 

6 a? + 35 — 29a by 2a—5. 

12 a@—28a+15 by 6a—5. | 
3022+ 8 — 53a by 6e—1. 

32 a? —15y? + 28 ey by 4a4+5y. 
OR ye AO may ode ae by 5m+4n. 
v8 — 6 a2—1942+4 84 by «—7. 


’ 
4 


37. 
e :38. 

* 
39, 
40. 
45. 
46 


47 


48. 
49. 
50. 
61. 
62. 
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e+8 by #+2. 41. &+y> by a+ y. 
24 — 16 by x — 2. 42. #&+y> by x—y,. 
e—_ytbya+y — 43. 2 +32 by +2. 
e'—y* by #—y. 44. 1—16a* by 1+2a. 


n'—16 by 2n?+8+4n ¢n'. 

13 2° + TL & —702?— 20464 by 44+32°—Te. 

n®+4 mnt +16 m4 by 2 mn? +4 m? + nt. 

63 a + 114 a? + 49 o? —16 2-420 by 927-5 +6a. 

a +50—702+37 22 by 10—2a-ar 

10 ab — a%? — 25 b' +16 at by 50? +4? —ab, 
C+3e—1by x+2. 53. 6a7—Sa%—4} by 2a—}, 
e—le+ibyx—-} 54. ta?+134+6 by ta+3. 


Historicay Norse. —Stifel (1486-1567) s2ems to have been one of the 
first to divide a polynomial by a polynomial. Sir Isaac Newton (1642- 
1727), in a book published in 1707, pointed out the advantage of arrang- 
ing the dividend and divisor according to ascending or descending powers 
of the same letter. 


VII. SIMPLE EQUATIONS 


72. An Equation expresses the equality of two oumbers. 
Equations are of two kinds. — 


Na 


73. An Identity or Identical Equation is an equation whose 
members are equal for all values of the literal numbers in- 


volved; as, 3u(a—b)=38ax—3 bx 


oo a=8, b=1, =2, 8x(a—b)=3 2(3—1)=6 2=12; 
also, Sax —8 ba =8-3-2—3-1 2=18~6 =12, 


Any other set of values of a, b, and x will produce equal naieod 
tesults in the two members of the equation. 


An identity is like a declarative sentence; it makes a state 


ment of actual equality. 


74 An equation is said to be satisfied by a set of values of 
the letters involved in it when, after substituting these values 


for the letters, the equation becomes an identity 


Thus, xa — xb = 2a—2b is satisfied by x = 2, for 


2a—2b=2a—2b is an identity - 


*%—y= 5 is satisfied by x = 8, y =3, for 


8'— 3 = 5 is an identity 


75. A Conditional Equation is an equation involving one or 


more literal numbers, which is not satisfied by all values of 


the literal numbers 


Thus, (a) % + 2=5 is not satisfied by any value of x except x = 8 


(5) «? ~ 5% =— 6 1s satisfied by x = 2 and by tz =3% 


values of 2. 


A conditional equation is like an ‘atarcovatne pentencs 4 


it implies a question 


96 


, but by no other 


t 
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Thus, 32 — 5 = 4, asks ‘‘for what value of zis8z—5=4?” 
The answer is, ‘‘a must be 3,” for 3 x 3—5=9—5=4. 


The word “ equation” usually refers to a conditional equation. 
* \ 


76. If an equation contains only one unknown number, any 
value of the unknown number which satisfies the equation is 
called a Root of the equation. 

- To solve an equaticn.is to find its root or roots. 


Thus, 3 is the root of the equation # + 2= 5. 


77. If an equation has only one unknown number, if the 
unknown does not appear in the denominator of any fraction, 
. and if the unknown appears.only with the exponent 1, then 
_ the equation is called an Equation of the First Degree, or a 
_ Simple Equation. 
Thus, 832 — 5 = 4 is a simple equation. 
Histroricat Note. —The idea of the degree of an equation was intro- 
- duced by Descartes. 


PROPERTIES OF EQUATIONS 


78. Previously, in solving equations, four rules have been 
_ employed : 
a, 1. The same number may be added to both members of an 
' equation without destroying the equality. (§ 41.) 
2. The same number may be subtracted from both members 
of an equation without destroying the equality. (§ 41.) 
' 3. Both members of an equation may be multiplied by the 
‘same number without destroying the equality. (§ 10.) 
- 4, Both members of an equation may be divided by the 
- same number without destroying the equality. (§ 9.) 
All simple equations are solved by the application of one or 
more of these rules. However, observation of the results of 
solving equations by means of these rules leads to certain more 
* mechanical methods of solution which may be used. 


? 
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79. Transposition. Solve the equation 10%—5 = 3a +30. 


Soxtution: i. 10%2—5=382 + 30. 

2. As: 10%=82+30+4 56. 
8. San: W2—3x2=30+4+65. 

4, Vx = 36. 

5. 2 = 5. 


In equation 8, the term — 3 in the left member corresponds 
to the term +3. in the right member of equation 1; and the 
term +5 in the right member of equation 3 corresponds to 
the term —5 in the left member of equation 1. These are 
two examples of transposition. The result is the same as if a 


term were taken from one member of the equation and placed , 


in the other, with its sign changed 


Rule. — A term may be transposed from one member of an equa- 
tion to the other, provided its sign is changed. 


Historicat Notrs.—Our word algebra, curiously, is associated with 
this process, transposition. About the first quarter of the ninth century 
an Arabian mathematician, Mohammed ben Musa, wrote an algebra, for 


‘the title of which he used, Ilm al-jabr wa’l muqabalah, Al-jabr meant 


_ the process of transposing terms. This title was used in various forms 
in Europe until about the fifteenth century, when me last part was 


_ dropped and algebra came into use. 


‘ 


The Greeks had no special name for their algebra. The Hindu writers 
called it reckoning with unknowns. 


80 Cancelling Terms in an Equation. 


Exampte. Solve the equation*s+a=b+4., 

SoLurion: #+a=b-+a. 

Sa: %=b.. 

Thus, the term a, which appeared in both members of the 
given equation, does not appear at all in the next equation; 


the result is the same as if the term a were simply dropped 
froim both members. 


Rule. —If the same term, preceded by the same sign, occurs in 
both members of an equation, it may be cancelled. 
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81. Changing Signs in an Equation. 


Exampuy. Solve the equationa—x=b—¢ 


Sorution: 1. a@—xz=b-Cc. 
2. M-,: —-a@+x“x2=—b+6. 
orz—a=c—b. 


99 


Thus, the signs of all terms of the equation in step 2 are ex- 
actly opposite to the signs of these terms in the equation of 
step 1. The result is the same as #f the signs of all the terms 


of the equation were simply changed. 


 Rule.— The signs of all of the terms of an equation may be 


_ hanged, without destroying the equality. 


Norx. The rules given in §§79, 80, and 81 are valuable, but the student 


Examp.te. Solve the equation 
T7—54—9x7=15—94—Sx. 
Sotution: 1. 7—5x%-—-9%=15—927—382. 
2. Cancelling the term —9a%:7-—5z%=16—8~¢, 


8. Transposing + 7 and —S2: 
—54+38x2=15—7%. 


—2" =8. 
4. Changing the signs of the terms: 
24%=—8. 
5. De: x=-—4, 


Check as usual. 
EXERCISE 47 


should endeavor to remember that they arise out of the more fundamental pes 
given in §78 


($80) 
(§ 79) 
G81) 


Find the roots of the following equations; check the 


solution : 
1. 5a+5=61—382a. 6. 
2% Im—T=38m—3S7. T. 
3. 13-—62=1327—6. 8. 
4. 7t+10=16¢—17. 9. 30+17¢ 


13 ++4p =11 p— 22. 
5r—12=16-—9r. 

21—152=—8z—7. 
= 27¢ + 22. 


5. 15—6n=5n+4 48. 10. 19— 16y = 27 ~ 28. 
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11 2(5m+41)+16=44+3(m—7). 

12. 8t—5(4t+3) =—38—4(2t—7). 

13 5c—6(3—4c)=c—T(4+0). 

14, 2(42 4.7) —6(20+3) =8(32—4) —7(22 —3). 
15. 10r—(8r4+2)=97r — (5r—4). 

16. 19—5c(4e+1) = 40 —10c(2e—1). 

17, 3—G@—3) =5 —2, 

18. 4(m—7) = 5(m +10) —6(m + 8). 

19. 2(r—1) = 4(r — 5) — 3(r — 2). 

20. 5=3(#—2)—10(a—6). 


82 No general rule can be given for the solution of prob 
lems. The following suggestions will prove helpful: 

1. Every problem gives a relation between some unknown 
numbers. 

2 There are as many distinct statements as there are un- 
known numbers. 

3 Represent one of the unknown numbers by a letter; 
then, using all but one of the statements, represent the other 
unknowns in terms of that same letter. 

4. Using the remaining statement, form an equation. 


EXERCISE 48 


1. Divide 44 into two parts such that one divided by the 
other shall give 2 as the quotient and 5 as the remainder. 

Hint: The dividend = divisor x quotient + remainder. 

2. If 11 be added to a certain number, and the sum nie 
multiplied by 5, the product equals — 6 times the number. 
Find the number. 


3 Divide 19 into two parts such that 7 times the less shall 
exceed 6 times the greater by 3. 


4. Divide 38 into two parts such that twice the greater 
shall be less by 22 than 5 times the less. 
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5. The age of a father is 5 times that of his son; his age 
5 years from now will exceed 3 times his son’s age by 4 years. 
Find their present ages. 
6. There are three consecutive odd heaeees such that when 
three times the first is increased by the second, the sum 
' exceeds 3 times the third by 5. Find the numbers. 
7%. Divide $22 among A, B, and C so that A may receive 
$ 2.25 more than B and $1.75 less than C. 
8. Divide 49 into two parts such that one divided by the 
‘other may give 2 as quotient and 7 as remainder. 


9. Twice the width of the Pennsylvania Station in New 
York exceeds its length by 80 feet. Four times the length 
exceeds the perimeter by 700 feet. Find the dimensions. 

1u. find the three sides of a triangle if the perimeter is 
45 inches, if the second side is twice the third side, and if the 
first side exceeds the third by 5 inches. 


11. Divide 134 into two parts such that one divided by the 
other may give 3 as quotient and 26 as remainder. 

12. The elevation of Mt. Whitney, in California, the highest 
point recorded in the United States, is 14,501 feet, measured ~ 
from sea level. The lowest point of dry land in the United 
States isin Death Valley, California. If 52 times the elevation — 
of Death Valley be diminished by 45 and the result be in- 
creased by the elevation of Mt. Whitney, the sum is zero. 
Find and interpret the elevation of Death Valley 
fr 13.“ A now has one third as much money as B; after B gives 
‘him $ 24, he will have 3 times as much money as B has left. 
How much has each? 

14. A cab driver finds at the end of the day that he has 
$11.55. He has 3 less nickels than quarters, twice as many 

- half-dollars as quarters, and as many imes as he has nickels 
and quarters together. How many foe kind of coin| has 
he? . 


a a a a 
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15. A gardener decides to buy $25 worth of gladiolus 
bulbs. He wants some of the pink variety which seli at $2 
2 hundred; two thirds as many of the yellow variety, at $3.50 
per hundred, as of the pink variety; and four times as many 
of the scarlet variety, at $1.50 per hundred, as of the yellow 
variety. How many of each shall he order ? 


c 16. In an isosceles triangle, two sides are - 
equal and, also, the angles opposite these sides 
are equal. Find the three angles of an isosce- 
les triangle if the angle between the ae sides 

\ B is 70°. 


17. Find the sides of an isosceles triangle if its oameee is 
720 inches and its base is 150 inches. 


18. The highest temperature recorded in the United States 
up to 1907 was 119°, recorded in Arizona, The lowest ‘tem- 
perature was recorded at one time in Montana. If twice the 
lowest temperature be decreased by 9 and the result be added 
to the highest temperature, the result is zero. Find and inter- 
pret the lowest temperature. 


19. The area of Nebraska exceeds the area of Virginia by 
34,893 square miles; the area of California exceeds three times 
the area of Virginia by 30,416 square miles; and the area of 
California exceeds twice the area of Nebraska by 3257 square 
miles, Find the area of each of the states. 

20. In 1910, the total number of boys and girls in the publie 
secondary schools was 915,061. The number of boys exceeded 
three fourths of the number of girls by 11,123. Find the 
number of boys and of girls. 

21. The total annual income from two investments is $250. 
One sum is invested at 4 % and the other sum, which exceeds 
the first by $500, is invested at 5%. Find each of the sums 
invested. ; 

So.ution: 1, . Let s = the smaller sum in dollars. 

2. .. 04s = the interest on this sum. 
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3. -. (s + 500) = the larger sum in doliars. 
4. * 08CE + 500) = the interest on this sum. 
6 ., 043 + 05 (s + 500) = 250. 

6. “. 048 + 05s + 25 = 250. 


fh ° +. 09 s = 225. 
8. 9 = 2600. 
9. «8 +500 = 3000. 


Cuno : 5% of $3000-= $150; 4%, of $2500 = $100; 
$ 150 + $ 100 = $250. 


a 
&,) One sum of money is invested at 5 %; a second sum is 
invested at 6%. If 3 times the first sum exceeds the, second 
sum by $100, and if the total income is $155, find the sums 
invested. 


(23. A man has $5000 eee at 4%. How much money 
must he invest at 6 % to make the total income ae to 
5 % on the total amount invested ? 


24, A man has $3000 invested at 3.5 %, and $ 4500 at 4 %. 
How much must he invest at 6 % to make the total income 
equivalent to 5 % on the total sum invested ? 


25. A man owns a number of shares of U.S. Steel Preferred 
Stock ($1000 par value) which pay 7 % annually, and 
5 times as many bonds of the Chicago Edison Company, — 
($1000 par value) which pay 5%. If his total income is 
$ 960, how much has he invested in each form ? 


83. Distance, Rate, and Time Problems. — If a train goesa dis- 
tance of 240 miles in 6 hours, it travels at an average rate of 
40 miles per hour. 

The time (t) is expressed as a number of units of time; as 
hours, minutes, days. 

The rate (r) is expressed as a number of units of distance 
covered in the unit of time; as, a number of miles per hour, or 
a number of feet per second, etc. 
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The distance (d) is expressed as a number of units of distance 
covered in the total time. 
From the example and the definitions, it is clear that: 


the distance equals the rate multiplied by the time. 
d=rt. (1) 


From equation (1), c= r or r= g, that is 


the rate equals the distance divided by the time. 
From the equation (1), tat or i= q; that is, 


the time equals the distance divided by the rate ; 
thus the time occupied in going 200 miles at 40 miles per hour 
is 5 hours. 
EXERCISE 49 

1 Express the distance covered by a train in 15 hours at the 
rate of : 

(a) 5 miles per hour; (c) (+7) miles per hour; 

(6) # miles per hour; (d) (2y—8) miles per hour. 

2. Express the distance covered by a train in H hours at the 
rate of: 

(a) m miles per hour; (0) (#+9) miles per hour. 


3. Express the time required by an automobile to go a dis 
tance of 300 miles at the rate of: 


(a) 30 miles per hour; (c) (@ +5) miles per day; 
(6) n miles per hour; (d) (m —4) miles per day. 
4. Express the time for a trip of NV miles at the rate of: 
(a) 10 miles per hour; (0) # miles per hour. 

5. At what rate does a man travel who goes 250 miles: 
(a) in 10 days; (c) in (@ — 5) hours ; 


(B) in n days; (@) in (+7) days, 
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6. At what rate does a man travel who goes D miles: 
(a) in 15 hours; (6) in¢ days; (c¢) in (w —4) minutes. 
7. The rate of one train is r miles per hour. Express the 
rate of a train which travels 5 miles more per hour 
8. Express the distance traveled by each of the trains in 
Example 7 in 15 hours. | 
9. Suppose that the distance gone by the second train 
exceeds that gone by the first train by 7a ees Form an 
equation expressing this fact. 
10. A man on foot and a man on a bicycle both travel for 
5 hours, the rate of the latter exceeding that of the former by 
7 miles per hour. Let r represent the rate of the former 
(a) Express the rate of the second man. 
. (6) Express the distance each travels. 
(c) Form an equation expressing the fact that the sum of 
the distances is 60 miles. 
Equations 
In the following problems, express the time, rate, and dis- 
tance traveled by each party, and then form the equation 
from the given relations ~It is usually wise to illustrate the 
problems geometrically. 
11. Two men travel toward each other from points hind 
are 150 miles apart at rates of 5 and 15 miles an hour respec 
tively. In how many hours will they meet? 


Sotution: 1. Let h = the number of hours until they meet 
2. Then for’ the time is the rate is the distance 


one man h hours 5 m, an hr 5 h miles 


the otherman|’ /h hours 15 m. an hr. 15 h miles 


8. Since the sum of the distances is 150 miles, 5k + 15h = 160 
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12. Suppose that the more rapid traveler starts two hours 
after the other in Problem 11. When will they meet ? 


ae 18: Suppose that two men, who travel at the rate of 6 miles 


\ 


and 10 miles per hour respectively, start from the same place 
in opposite directions. In how many hours will they be 200 


tiles apart ? 


14. Suppose that A, ae 10 miles per hour, leaves a 
place 3 hours before B; suppose that B travels 15 miles per 


fe hour. i how many hours will B overtake A? 


: o| Hint: A is at C when B starts; B overtakes A 


at D. 


15 Suppose A, traveling 15 miles per hour, starts 4 hours 
before B. At what rate must B travel to overtake A in 10 
hours ? 


16. Two hours after A left, B starts after him in an auto- 
mobile at the rate of 27 miles an hour and overtakes him in 2} 
hours. At what rate was A traveling? 


_ 37. A and B travel toward each other from points separated 
by 250 miles, A at a rate which exceeds B’s rate by 8 miles 
av hour. If they meet in 5 hours, at what rate did each 


tr wel? 


18. Some boys who are boating on a river know that they 
tan go with the current 6 miles per hour and can return against 
the current at the rate of 3 miles per hour. How far may 


~ they go if they have only 3 hours for the trip ? 


19. A man has 11 hours at his disposal. How far may he 
go ina buggy at the rate of 10 miles an hour if he beans to 
return at an average rate of 7 miles per hour ? 


20. An automobile is traveling at the rate of 25 miles an 
hour. In how many hours will a second automobile overtake 
the first if the second starts 2 hours later than the first, and 
travels at the rate of 35 miles an hour ?. 
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21. An express train whose rate is 36 miles an hour starts 
54 minutes after a slow train and overtakes it in 1 hour and 
48 minutes. What is the rate of the slow train? 


22. An automobile party is traveling at the rate of 20 miles 
per hour. At what rate must a second automobile travel in 
order to overtake the first if it starts 2 hours after the first and 
wishes to overtake it in 3 hours? 


23. Chicago, and Madison, Wisconsin are about 140 miles 
apart. Suppose that a train starts from each city toward the 
other, one at the rate of 35 miles per hour and the other at 
the rate of 40 miles per hour How soon will they meet? 


84. Problems about Thermometers, There are two kinds of 
_ thermometers in common use, the Fahrenheit and the Centigrade. 
The Fahrenheit is the one with which most of us are familiar 


- The Centigrade is used by scientists throughout the world. 


It is necessary at times to change a temperature reading on 
one scale to the corresponding reading on the 
other scale. 

The temperature at which water boils and that 
at which it freezes are called the “boiling” and ov 
the “freezing” points. On the Fahrenheit scale 
these points are marked 212° and 32°; on the Centi- 
grade scale, 100° and 0° respectively. The num- 
ber of Fahrenheit degrees between these two points 
is 180, and the number of Centigrade is 100. Hence, 
100 Centigrade. degrees correspond to 180 Fahren- 
heit degrees, or 1 Centigrade degree to 2 Fahrenheit 
degree 

Norz. This does not mean that a temperature of 1° C. 
is the same as 2° F, 1° C. is one degree above 0; the 
corresponding Fahrenheit reading is 2° above $2 (the freez- 
ing point), or 834°. Thus, a temperature of 1°C, = a tem~- 
perature of 333° F. ‘ 


Centigrade 


°o. 
'o ° 


= 
Ped 
oo, 
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EXERCISE 50 ‘ 


1. How many Fahrenheit degrees are equal to the OES 
number of Centigrade degrees ? 


(a) 15; (6) 25; (c) 50; (d) 100: 


2. Remembering that Centigrade degrees above freezing are 
eounted from zero, and Fahrenheit from 32, what Fahrenheit 
temperature corresponds to the following Centigrade tempera, 
ture ? 

(a) + 15°C. 

Sozution 1 15 Centigrade degrees = 27 Fahrenheit degrees, 

2 16°C. above freezing = 27° F above 82 = 69 F 

>, 15° C corresponds to 59° F. 


(). +30°C.; © +3C; @ —10°C 


3. Derive a formula for changing Centigrade temperature 
readings into Fahrenheit readings. 


Sotution: 1. Let C° =the Centigrade reading. 
Let F° =the Fahrenheit reading, 
2. C Centigrade degrees =(2 C) Fahrenheit degrees. 


8. C counted from 0, the Centigrade freezing point, =(% C)° counted 
from 82, the Fahrenheit freezing point. 


* F=82+42C. 
Curck: Let C=0. * F=82+2 0=32 — 
Let C=100. »- F=82+2 100=32 + 180 =212 


Since the freezing and boiling temperatures correspond, the solution is 
correct. 


4. The formula can be used to change Fahrenheit into Cent1- 
grade readings. 
Change — 13° F. to Centigrade. 


Souurion | 1. —18 =32420. Cote in tie formula. ) 
2. — 65 = 160 +90 
3. .  ~ 285 = 0.6. or C =— 25°; 


é.e. 25° below zero Centigrade. 


ee 
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6, In Physics and Chemistry, the temperature — 273° C. 
is important. ‘To what Fahrenheit temperature dors this cor- 
respond ? ? (Substitute in the formula.) 


A The following substances melt at the temperatures indi- 
eated To what Fahrenheit temperatures do these correspond ? 
Paraffin + 55° C. Iron = + 1200° C. 

Tin =+ 232° C. Mercury — 39° C. 

7. Attempts have been made to get record-breaking low 
temperatures. The following table gives low temperatures 
produced, the name of the experimenter, and the date of the 
experiment. To what Fahrenheit temperatures do these 
correspond ? papers S 


Dat TEMPERATURE EXPERIMENTEB 
1714 — 17°C. Fahrenbeit 
1823 — 102° C. Faraday 
1898 — 262°C. Dewar 

1908 — 269° C. Onnes 


8. The temperatures at three places in the United States 
on a certain day were: . 


(a) +50° F.; (6) +12°F; - (c) —8°F 
What would these temperatures be on a Centigrade scale? 
9. The following liquids boil at the temperatures indicated : 
. Alcohol 172.4° F. Turpentine 320° F. 

Give the boiling temperatures on the Centigrade scale. 

10. Air can be liquefied by reducing its temperature until 
it reaches —182° C. To what Fahrenheit temperature does 
this correspond ? 


VIII. SPECIAL PRODUCTS AND FACTORING 


85. In arithmetic, it is found necessary to memorize the 
multiplication table as an aid in multiplication, division, and 
factoring. In algebra, also, certain forms of number expres- 
sions occur frequently, which must be multiplied, divided, or 
factored by inspection. 


86. To Factor an algebraic expression is to find two or more 
expressions which will produce the given expression when they 
are multiplied together. 

Review the definitions of factor (§ 28) and common factor 


(§ 11). 


87. A number which has no factors except itself and unity 
is called a Prime Number; as, 3, a, and x+y. 
_ A monomial is expressed in items of its prime factors thus: 


12 a0'e=2-2-3-a-a-a-b-bee. 


88. Squaring a Monomial. 
DeveLopment. 1. What does a mean? (ay)?? (27r°s)?? 
2. Find each of the following squares by multiplication : 
(a) Gay; @) (Ba; © (— 27's 
3. Compare the exponent of each letter of the square with 
the exponent of that letter in the given monomial. 
Rule. — To square a monomial: 


Square its numerical coefficient, and multiply the result by each 


of the literal factors of the monomial, giving each letter twice its 
original exponent. 


S 
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89. Cubing a Monomial. 
_ Devetorment. 1. Find each of the following cubes by 
multiplication : / . 
(a) @a’y)?s — ) 1°85 (©) (— 2a’) 
2. Compare the exponent of ‘each letter of the cube with 
the exponent of that letter in the given monomial. 


Rule. — To cube a monomial: 

Cube its numerical coefficient, making the result negative if the 
given monomial is negative, and multiply the result by the literal 
factors of the monomial, giving each letter three times its original 
exponent. - 

Exampre 1. Find (—52%y')?, 


SoLvTion : (— 5 wy3)2 = + 25 arty6, 
ExAmpie 2, Find (—5 2%y°)*. 
SOLUTION : (— 5 x2y3)3 = — 125 ay?, 


EXERCISE 51 
1. What sign does the square of any number have? 
2. What sign does the cube of a negative number have ? 
3. Learn thoroughly the squares of the numbers from 1 to 20, 
4, Learn thoroughly the cubes of the numbers from 1 to 6. 
Give the values of the following indicated powers: | 


5. (ab)? 15. (—T ay’). 25. (—18)% 

6. (—a°bd’)*. 16. (+ 8 a*d*)’. 26. (—16 t%)2 

1. (2eyy. 17. (—5 mn)’. 27. (+6 mn)*. 

8. (+ abc)®. - 18, (—97r°st*)*. 28. (da)*. 

9 (+2 47b)% 19. (+4 ¢d?)®. 29. (4 mn)’. 
10. (+3 a%y’z)® 20. (11 ab*c*)?. 30. (—t na’) 
11. (—5 my’, 21. (—12m'n’)* 31. (4+27D)*. 
12, (—2 ay) 22. (+5 min®)’. 32. (—}cd*)* 
13. (—3 arty’). 23. (—15 v2*)’. 33. (—4ay)® 


14. (—6a%y)% 24. (—10 cd, 84, (— 9°) 
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90. The Square Root of a Monomial. If an expression can be 
resolved into two equal factors, it is said to be a Perfect Square, 
and one of the factors is said to be its Square Root. 


Thus, 4 @0° is equal to 2 ab? x 2.ab?; herice it is a perfect square and 
2 ab? is its square root. 


Norn. 4.706 is also equal to (— 2 ab8) x (— 2 ab8), so that — 2 ab’ is also a 
‘square root. In this chapter, only the positive square root will be considered. 


The following questions lead to the rule for extracting the 
square root of a perfect square monomial. 


DEVELOPMENT. 1. What sign does the square of any mo- 
nomial have ? 

2. When squaring a monomial, what do you do with the ex- 
ponents of the literal factors? with the coefficient ? _ 

3. In finding the square root, then, what should you do with 
the exponents of the literal factors? with the coefficient ? 

4, Find the square root of each of the following monomials, 
and test the result by multiplication : 


(a) tt; () 4a%; (16 sts @) _DWBary’. 


‘Rule.—1. A perfect square monomial is positive, has a perfect 
Square numerical coefficient, and only even numbers as exponents. 


2. To find its square root: find the square root of its numerical 
coefficient, and multiply the result by the literal factors of the mo- 
nomial, giving each letter one half of its original exponent. * 


The symbol for extracting the square root is the Radical Sign, 
V; the vinculum is usually combined with it, VW.” 


Exampip. Find the square root of 25 min’ 
SoLuTion: V 25 min® = 5 m2n3, 


91. The Cube Root of a Monomial, If an expression can be 
resolved into three equal factors, it is said to be a Perfect Cube, 
and oue of the factors is said to be its Cube Root. 


Thus, since 27 a°b is equal to 8 a2b - 8 ab - 3 ab, it is a perfect cube, 
and 3 ab is its cube root. 


t 
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The following questions lead to the rule for extracting the 
cube root of a perfect cube monomial. 


DrveLopmEnT. J What sign does the cube of a positive 
number have? of a negative number ? 

2. When cubing a monomial, what do you do with the ex- 
ponents of the literal factors? with the coefficient ? 

3. In finding the cube root, then, what should you do with 
the exponents of the literal factors of the monomial? with the 
coefficient ? ; 

4. Find the cube root of each of the following monomials 
and test the result by multiplication : 

(a) a’; (0) 2; (c) ys (d) min’; 

(e) 8a; (f)- 27 mw; g) —e; (h) — 64 xy. 


Rule.—1, A perfect cube monomial has a perfect cube numerical 
coefficient, whose sign may be + or —, and its literal factors have 
exponents which are exactly divisible by 3. 

2. To find its cube root: find the cube root of the numerical co- 
efficient, making it positive or negative, according as the sign of the 
monomial is + or — ; and multiply the result by the literal factors 


_of the monomial, giving each letter one third of its original exponent. 


The symbol for extracting the cube root is the radical sign, 
with the Index 3, as follows: ~/ . 
Exampie. Find the cube root of — 125 a%% 


“ §orvution: VW— 125 a®b® = — 5 a%b3, 


ye 
\ « 
é 


f 


4 EXERCISE 52 
© Find the indicated roots: 


nd 


1 Vim [Sop Saar Va eae. 

‘ge. V9 mi? - 7, (86.07! 22: SRB ap, 

3. V25 ab. 8. V—S8 at 13. V256 rv. 
Varo? 9. V—125 mn" 14. V+ 216 cdie 


5. V8 ad% 10. V169 mén® 15.°0/— 27 re 


| i 
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16. */+125 a: J=. a7. Vid 
it Viol N25 ¢ 28, Vay ae 
18, VE mbit, 23. Var we, Vata > 
19. W/—216 0%, 24. V5 070". $0, 2 Poa t 
20. Vaid. 26. V is mnt, : 49 ¢? 
pha «| Bi. 4/206 m* 
Nig ae Nié 169: eo 


92. It is not always possible to factor a anaes Those 
polynomials which can be factored are the products of certain 
special forms of number expressions, 

CASE I 
Type Form: a(b+c)=ab-+ac. 


93. Multiplication. The rule for multiplying a polynomial 
by a monomial is given in § 57. 


: EXERCISE 53 

Find: : 

1. 2aP(a?—3 ayt+y’). 4. +5a8a—2ay+y). 
2 —3 ay(e + cy —y). 5. ab(3 a?—2 abd + 0”). 


3. +3 mn(m?—mn+n) 6. ~—~8a(2a—b+0). 


94. Factoring a Polynomial whose Terms have a _Common 
Monomial Factor. o> 

Examprte 1. Factor ax+38a—ba. 

So.ution: 1. Each term has the factor a. Divide the expression 
by a. 

2. Then ax+38a—ba=a(4+3—b). 

CHECK: a-(«+38—b) =ax+3a—ab. 

Exampre 2. Factor 14 ay! — 35 aty?, 

Sotvtion: 1. Each term contains the factor 7 xy. 

2. Dividing the expression by 7 xy, the quotient is 2 y? — 622, 


8. Whence 
CuEcxk : 


oP ge 


ov Sf Ge 
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14 ary! — 85 x8y2 = 7 2y?(2 y2 ~ 5 2%). 
7 ay?(2 2 — 6 22) = 14 xyt — 35 28y?, 


Rule. — To factor a polynomial whose terms have a common mo- 


nomial factor: 


1. Find the greatest common factor of its terms. 
2. Divide the polynomial by it. 
3. The factors are the common factor found in step 1, and the 


quotient obtained in step 2. 


: Poo 
EXERCISE 54 Ve 
Factor the following polynomials: . akonect 2 ant 
1 3a+3y. 11. 2m? +4 mn+ 2 n2, ‘ 
2. 4m—4a. 12. ay + ay? + y a(x" ates 
3. 2r—6s. 18. 4a?—8ab+46% tof a> — 2eb-4 
4. 5at—10 as. 14. 34°— Say +3 y2 3( x ag 
5. 3ax?— 2 ay? 15. ra? — 2 ray + ry? Af mote 2% 
6. 2rm?—16 rn’. 16, 12at— 20a + 4a /o.y sis 
7 @+42. - 17, 8a? 15 @ 4-18, of ph c+ 
8. 3m’—6m. 3 ¥ 18. ar? —5ar+6a nee ut 
9. at — a. ~~ 19, 49 mit — 16 n° 5/4 ger 


10. 307-5 rt & (29> Spo, 158-6 Hb Ye = CY, 


a 
on 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 


4 a2? — 20 ab a + 25 o'r, Lf yathr 20 ae bt 
—2a*b +16 ab— 32 0b. el La” 4 [6 & . >) 


3 ny —21 nyk+18y% 3/a y nae ‘Bes 7 oP ,: 
Baa’y—Bary—30ay. s(avy-s¥y o*4) 
4 aba? +16 abay — 20 aby?. 4/ ot ; <" - fd 7 . 
9 mt — 6 mt — 63 t. 36 { {mm - mene ee ee 
48 arty? — 144 ay? + 108 aty', | ne ae Sa 
oe — ot + a? — x i lily abla ami of ; 
8am? —6amn+3an?—3Zap. 2%« (an! fe Eg Pt eS 


5 aa® — 15 aa*y +15 axy? — 5 ay’ pa oc’- 3: bas 2! 


y 
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ie 31. Recall that the area of a triangle is 4 of the product 
of its base and altitude. Thus, the area A 


of AABC=ia-b. (§ 17) 
Indicate the area of a triangle of base 
m and altitude p. B— Cc 


32. Suppose that the polygon ABCDEF can be divided 
into six triangles, such that their altitudes are all equal. Call 
the altitudes each a, and the bases 8, ¢, d, e, 
J, and g. 

‘© (a) Whatis the area of AOBC? AODC? 
A ODE? etc. ? 

(6) Indicate the sum of these areas. 

(c) Simplify that sum by removing the 
monomial factor. 

(d) Simplify the result by substituting p for 


(6+c+d+e+f+9) 
The final result should be: area=} ap. 


Y 33. Suppose that the altitude of A RXT is a, and the alti- 
tude of A RST is c. The base of each 


ii? E 


is b. R 
(a) Represent the area of each. Te ' 
(6) Indicate the sum of these areas. rh 
(c) Simplify the result by removing the x Tr 


monomial factor. 


34. The area of a circle whose radius is r is 7”. 

(a) What is the area of the circle of radius R? 

(6) How can you find the area of the ring 
between the large and small circles? Indicate 
this area. 

(c) Simplify the result of step 6 by removing » 
the monomial factor. 

(d) Find the value of the result when FR 1s 5 
and r is 4. 


\ 
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35. Suppose that, in the adjoining figure, the rectangles 
have equal bases of length m, and altitudes 
of length a, b, c, ete. 

(a) Represent the area of each. 

(6) Indicate the sum of these areas. 

(c) Simplify the resulting expression by 
removing the monomial factor: 


kn 


CASE II 
Type Form: (a+ 6)?=@+2ab+ 0b ay 

95. The Square of a Binomial. 

DEVELOPMENT. 1, What does (a+ 5)? mean? 

2. Find the value af the following by actual multiplication, 
as in § 58, and write the results as in part (a): 

(a) (a+6)?=a?+12a+36. (c) (m+5)?=? 

@) O+4)=? () @+8)'=? 

3. Observe carefully the results in step 2. Then try to 
find the following squares mentally, first, and check by 
multiplication : 

(a) @4+2)'=? (©) @+T=? 

(@) W+37=? (@) (k+10)' =? 

4, Write the sum of # and y. Indicate the square of that 
sum. Find the value of the square either mentally or by 
multiplication. 

5. Prove by multiplication the following fact: 

(a + b)? =: a? +2 ab + 6? 


Rule. — To square the sum of two numbers: 4 
Square the first number; add twice the product of the two num- 
bers; add the square of the second number. — 


Exampie. Square (3a+2 be). 


Soxution: (3a + 2 bc)? = (3 a)? + 2(3.a)(2 be) + (2 be)? 
= 9a2+ 12 abe + 4 0%, z 
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The solution may be checked by substitution, but it fs necessary to 
aoguire such skill in — these problems that cheoking in that manner 
will be unnecessary, — 

jah 

Rule. — To square the difference of two numbers : 
Square the first number; subtract twice the product of the two 

numbers; add the square of the second number. pie 

 Exanpre. Square (4a?—5 08), te 

Sorurron: (4 a? — 5 08)? = (4 a2)? — 2(4 a?) (5 BS) + (5 d8)2 ty 

= 16 at — 40 @2d8 + 25 0%. av? 

Nors. In actual practice, pupils should do all of this work mentally, 
passing from the given problem to the result as follows : 

(8 m— 5 n)2 = 9 m2 — 80 mn + 2h _n2. 

This is called * finding the result by inspection.’ 


The following figure illustrates the square of (@+ 0). 


+ + 
bale 


(a+ bf =a? + 2ad4+ 0°. 


~” ohtiA ‘ 


EXERCISE 55 
Square the following binomials by inspection: 
1. a+5. TE og gt ah) 15. m+4n 
2. b+6. 2412, 16. 2p—Sq. 
3. ¢—T. 10. mn—11. 17%. #—3y. 
4 a@—3. ll. 2a+0. 18. 22+5. 
5. om? +4, 12. 8a—« 19. 5a—6, 
6. v?—S. | 18. a+2d. 20. $@—2B% 


7 p+. 14. r—3ss, 21. 2ey+9. 


* ay 


/ 2 
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22. 3a°— 606. 


24. 


. 10r+4t2. 
11 s—5t. 


25. 9a? +5rt 


26.7 —2a4.° 


27. 8c¢+3 mn? 


28. 2ay—-9 2. 
29. Tab—5cd. 
30. 9at+6b% 


Nore. For additional drill problems, if desired, square a binomial like 
32+ 6, making 6 successively 1, 2, 3, etc. up to 10.. Then change 3 to 4 or 


any other number. 


arithmetic. 


Expand the following: 


31. (m—#y. 
32. 
33. 


40. 


(y— +/. 
(+3). 


34. («+4 


35. (n+4). 


36 (p—H* 


Square 29 mentally. 


SoLurion; 
This should be done mentally. 


41. Square 32. 


Square mentally the following numbers: 
42. 


43. 
44. 
45. 


57. 
in 5. 


21. 
22. 
23. 
31. 


Problem. 


46. 
47. 
48. 
49. 


42. 50. 
33. 51. 
19, 52. 
18. 53. 


Short daily drills of this sort afford good mental 


(Hint: 32 = 30 + 2). 


49 
28, 
39. 
38. 


37; (r+4)%. 
38. (s+). 


292 = (30 — 1)? = 900 — 60 + 1 = 901—60 = 841. 


54 52. 
55. 43. 
56. 57. 


Find a rule for squaring any number ending 


Sotution: 1. 35=3x10+5; 45=4 x 1045; 55=5x 1045. - 
2. Similarly, any number ending in 5 may be represented by 


10n +5. 


Thus, for 95, n is 9, since 9 x 10+ 5 = 95. 
(10 n + 5)? = 100 n? + 100 n + 25 


3. 


or, 


= 100 n(n + 1) + 26, 
n-(n-+ 1) hundreds + 25. 
Thus the square of 95, in which n = 9, is 


9- (9+ 1) hundreds + 25, or 90265. 
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Rule.— To square a number. ending in 5, drop the 5, multiply the 
balance of the number by the consecutive integer, and affix 25 to the 
result. 


ExamMpte 85?=7225. 
Ie. 8X9=T72; affixing 25, the result is 7225. 
58. Find by this rule the squares of some numbers ending 
in‘5, such as 35, 45, 105, 115, etc. 


96. Factoring Perfect Square Trinomials. In algebra, it is 
necessary to be able to recognize a perfect square trinomial. 


Devetopment. 1. Square the following TET and 


write the result as in part (a): Hf J 
(a) (a + 0)? = a? + 2ab+ 0. (c) 8a+4y)?=? 
(6) (2a+3bP =? (@) (4m —5n)?=? 


2. How many terms are there always in the square ? 

3. What sign does the first term of the square have? the 
third term ? 

4 Notice that the first and third terms are perfect squares 
and that the second term is twice the product of the square 
roots of these two terms. 

5. Are the following perfect squares? Give the reason for 
your opinion. Give the square roots of the perfect squares : 

(a) ®+2cd + a (c) P—6r+9. 
(0) m? +2 mn +n’. (d) a —10 x — 25. 


Rule.—1. A trinomial is a perfect square when two of its terms 


are perfect squares and positive, and when the remaining term is 


twice the product of the square roots of the perfect square terms. 


2. To find the square root of a perfect square trinomial: extract 
the square roots of the two perfect square ternts, and connect aa 
by the sign of the remaining term. = 


EXAMPLE 1 Is4e°+9y—12 aya perfect § square ? 
Sotution: 42? is a perfect square; its square root is 2%. 
9y4 isa perfect square ; its square root is 8 y2. 
12 ay? = 2/2 2V(3 772. A 
ax = 3% 
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Hence 427 + 9 yt — 12 xy? is a perfect square, and its square root is 
24—8y2 

Exampie 2. Is 9a? +Tab+ 4b’ a perfect square? 

Sortution : 9a? and 4 b? are perfect squares. Their square roots are 
3a and 2 b, respectively. 

2(3 a)(2b) = 12 ab. Since the third term is 7 ab, and not 12 ab, 

Ya? +7ab +4 bd? is not a perfect square. 

To bea perfect square, the term 7 ab would need to be changed to + 
or — 12 ab. 

Then 9a?+12ab+402=38a4206. 


EXERCISE: 56 


Supply the missing term so as to make perfect square tri- 
nomials of the following expressions, and then give the square 


roots: 
1. 2? + (?) + m2 11. m+4m + (2). 
2. &—(2)+F 12 2° —6ae+(?). + 
8. m?— (2) +n ANS oy +: 
4. 5 (?) +8 14. 2 — 102? + (?). 
5B. eo —(?)+9y2, 15 ofr + 60 + (2). 
6 924+ 2447 16: 144 At) 28. 
7. 164 —(2) +254, 17. 90? — (?) +. 36¢. 
8. 100 m? + (?) + 4% 18. 25 a* + (?) + 36 y% 
9. 2 — (2) + 9d. 19. 4972 — (?) +25 33. 

B10, Si — (7) +25 dt « 20. 9a? — (?) + 64. 


In the following, determine whether the trinomials are per- 
fect squares; find the factors when possible. 


21. 4m? — 20 mn? + 25 nt. 
Sotution: 1. This is a perfect square, according to the rue ‘§ %, 
Rule 1.) 
2. Hence, 4m?— 20 mn? + 252* =(2m — 5 n?)9 
 =(2m - 6 n®)(2m— 6 n?). 
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22. m?— 10 mn + 25 vn. 34. 169m? — 26 mén + n2. 
23. xt +12 ay + 3642. 35. 64 a? + 16 abed + ed? 
24. ma? +18 mx + 81. 36. 100 a° — 80a* + 16. 
25. 64a7+150b4+ 0% 37. 49 m4 + 112 m? + 64. 


26. 1002¢— 60227 +94. 38. 9a?+42ab4 492 

27. 49 a%y?— 70 ayz+ 252. 39. 121 a7’ + 130 abc + 36 oad 
98. 40? — 22 ag + 254% 40. 64a?+ 176 ab + 121 62 
29. 8la®+16y—T2ay. 41. @+a+h 

30. 4a?— 28 ax + 49 x. 42. Y+2yth. 

31. 25a? 4+16y?—40ay. 43. 24 A, w?— 42m. 

32. 9m’n?+ 25 rt— 30 mnr® 44. £m? + 25 n? — 12 mn. 

33. 4¢43607—120% W485. Ao + Way + 947. 


97. (Complete Factoring} When a number is to be factored, ) 
all of its prime factors should be found. The factors found 
first may sometimes be factored again ; 


Thus, 48=8.6=4.2.2.8=2.2.2.2.3. 


In algebra, this sort of factoring is frequently necessary. 


Exampre 1. Find the prime factors of 
5am? — 50 amn +125 an?. 


SoLvTion: 5 am? — 50 amn + 125 an? ae 3 4 
bat 10 mn + 25.n?) = (§ 94) 
=5a(m—5n)(m—5n). . -. (§ 96) 


again. 


Rule. — To find the prime factors of an expression: 
1. First remove any monomial factor which may be present. 


2. Then factor the resulting expression, when ee rewriting © 
all expressions which cannot be factored. 


Do not fail to rewrite all factors, like the 5a, which are not factored — 


p= 


~ 
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EXERCISE 57 
Find all of the prime factors: 
1 3ma’+24me+48m. 
18t—12at+2a%. 
7 mn? + 70 mnt + 175n'. 3 ax’ —38aryt+3ay? 
5 a’y?z + 70 wyz + 245 z. 75 ca + 48 cy* — 120 cay. 
11 marty? +22 may+44m.\ 10. 57°s —10 rst + 20 sé. 


20 ab — 20 abbe? + 5B%4. 
30 a?b — 120 ab + 1206. 


Ce ee ge.-- 29 
Oo DO at 


CASE III 
Type Form: (a+b)(a—b)=a@’— 86. 


98. The Product of the Sum and the Difference of Two Numbers. 
DEVELOPMENT. 1. Find by multiplication the following 
_ products, and write the results as in part (a): 

(a) (e+3)(@—3)=2?—9, (c) (k+10)(k—10)=? 

(0) (m+7)(m—7)=? (@) (+9)(r—9)=? | 

2. Observe the results in step 1; try to find the following 
products mentally. Check the results by multiplication. 

(a) (a+6)(a—6)=? (c) (@+4)(d—4)=? 

() @+8)(¢—8)=? (@) (y¥+5)y—5)=? 

3. Write the sum of « and y; write their difference. Find 
the product of the results. 

4. Prove by multiplication the following fact: 

(a+ b)(a—b)=a?—v? 

Rule. — To find the product of the sum and the difference of two 
numbers: 

1. Square each of the numbers. 

2. Subtract the second square from the first. 

Examrptei. Find (5a?+m)(5a?—™m). 

Sotution: (5a? + m) (5a? — m)=(5 a?)? —(m)? = 25 at — m3. 

Examrrz 2. Find mentally the product of 24 and 16, 

Soxution. 24 x 16 =(20 + 4)(20 — 4) = 400 — 16 = 384. 
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EXERCISE 58 


Find by inspection the products: 


1. 
2. (r—3)(r+3). 12. (13 m?—12) (13 m?+ 12). 
8. (s?+4)(s?—4). 13. (a5 —b°) (a+ 0°). 
4. (+5 y)\(—5y). 14. @ YY). 
5. (Bm+4n)(Bm—4n). 15. (@®—8y°) (a+ 84). 
6. (m*—1) (m*+1). 16.507 yee — 10) (7 xyz +10}. 
% (2—3a)(¢+3a). 17. (2-1) Go+d). 
8 (8h—9t)(8H49t), 18. (fm + 4) (3m — 4). 
9. Gab—7Tc)(8ab+7c), 19. re — 8) (2 ” +a) 
10. (44r—5s)(4r+5s8%. 20. (En?— 8) (Ent). 
21. (94+5)9—5). 25. 32.28. 29. 55-65, 
22. (2542)(25—2). 26. 53-47. 30. 33-37. 6: 
+23. 22-18. 27, 62.58, 31. 41-49, 3 
24. 23 +17. 28. 98-102. $2. 22-28. 2b 
33. Find the cost of 18 dozen of eggs at 22¢ per dozen. 
34. Find the cost of 16 yards of gingham at 24¢ per yard” 
- 35. Find the cost of 45 yards of scrim at 55 # per yard. 
99. Factoring the Difference of Two Perfect Squares. 
DeveLtopmMenT. 1. What is the product of (a4+2) and 


(a+ 2) (a—2). * 11. 0 ey —11) 10 ey +11). 


(a—2)? What, then, are the factors of a? —4? 
2. Find the factors of : 


3 Write the square of r; of ¢; the difference of these 


(a) a®?—9; . (c) 2 —P; 
(b) m?—16; (d) 92-45%, 


squares. Factor the result. 
4, Similarly, the factors a?— 8? are: 


(a? — b*) = (a+ b)(a— bd). 


Rule. — To factor the difference of two squares: 
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1. Find the square root of the two perfect square terms. 

2. One factor is the sum of the results; the other factor is the 
difference of the results. : 

Exampre 1. Find the factors of 25-r4— 16 #& 

SoLution: 26 rt — 16 = (6 r2)2— (4 #3)? 


= (5r4+42)(5r—4 8). 


Exampre 2. Find mentally the value of 13°— 7%, 
Soturion: 138% — 72 = (18 + 7) (13 — 7) 


= 20566 = 120, 


This example shows how the above rule can be used to simplify arith- 
raetical work. 


EXERCISE 59 


Factor the following when possible: 


1. 


= 
S 


11. 


RO Sek e eeeeg nererS 


Ga— oO 


16 a? — 25 4? 


81 7? — 16 2. 


25 a&— 81 2°. 


12. 
13. 
14. 
15. 
16. 
17, 
18. 
19. 
20. 
21. 
22. 


36 — 49 y’. 


100 24a? — 49, 
yy me 

$C gee. 
64 m* —- 81 n°. 
169 a? — 196. 
25 a? — 1. 


4 ype a 
as O° — qy- 


Find mentally the following: 


31. 
32. 
33. 
34. 
35. 


16? — 9°. 
23? — 7°. 
24? — 6? 
33? — 172, 
24? — 16%. 


50. — 
144 a8 — 121 y%— 


- 100 abc? — 1. 


4 472. 
c— sd’. 


. 81 7? —196 ye", 
2560 == 
5 ese 


85 a — y?, 


Sa 


36. 35?—152% 


Sk eee 
38. 26?— 4%, 
$9... 95? — & 


40. 75° 


M 
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“Find the prime factors of the following: 


41. 5o2—5y, (See § 94.) 46. 36 2w?— av’, 


42. m*t—25t. 47, rh? — xs", 

43, 3ar?—12as*. 48 iad’—1iam’. 

44, dcd—9d’. 49. m*—n', 

45. 32 y—2 aty. 50. a —y%, 
‘Find the following quotients : 

51. (a? —y*) + (a@—y). 55. (439°— 20?) + (28-2). 

52. (a?—m’) +(a+m). 56. (92°16 y’)+ (8x44 y). 
53, (7?—9) + (r—3). 57. (25 m?—16 n?)+(5m+4n;j. 
54. (2? —25)+(1+5). 58. (169 — 100 a?) +(13—104). 


Tell what binomial will divide each of the following; give 


- the quotient: 


59 9a?—4y'4, 62. 144 7°.- 121. 
60. m?—16 n2. 63. 256 ct — 400. 
61, 25 a®’—36 d4 64. 100 7?— 36 t 


EXERCISE 60 


Review 

Expand the following: ; 

1. (@?—y’)*. ae 4. 2 ng(r?— s*)(r +5°). 

2. 2a(e+y\(a—y). 5. 3¢c(2a—b)* 

3. 3m(a— ya? + y°), 6. 5ab(a?— Bb) 

Factor completely the followin . 

7. r—2 rs’ +s, 10. 3 az*— 6 aa’y? + 3 ay’. 
8. mcet?—2me’?+m. 11. 5 ma?—10 may + 5 my?” 


9. 5tat— 5 ty. 12. 2 2°?m*— 4 ?m?n?+ 2 r'n'. 
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CASE IV 
Type Form: (x+a)(x + b)=x°4(a4+b)x+4 ab. 
100. The Product of Two Binomials having a Common Term. 


Devetorment. 1. Find by actual multiplication the fol 
- lowing products, and write the results as in part (a): 


(a) (w©+2)(2+3)—a°+544 6. 

(0) (@+5)(#+ 3)=? (d) (m—7)(m—2)= 

() (a+5)(a+6)=? (e) (@—5)(s—8)=? 

2. Observe carefully the results in 1. Try to find the 
following products mentally; check the results by wigs 
cation: 

(a) (64+ 4)(0+4 2). | (c) (« — 3)(@— 7). 

(0) (c-+4)(c +3). (@) y—4)(y—5). 


Rule. — To obtain the peauee of two binomials having a common 
term: 

oe Square the common term. 

2. Multiply the common term by the algebraic sum of the second 
terms of the binomials. 

8. Find the product of the second terms. 

4, Add the results. 


ra 

Exampte 1. Find the product of «— 8 and a +5. 

SoLuTion: (% — 8)(%@+ 5)=2?+(—8 +4 5)% +(— 8)(+ 5) 
=2?—34— 40- 

Exampce 2. Find (ab + 2)(ab — 11). 

Sotution: (ab + 2) (ab — 11) = ab? —9 ah — 22. 

Norr. Here, one glances at +2 and —11, notes that their sum is — 9 and 

that their product is — 22, and writes the result as above. 
Exampte 3. Find mentally the product of 23 and 24. 


SoLurion : 1, 23 x 24 =(20 + 3)(20 + 4) = 400 4+ 7.204 12 
= 400 + 140 + 12 = 552 


128 ALGEBRA 


Kf 6 ue 


EXERCISE 61 , 


Find the following products : 


26. 


1. (a +2)(@ + 3). 
2. (w+ 2)(x +4). 27. 
8. (a+ 3)(a +5). 28. 
4. (a +4)(a +6). 29. 
6 (m+5)(m +9). 30. 
6 (b— 38)(0 —7). $1. 
% (b—4)(0—8). 32. 
-8-(c— 5)(c — 7). 83. 
~9- (7 — 6)(r — 8). 84. 
XO? (7 --9)(7 — 10). 35. 
Wn. (7+ 2)(7 - 8), 36. 
42. (m+ 3)(m — 10). 37. 
13. (n+ 5)(n—11). 38. 
14 (s + 6)(s — 12), 389. 
Abe (0 +4)(f — 11). 40. 
6. (% — 2)(a+ 10), 41 
— aD (y + 11)(y—8). 42. 
Ta. (2 + 10)(2 —5). 43, 
49, (w—4)(w + 9). 44 
28° (a ~ 1)(a + 8). 45 
2A. (8° — 6)(s* + 10). 46 
22, (f—12)(+9).. 47 
23, (xy — 10) (ay +15). 48, 
—24 (7 - 58)(r +338). 49 
25 (1 —2Zy)(a+8y). 50. 

51. 


(rs — 8 t)(re — 3t). 
(a+3b)(a+13b). 
(e—4d)(e—12 4d). 
(2? — 8 y)(a? ~ 10). 
(oF +5y)(a ~ 2"). 
(p? + 119)(p* + 159). 
(7° —12)(7° + 20). 
(s*? — 15) (s’ + 8), 
(@— 16 w)(? - 40). 
(a? —18 y)(a’ + 5y). 
(a+ 17#)(a—8¢’). 
(wa— 9a)(a+ 15a), 
(w+ 11b)(a—8bd). 
(y* ~ 132) (y*? - 7 2). 
(¢+ 15r)@—107r). 
(a? — 14 b)(a* — 10). 
(e —22 x)(¢+ 20 2). 
(a+ 19 y)(a—5y), 
(a—33 b)(a+ 6b). 
(ce? + 25 d)(c? — 10d). 


. («— 35) (a + 20). 
. (m—4)(m—5). 


(2 +4)@ +2). 
(y+ 3)(y + 8). 
(@ + $)(@ + 4). 


Find mentally the product of 62 « 68. 


Sotution : 62 x 68 =(60 + 2)(60 + 8)= 8600 + 600 + 16 =? 
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Find mrenictly the following arithmetical products: 


52. 22 « 28. 55. 24x26. ° 58 52 x 54 
53. 33 x 37. 56. 32 x 38, 59. 23 x 25. 
54. 34 x 36. 57. 44 x 46. 60. 33 x 34, 


Perform mentally the multiplications in the following 
problems : 


61 Find the area of a rectangle whose base is 26 inches 
and altitude is 24 inches. 


62. Find the cost of 12 yards of lawn at 18 # per yard. 

63. Find the cost of 22 yards of scrim at 25 ¢ per yard. 
64. Find the cost of 53 bushels of corn at 55¢ per bushel. . 
65. Find the cost of an 11-pound roast at 18 ¢ per pound. 


101. Factoring Trinomials of the Form x?+ px+q 


A trinomial of the form 27+ px + q can be factored if it is 
the product of two binomials having a common term (§ 100). 


DEVELOPMENT. 1. (#+ 5)(a —3)= 2°+2a— 15. 
In obtaining this product, the algebraic sum of + 5 and — 31s taken 
for the Coefficient. of x, and the product of + 5 and —8 is taken for the 


third term. 
To factor x2+2%—15, it is necessary to find two numbers whose 


product is — 15, and whose algebraic sum is + 2. 


2. Factor 2?+72+12. 

Two numbers whose product is + 12, are +8 and + 4, and their sum 
is +7 Try as the factors (« + 3) and (% + 4) 

Cueck: Does (+ 8)(2+4)=27+7%+412? Yes 


Rule. — To factor a trinomial of the form x? + px + qg 

1. Find two numbers whose algebraic product is g and whose al- 
gebraic sum is p. 

2. One factor is x + ome number; the other factor is x + the 
other number. 
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Examete 1. Factor 2?— 26 %—192. 

Sonurion: It is necessary to find two numbers whose sum is — 26 and 
whose product is — 192; the number of greater absolute yalue must be 
negative. If necessary write all possible pairs of factors of — 192, one of 
which is + and the other —. We have: 

(+1) x (— 192); sum = — 191. (+ 4) x (— 48); sum = — 44. 

' (+2)x(— 96); sum =— 94. (+ 6) x (— 32); sum =.— 26, 

(+3)x(— 64); sum =— 61. 

. +6 and — 82 are the numbers required. 
o%. 2 — 26% — 192 = (x + 6) (a — 82). 


EXERCISE 62 


Factor: 
1 ¢+1447+4+45. 
So.vuTion: 1. Find two numbers whose product is 45 and whose sum 
is + 14. 
2. Factors of 45 are, 1 and 45; 3 and 15; 5 and 9, 
8. 5 +9 = 14, hence the factors are (x + 5)(x + 9). 
Cueck: (« + 5)(@+9) =2?+ 1494 45, 


Nore. This solution should all be done mentally; decide upon a pair of 
factors of 45 and immediately determine their sum. 


2. 2+ 52+6. 6. @+ila+28. 
3 ve +8a+15. 6. m?+9m+20. 
4. 724+10r+ 21. 7. €+9t+18. . 


6. p?—12p 432. 


Sotution: 1. Since 82 is positive, the second terms of the factors 
must have the same sign; since the sum of the second terms is — 12, the 
second terms are negative. 


2. (—8)x(—4)= +32; and (—8)4+(—4)=— 12. 
Therefore the factors are (p — 8)( p — 4). 
CHEeck: (p~8)(p—4) =p? — 12 p + 82, 


9. «2—Tx+12. 12. w'—10 w+ 24. 


10. y—9y+14, 13, a —11ia+30. 
11, 2—112+424,. 14. cP? —12¢+4-35. 


15. 
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a#+62—16. 


SoLution: Since — 16 1s negative, the second terms of the factors 
must have unlike signs; since the sum of the second terms is + 6, the 


b 


term of greater absolute value must be positive. 


2. Factors of — 16 of this sort are: (+ 16, —1) and (+8, —2). 
8. (+ 8)+(—2)= +6, therefore the factors are (x + 8) and (#—2). 


Cueck: (7+ 8)(«—2)=27+62— 16. 


16. 
17. 
18, 


v+3a—40. 
v?4+-20—24., 
yY+ta4y—21. 


19. 
20. 
21. 


(By § 100.) 
2+42— 32. 
w? +4 w— 60, 
@+3a— 54, 


22, m2— 4m — 21. 


Sotution: 1. The factors of — 21 must have unlike signs; the one of 
greater absolute value is negative, since the sum is — 4. 
2. Such factors of — 21 are: —2l and +1; —7 and +3. 
- 8 (—7)+(+ 3)=— 4; therefore the factors are (m — 7) and (m + 38). 
CHEcK: (m—7)(m+8)= m?—4m—21. (See § 100.) 


| 23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 


ev? — 2a -- 35. 
n?—Tn— 18. 

a? — 8a — 33. 
rP—A4Ar— 45, 

m! — 11 m? + 30. 
a? —15a+ 54. 
rPtr— 2. 

a+ 6a? + 8. 
f+ 15 cd + 36d? 


xe? — 12 ay +32y’. 


2 4+ 22 — 63. 
c’d? — cd — 6. 
y+ 1042 +92 


36. 


x? — 13 ww + 22 w’. 


m? — 7m — 44. 


. +2 rs — 48 82. 

. &—6 st — 5527. 

. we — 18 w + 72. 
~yt4y—%. 

. &—T0—Sa. (Rearrange it.) 
. Fb —24—1058. 

. 2+ 20c + 84 

. 2— 364-52. 

wae 20 0 — LOU: 


—19 m? + m* + 84. 
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49, ®—st — 20s", 65. ab? — 16 abc + 28 ¢% 
50. a? +7 ab — 600% 56. a? — 21 ayz + 108 y%% 
61. a? — 20 ax + 99 a2 . 57. a? — 21 ab? + 11004 
52. r+ 7s — 728’, 58. ed? — 1001 — 96. 

53. 2° + 50 yt — 15 xy? 59. a’c? — 26 ac + 160. 
4. a? +164a+15. 60. 72 —7 rs — 1208*% 


Find all of the prime factors: 


61. 3ab?—15ab+ 18a. 
SoLuTion: 8 ab? — 15 ab + 18a =3.a(0?— 5b + 6) 
=3a(b—2)(b — 8). 


62. 5 4- 35t + 60. 66. abn? —7 abs + 6 ab. 
63. mr? +2 mr—15 m. 67. 11 2? —112.-- 66. 
64. 3ca°+6cr—9e. 68. 82? + 48 a — 56. 
65. 7 y'2+ 21 yz — 1262. 69. mn? + 2 mn — 63 m*. 
CASE V 


Type Form’ (ax + b) (cx + d). 

102. The Product of Two Binomials of the Form (ax + 8). 

Dervetopment. 1. Find by actual muiltiptication the fol 
lowing products, and write the results as in part (a): 

(a) (2@+38)(8¢+1) =62?+11¢+8. 

(b) Bm+2)(2m+3)=? (c) @y+4)B8y—2)=? 

2. Examine carefully the results in 1, then try to get the 
first and third terms of the following products mentally ; pos- 


sibly you can get the second term also. Check by actual 
multiplication. 


(a) @r+4)(8r+1). (c) (88+5)(2s+1). 
(b) (27 +5) (r +2). (a) (4a+2y)(2a+3y). 
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8. Below is given the product of (6%—4y) and (2@-43y)- 
5a —4y 
2e+3y 
102?— 8ay 
+15 vy — 127% 
100+ Tay—12y 


CS ite 
o (a—4y) (2% + 3y)=10a? + (—8 4 15) ay — 12 97. 


Rule.—1. The first term of the product is the product of the first 
terms of the binomials. (5x-2x=10 x2.) 

2. The third term of the product is the product of the second 
terms of the binomials. (—4y)-(+38y)=—12y%,. | 

3. The second term of the product is the algebraic sum of the 
‘cross products.” (Notice the position of these cross products on 
the left of the equation: —4y-2xand5x-3y). 


Exampte 1. Find the product (6r—6s) (2r+3 3). 


Soturton : In all of these examples, the only difficulty is that of find- 
ing the ‘* middle term.”° 


1. 5r-38s=15rs, —6s-2r=—12rs, and (157rs)+(—121rs)=+ 3 rs. 
2... (6r—6s)(2r +38) = 1077+3rs— 18 s?. 
Exampre 2, Find the product (92+ 4y)(3¢—6y). 
Sotution: 9.—6=— 64, 4-3= 12, and (—54) + (12) =—42. 

«. 92+4y) (82 —6y)=27 a — 42 ay — 24 y?. 


In this example, the coefficient of the middle term was found first and 
then xy was affixed. In practice all of this should be done mentally as in 
the following example. 


Exampxe 3. Find the product (7m — 4n)(8m+5n). 
Sotution: (7m —4n)(8 m + 5n)= 56 m? + 38 mn — 20 v3. 


[Middle term: 7.5 =35, —4-8=— 82, 85 +(— 32) =8.] 
Pupils should try to acquire such skill that they can find the correct 
products mentally. This is the manner in which experts do it. 
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EXERCISE 63 
1. (224 2)(¢ +3), 2% 9E—2)(6 +1). 
“2. (2a +8)(a+2). 28° (10 n? + 3)(15 n® — 4). 
3. (2%+1)(w~+8). 29. (14 4? —5)(207 +1). 
4. (84+ 1)(2"+8). 30. (16#—9)(32 +2). 
6. (24+ 3)(3a+ 2), 31. (14rs— 9)(5 rs + 3). 
6. (8a—2)(2a—1)s72+2 98 a—3d)(4a+5.), 
7. (8a—4)(a—2), 383° (6m+5s)(7 m—4s). 
8. (a—4)(a—8). 84. (8t—32)(9t—2). 
-9. (Ba—5)\Za—3). 85. («—Sy)(a@+5y). 
19. (4a—5)(2a—5). 86. (2a—s3y)\(24+3y), 
1. (8r+5)(2r—1), 37. (2m—5n)(2m—5n). 
12 (Ar+7)@r- 3). (88. (3t+4n)(314+4n). 
13. (r+4)4r—2). 39. (9ab—4c)(Sab+ 5c). 
(14. (7 r+6)(8r—2), 40. (6ay—7z)(5 xy + 62), 
a5 (8r+9)(4r—3). 41, (772748 s)(87°—9s). 
46 (6s—5)(3s+ 2). 42. (102°—11y*)(112°+ 129%), 
47. (10s—7)(4s +1), 43. (9 mn? +-4)(6 mn?—3). ~ 
48. (11s—12)(5s+-4). 44 (2492)(3422) 
19. (9s—12)(4s+5). 45. (5—7)(6+90%). 
20- (15s — 20)(3s +2). 46. (8+-32)(10—42%), 
_2¥ (Gub +2)(3ab—5), 47. (7 —6ay)(5+62y) 
22. (7 mu — 4)(6 mn — 8), 48. (9—11 wy’)(4 — ay’). 
23, (8 -- 3)(9 r° +4) 49. (100% —6¢)(9a°>—2e). 
24. (132° +7)(5a°—8). 50. (12 a°-+7y)(5at—4y), 
25. (6p*—7)(4p?+8). 51. (9?—S5a (7TH +52), 
26. (11 m* — 4)(5 m? + 6). 52. (8m? —9n)(4m? +5 n). 


ae 
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53. (Ta? +3y")(5 a? — 2 y’). 57. (15m —2n)(6m+5n). 
54. (11 ?—5d)(4c?—5d). 58. (6m+))4m+)), 
55. (15 p?+29)(9 p?— 29). 59. (8a—Fy)/(9u—}y). 
56. (20a—7b)(8a+36). 60. (2a+36)10a—Zb). 


103. Factoring Trinomials of the Form mx?+nx+ , The 
product of two binomials like (27+ 3) and (82+5) isa bi- 
nomial of the form mz?+ nx + p 

This means that thera is a term containing the second power of a, one 
containing the first power (as a rule), and one free from x. 


The following discussion shows how to factor trinomials of 
the form m2z’?+ nx +p, when they are factorable. 

DrvELOPMENT 1. Find the products: 

(a) 2e4+6)(3e+2). (©) Ba-5)\(42+7). 

2. How do you obtain the. “middle term ” of the product? 

8, Factor 12a? + 230-45 ; 


Sonsjrox : 1. The first terms of the binomials might be 2% and 6 2, for 
their prdduct is 12 “2. Place them in parentheses thus: (22 )(6x -). 


2. The second terms of the binomials are both positive since 5 and 
positive. Place the factors +5 and + 1 in the parentheses 


(a) (24+ 5)(64+1); middle term, + 82%. Incorrect. 

b) (2%+1)(6x%+5); middle term, +162. Incorrect 

2 shows that the factors 2% and 6a for 12x? are incorrect. 
Try 34% ahd 4% for 124%, thus: (8% )(4a% ). 

) B8x4+1)(4% +5); middle term, +192. Incorrect 
‘Ga+5)(4x% +1); middle term, + 23¢. Correct. 
Cueck 4 (32 + 5)(42 4+ 1) = 1227423445. 


Nore. is may seem a long process at first, but practice soon develops 
such skill that most of the trial of factors can be done mentally. 
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EXERCISE 64 
Factor; : 
1. 80845042. 5. 62 +7042. 
2. 3047a+4+2. 6. 127+138¢+4+3. 
3. 5m?+7m+4+2. 7% 7@?110a+3., 
4. 7y+9y+2.  -& 62418¢+6. 


9. 12-17 w+6, 


Sotution: 1. Since 6 is positive, its factors must have like signs ; 
and, since —17 is negative, the cross products must both be negative. 
Therefore the factors of 6 must both be negative. 


2. To get 12w?, use (2m )(6w »). 

To get + 6, try — 2 and — 8. 

(a) (2w—8)(6w— 2); middle term, —22w. Incorrect. 

(6) (2w—2)(6w — 8); middle term, —18w. Incorrect, 

3. To get 12w?, use (8w )(4w_ ). 

To get + 6, try — 2 and —3. 

(a) (8w—2)(4w —8); middle term,—17w. Correct. 

Cueck: Does (8 wv — 2)(4w—38)=12w?—17w+6? Yes. 

Notes. In step 2, the factors 3 and 2 were used in both ways, as in (a) and 


(); ; usually this is a wise plan, although in this case an explanation could be 
given to show that it was unnecessary. 


10. 2w?—1l1w+65. 14. 2w?—9w+4., 
11. 2w*?—Tw+3. 15: 60?— 11m +3, ‘ 
12. 30°—19b+6. 16. 8.0'— 22a +15. 
13. 6m?—Tm+4+2. 17. 5° —23¢4+12. 


18. Factor 15 2?4+ 142—8, 

Sotution: 1. The factors of —8 must have unlike signs. Arrange 
the signs so that the cross product of greater absolute value is positive. 

2. For 1527, try (8x )(5a =~»). For 8, try 2 and 4. 

(a) (8% —2)(5% +4); middle term, +2. Incorrect. 

The sign of 4 is made +, because 4-3 is greater than 2-5. 

(b) (82+ 4)(5%—2); middle term, + 14%. Correct. oy 

The sign of 4 is made ++, because 4-5 is greater than 3 «2. ; 

Cuecx: Does (34+ 4)(5%—2)= 15224 14%—8? Yes. 


“?— 
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19. Factor 24 m?—m—10. 

So.turion: 1. The factors of —10 must have unlike signs. The cross 
product of greater absolute value must be negative. 

2. For 24m?, try (6m )(4m_ ). For 10, try 5 and 2. 

(a) (Gm+2)(4m—5); middle term, — 22m. Incorrect. 

(0) (6m —5)(4m+ 2); middle term, —8m. Incorrect. 

3. For 24m?, try (8m )(8m _~ ). 

(a) (8m —5)(8m + 2); middle term, — 84m. Incorrect. 

' (6) (8m—2)(8m+5); middle term, —m. Correct. 

Cueck: Does (3 m — 2)(8m + 5)= 24m? — m— 10? Yes. 

Nore. In this last step, for example, after placing 2 and 5 in the parenthe- 
ses, we see that 2 x 8 is greater than 3 X 5; therefore make 2 negative and 5, 
positive. 


20. 22°—32—65. 37. 14 m?n?— 31 mn—10. 
21. 3m?+4m—T. 38. 42°s?-+-4rs—15. 
(ee bP = 2t—7.4 39. 1207+172+6. 

23. Tr +-4r—11. 40. 24m? — 18m —15. 
24. 6s?—7s—5. a. 122418 027 — 350%, 
25. 12s°+5s—3. os) 42. 2w?—3 wr — 207 
26. Qat+a—15. A 43. 15y?419yz2+ 62, 
27. 9r?-—6r—8. 44. 10n?+9nt—982 
28. 15e°?—4c—3. 45. 90?+3bc—56c2 
29. 21 A?+2A—8, 46. 15a?— 26 ab— 210% 
30. 5y?+16y4+3. 47. 72? —26 ay —8 
31, 1827—32—10. 48. 1507+ 29 ab+12b2. 
82. 40° — 249435. 49. 21 4°— 29 xy —10y?. 
33. 102°—132—30. 50. 6r?— 25 rs +25 32. 
34. 3274+ 2224-7. 51. 4c?—8cd — 21a? 
35. 18 m?+17 m—15. 52. 9d*—6d*—35. 


36. 6a? +312+435. 53. 8p°+187°—35. 


138 ALGEBRA 


54, 10m*+19 mn —15n’?. 57. 35 at? -+at—12a. - 


55. 1407+ 29v—15. 58. 24 277° —7 xy? — 6 y’r* 

56. 15k’a—16kx—152. 59. 55 mab +2 mna?—21 nae, 

(Remove the monomial first.) 60. 24 2d? + 2cd?—15 a4 
EXERCISE 65 


Perform the various steps of the following indicated multi- 
plications mentally : 


1. 8a(2a+5)(a—4). 
Sorution: 3a(2a + 5)(a— 4) =3a(2a%—3 a — 20) 
=6a?—9a*- 60a. 
2. 2m(3m—1)(2 m+ 6). 5. 5(2r—5s)?. 
3 4ab(5a—2)(5 "+4 2). 6. —3(6a—5)(2a+3). 
4. 7(3c+5d)(3c—4d). 7 —2(7r—4s)(2r+3s) 
Solve the following equations, performing mentally all of 
the steps of the solution: 
8. 2(8¢—2)(@+ 4) —(62+4+5)(x—3) =65. 
- SoxvTion: 1. 238% —2)(%+4) — (624 5)(4—8) = 65. 
2. 2(82% +102 —8) — (622—13 ”— 15) = 65. 


_ 8. Complete this example by removing parentheses, combining terms, 
etc. 


9. (5%—4)(382+44)—3(5a+4+6)(@—~- 7) =10(9 e+ 15). 
10. (4r—5)(87r4+7) —2(r+)6r—7) =38(2r+ 3). 
_ Find ai] of the prime factors in the following; remember 
to remove the monomial factor first: 
11. 24 m?a +18 mna —15 n’a. 
12. 18 be? — 2 ba. 
13. 12 aty —8 ay? —4 ay, 
14. 15 c’d — 10 e’'d — 25 cd. 
“46. 18 kr? — 60 klr? + 50 Pr 
16.. 48. cd? + 120 cde + 75 ce. 


aa 


Ce pth Ads —# 
b/d Ab 
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17. 39 m?nx? + 20 m?nxy — 4 m?ny, 
18. 3at—17 2° — 56 2. 

19. 4 vty? + 2 a8y§ —7 ay? 

20. 45 7's — 80 7°s°, 


CASE VI 
Type Form: a — = (a— Saag ab + b*). 
104. Factoring the Difference of Two Cubes. 
Devetorment. 1. Divide 2*— 27 by « x—3; by %+3. 
2. Divide a —¥° by x—y; by x+y. 
3. Write the cube of a; the cube of b; the difference of 


these cubes. 
4. Examine the results in 1 and 2; by what do you think 
_ you can divide a*— b' and get an exact quotient ? 


5. Prove by division the following fact: ae 
(2 — 0°) + (a —b) =a? + 0b4+ 0% 
Hence, a— b8= (a — b)(a? + ab +0). 


Rule.—1. The difference of the cubes of two numbers may be 
divided exactly by the difference of the numbers. 

2. The quotient is the square of the first number, plus the aoten 
of the two numbers, plus the square of the Second number. 


Examere i, Find a divisor of 8a*—27; find the quotient. 
Sotution: 1. 828 — 27 = (22)% — 
2. .*. It is the difference of the cubes of 2” and 3, and can be divided 


exactly by (2% —3). 
See lie quotient is (2a)? + (2)(8) + (8)%, or 
4e27+6244+9. 
Check by substitution or by multiplication. 


Examp.e 2, Factor 8 a® — 64 y*. 


Sotution: 1. 825 — 6448 = (22”)8 — (4 y)8 
2. = (2a? —4y){(2a%)2 + (222) (4y)+(49)F3 
8. = (24?—4y) {404+ 8 x2y + 16 

Nore. The middle term is not twice the product of the first and second 
numbers; try not to confuse this type with the one in § 96. f 


oy 


: “ 
ts). 


} ih YC 


2 } 
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EXERCISE 66 
\ Factor: 
Aa. 8 11. 8 7 —125 y3, 
2. — 64, 12. 32°24 ¥3, y 
_ @—128, (Remove monomial first.) » 
atk me 13. 40 a°—5 0% 
4. aa e if ie i 
=a eo 14) 24 « — 81 9’, 
: —64n 1 xg 
‘a : 8 15. t/a — BOO ash, 
: ls ; a 16. 320 m?—% n& 
8. 2! — 6443 fie a L 
9. 8b'— a’ Sakis si aS Om ikd 
Cae 
a 19. 2———.- 4 
10. 64 m>?—1. 125 


; What is the quotient of: 
20. (a? — a®) + («@—a)? 
21. (r° — 2) + (r—2a*)? 
22) (27 aty®—1) + (3 zy—1)? 
23. (64 a®— b°)-+ (4 a? — b%)? 


24, (8 — 2%) + (2— 28)? 

25. (m? — 27) + (m* — 3)? 

26. (27 w®— 640%) + (3. w—4 0)? 
27. (L— 125 m®) + (1 —5 m?)? 


CASE VII 


Type Form: (a’+ bf) = 


(a+ b)(a?— ab+ wl 


105. Factoring the Sum of Two Cubes, 
DeverormMent. 1. Divid~ (a +27) by (a+ 3); by «—3 


2. Write the cube of. m; of n; the sum of these waanlee 


Write the sum of m and n. 


3. Divide the sum of the cubes of m and n, by the sum of 


m and n; also by their difference. 
4, peeve by division the following fact: 


(a +08) + (a+) 


= a? — ab + 6%, 


Hence (a° + 6°) = (a +b)(a?— ad + b%). 


yw 


} nak Uv aoe “lye 
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Rule 1.— The sum of the cubes of two numbers may be divided 
exactly by the sum of the two numbers. 


2. The quotient is the square of the first number, minus the prod: 
uct of the two numbers, plus the square of the second number. 
‘Exampte 1. Find an exact divisor of a®+8; find the 
quotient. 
SoLution: a6 + 8 == (x?)3 4 (2)8. 
Since it is the sum of the cubes of two numbers, it may be divided ex- 
actly by the sum of the two numbers (#242). (Rule 1.) 
The quotient is (~?)? — (a) - (2) + (2)? orat—2”+44. (Rule 2.) 
Nore. The middle term is not twice the product of the two numbers. 
Examp_e 2. Find the prime factors of 3 ma? + 81 my. 
SoLurion: 3 mx*+ 81 my =3 m(a? + 27 8). 
= 3 m[(x)? + By?)?] 
= 3 m[e+3y?J[2?— (By?) -2+Cy")] 
=38m(x + 3y)(a2?-—3ay2+9y*). . 


EXERCISE 67 
Change the sign in each exampie of Exercise 66 from minus 
to plus. This will give 27 examples. 


106. Summary. In this chapter, seven special forms of 
algebraic expressions have been considered. These type forms 


- are collected here for reference: 


I. a(x+y+2Z+...) =axr+ay+az+.... 


II. (a+ b)? =@+2ab+B% 

III. (a+ b6)(a—b) =a’— Pp. 

Iv. (x+a)(x+d) =x?+ (a+ b)x+ab, 
V. (ax+b)(cx+d) =acx’+(ad+ bc)x+ bd. 


VI. (a—b)(a@’+ab+ 0) =a2—B*. 
VII. (a+ b)(@?—ab+ 8) =8+ PB. 
Familiarity with these forms makes it possible: 
(a) to perform many multiplications in algebra and arith- 


metic mentally ; 
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(b) to perform many divisions mentally 5 oh 
(c) tc factor many algebraic expressions. 
These are the more important forms. Others are discussed 
in a later chapter. XVI.) 
Rule.— To perform an indicated multiplication of twc 01 more 
factors by means of the type forms: 
1, First find the product of all binomial and polynomial factors. 
2. Then multiply by the monomial factor. 
Exampie. Find the product 3a(2%+y)\(2a—y)(4 a + y’). ; 
Sotution: 84(2%+y)Qe—y)(4e +y?) 
= 38a. (4a2— y?)(4 a2 + y?) 
=3a- (1624 — y*) | 
= 48 «> — 3 xy!. 
Rule. —To find the prime factors of a given expression: 
1. First remove any monomial factor of the expression. 
2. Factor the resulting polynomial factor o1 factore by the proper 
methods, until all of the prime factors have been found. 
Exampie. Factor 3 ax* — 21 aa%*— 24a, 
 SoLution: 3az° — 21 ax? —244 
= 38a(x° —7 28 — 8) 
= 38 a(v? — 8) (2? +1) 
=S8a(x— 2)(@?+24+44)(4+1)(22?-—2+1). 


EXERCISE 68 
MISCELLANEOUS ae 


ye 


Expand the following expressions : 

Gapriide— sy. 6. (a+ b)(a— Na+). 
rre—6y)(G 2+ 6y). 7 (Qa—2y)(a+y). 

itis corny ate 1). | px 8 3x(a—b)(a+b). 

aby teo-¥" 1 9, 5a—4)Ga—60%. 

(7 at + b?)(3 a? —8 B%). 10. 3 m(m! — 4 min? + 2 nn’). 


ey Se Pr 
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11. 7 n(n? +1) (nv? — 1). 
12. 3a(a-+1)(a—1). 
13. (a? —12 y)(a? +9). 


14. (x@t+y)(e—ay+y’)(e—y). 


15. (w— 3y)?. 

16. (m—4)(m—}). 

17. 2x%(3%4+1)(a —4). 

18. (B*-— 4 AC)(B?—6 AC). 
19. a(a®+3)(a®— 8). 

20. 5(a—6)(2a+8 b). 


Find the prime factors of the following: 
AT. 
48. 
. 49. 
50. 
51. 
52. 
53. 
54. 
55. 
. Ba —3 yf, 
Yat — 256. 

. 830—108 a 
. Cd’? +9 cd — 52, 
» 5a 5 yy? 
. 257? + 60 rs + 36 8% 
+a dy 


31. 527?—40 2+ 80 

32. as + 6 ax°4+9a. 

33. a’y?— 5 abey + 6 ab’. 
34. 3 2? — 60 wy — 288 2, 
35. c? + 44c— 45. 

36. 3 — 64 a. 

87. 83284 24%. 

38. m+ 23 m’n4+ 182 n2. 
30- at = 18 a? +- 77 

40. 2°—3 a*®y — 108 y’. 


41. 4a? — 28 ay +49 2. pw 


42. 169 mr — n%i*r. 
43 a? +17 a—38. 
44, 3c? +132 c— 135. 
—45. o—y® 
. 46. 2d?—26d— 136. 


21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
“30. 


3y(2—y)(5 +34). 
7(3.m+1)(m— 6). 
(+ y')(2— ¥). 

(ay — 4)(ay + 16). 
2(a@—4y)*. 

(@ + 1)(@ —1)(a* — 3). 
(@+3)(@?—}"+4). 
Ge—HGx +). 
(2n—}). 


(7 — 3)(@ + 3). 


125 a — 8 9. 
8a@—5a—3. 

169 a? + 78 ab +96 
30 m? — 47 m — 5. ° 
24 xm +81 48m. 

a®§ +14 a? +49, 

ay — 216 y', 

3 i? +33 kh + 72. 
9x? —4 vy -- 13 y% 
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63. 196 7? — 25, at. 67. x2? — 20 az — 69. 
64, —25 a+? +100. 68. 18—19 c+. 
65. 300 m* — 243 a”. 69. 6-16 + 15 B*. 
66. y?+12 y —108. pele De 4 a? + 49. 


107. The skill acquired in this chapter in performing some 
multiplications mentally is of use in solving certain equations. 
Exampie. Solve the equation: 
6(4 —a)?— 5(2 &@ +7) (a@— 2) = 22 — (2443). 
Sotution: Perform the operations mentally. 
6(4 — x)? — 5(2 4 -+ 7) (a — 2) = 22 —(2 # + 8)2, 
1+, 6(16— 8% + 22)— 5(2a2 4+ 8a— 14) = 22 (422 + 12449). 
. 96 — 4824622? —100?— 154+ 70 = 22-422 124-9, 
.°. 166 —68¢—4927=138—12¢—42% ~ 
os — 684 +4+12%=13 — 166. 
2 — ble =— 153. 
th Ge 


Ge OR CS 


1 13 1 81 
. Cuecr : Does 6(4—8)2~ 5(6 4-7) (8 =) = 22 — (B+ 8)? ? 
Does 6 — 65 = 22— 81? 
Does —59=—59? Yes. 


EXERCISE 69 


Solve the following examples performing all of the work 
mentally : 


1. 52+7)8e—8)=(5x2+4)(3a—5). 
(4m—T)=(2m— 5)(8 m-+3)—2. 
6—38r)\8+4r)-—(743rn1—4n=—28, 
(1-3 )'—(p+5)'=4(p + 1)(2p—3). 

2r(¢ + 7)—(¢—5)?=(¢+3)(¢ — 11). 

(8a +5)(2 ¢@—3)—6(@— 2)(@+18)=11. 
(a—2)(3a+5)—(4a+3)=fala+2)4+1. 


us ce eee 
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8. (5n—6)(5n+6) —5(2n—3)?= 5(n+12)(n—1). 
8. 34a—5)?—(6a—1P =74+(2a—9)(6a—11). 
10, (2a—7)?—(6e—2)?4+ 3a(72+5)=—4, 
11. Find two numbers whose difference is 6, and the differ. 
ence of whose squares is 120. 
12. Find two numbers whose sum is 13, and the difference 
ef whose squares is 65. 


13. Divide the number 20 into 2 parts such that the-square 
of one exceeds the square of the other by 40. 

14. Find four consecutive numbers such that the product of 
the first and third shall be less than the product of the second 
and fourth by 9. 

15. Find two consecutive numbers:such that the difference 
of their squares, plus 5 times the greater number, exceeds 4 
times the less number by 27, 

16. Find two consecutive numbers such that the sum of 
their squares exceeds twice the square of the smaller by 251. 

17. One man travels a certain distance in as many hours as 
he travels miles per hour; another man travels the same dis- 
tance in two hours less time by going three miles per hour 
faster. What was the rate and time of the first man? 


EXERCISE 70 
_ Problems about Area 
1. Express the area of each of the following figures, assum- 
ing for each an altitude of 20 inches and a base of 30 inches: 
(a) A rectangle (§ 17). (0) A triangle (§ 17). 
(c) A parallelogram (§ 17). 
2. Express the same areas if the altitude is 2a and the 


base (@— 5). 
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3. Express the same areas if the base is y and the altitude 
exceeds the base by 4. 

4. The side of a square is s inches. 

(a) Express the area of the square 

(b) Express the dimensions of a rectangle if its base is 4 — 
inches more and if its altitude is 3 inches less than the side of 
_ the square. 

(c) Express the area of the rectangle. 

(d) Form an equation expressing the fact that the area of 
the rectangle exceeds the area of the square by 50 square 
inches. 


5. The base of a rectangle exceeds twice its altitude by 
5 inches; the base of a triangle exceeds the base of the rec- 
tangle by 4 inches, and its altitude exceeds the altitude of the 
rectangle by 3 inches. Let a represent the altitude of the 
rectangle. 

(a) Express the dimensions and area of the rectangle. 

(6) Express the dimensions and area of the triangle. 

(©) Form an equation expressing the fact that the area of 
the rectangle exceeds the area of the triangle by 25 square 
inches. 


Equations 


6. The base of a certain rectangle exceeds its altitude by 
8 inches. If the base and altitude are both decreased by 2 
inches, the old area exceeds the new by 386 square inches. 
Find the dimensions of the rectangle. 


7. The base of a rectangle is 9 feet more and the altitude 
is 8 feet less than the side of a square. The area of the rec- 
tangle exceeds the area of the square by 15 square feet. Find 
the dimensions of the rectangle. 


8. A man planned a house whose length exceeded its 
width by 10 feet. He found that it would be too expensive to 
build the house as planned, so he decided to decrease both 
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dimensions 5 feet. He found that this made a difference of 
425 square feet in the area covered by the house. What were 
the original and the new dimensions ? 


9. The main shaft of Washington’s Monument is square 
at the bottom and top. The side of the lower square exceeds 
the side of the upper square by 21 feet. The area of the lower 
' Square exceeds the area of the upper square by 1869 square 
feet. Find the dimensions of the two squares. 


10. A man planned to set out an apple orchard with two 
more trees to each row than he had rows, but found that that 
‘plan left one tree over. He found that if he decreased the 
number of rows by 3, and increased the number of trees per 
row by 5, he used all of his trees. How many trees had he? 


a 
. 


QUADRATIC EQUATIONS SOLVED BY FACTORING 
108. Not all equations are simple or first degree equations. 
(§ 77°) 
Exampie. Find the number whose square exceeds the num- 
ber itself by 5. 


Sotution: 1. Let nm = the number. 

2. Then n? = the square of the number, 
8. and 2 nmt=n+6. 

4, on—n—6= 0. 


5. Factoring: (n—3)(n+2) = 
6. If (n—3) =0, then @- (m + 2) would also equal zero. 
n—8=0, ifn=3. 
7. If (n +2) =0, then (n — 8) - 0 would also equal zero. 
n+2=0, ifn=—2. 
8. These values of n, + 3 and — 2, should satisfy equation 4. 
Cueck: Ifn=8, does ((8)?-8-—6=9-—3-—6=0? Yes. 
 Ifnm=—2, does (— 2)?— (— 2) -6 =44+2-—6=0? Yes. 
9. Moreover, both of these numbers satisfy the conditions of the 
proto: 32is9; 9 exceeds 3 by 6. 
{—2yis4; 4 exceeds — 2 by 6. 
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ary 


109. An equation like n?—n—6=0 is called a Quadratic 
Equation or an Equation of the Second Degree. 


Other examples are: 4”7—9=0, 
_ and oF ema ert 


Notice that the equation has only one unknown; that this unknown 
does not appear in the denominator of any fraction; that it does appear 
with exponent 2; that it may or may not appear with exponent 1. 

Every quadratic equation has two roots, just as the equation 
in § 108. 


110. Solution of Equations by Factoring depends upon the 
following numerical fact. 
If one of the factors of a product is zero, the value of be 
product is also zero. 
Thws,'s'x 0=0; (6) X020; 2K 0X8) 30 kas) SO 
Exampie 1. Solve the equation 4a?-—9= 0. 
Sotution: 1. Factor: (2% —3)(27%+3)=0. 
2. If 24—3=0, then 2Qx2—3)(2%+43)= 
24—-8=0, iff2ce=380rx=+3. 
8. If 24+38=0, then (2Q2—38)(224 38) =0. 
22+3=0, if2%=—83, ora =— 3. 
4. The roots of the equation are + $ and — 3. 
§. Curcx: Does 4(3)?— 9 = 0? 


1 
Does 4-2-9 =0? ie. 9-9=0? Yes, 
8G $)?-9=0? 


Dean yo 9= 0? te9—-9=0? Yes 


Rule. — To solve an ee by factoring: 

1. Transpose all terms to the left member. 

2. Factor the left member completely. 

8. Set each factor equal to zero, and solve the resulting equations. 


4. The roots obtained in step 3, are the roots of the given equation. 
Check by substitution in the given equation. 


we gre 
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Examp.eE 2. Solve the equation me 8, 


6 
Sorurion: 1. Mg:* 2m? —3m=35. 
2. Sg: ° 2m2?—3m— 35 =0. 
8. Factor: _ (2m +7)(m—5) =0. 
4, 2m+7=0 ifm=—} 


m—5=0 ifm=+ 56. 
5. The roots of the equation are + 5 and — j. 
Check by substitution. 


EXERCISE 71 


Solve by factoring the Oe ee ae equations. 
| 71 


1. oF —1224+32=0. . ¢@—5a=—0. 

2. yy —6y= 55. 12. 5¢?— 2c=0. 

3. n?=63 —2n. 13. 8a?—5a—3=0. 
4. m?—18m=— 72. 14. 4p?+ 8p=21. 

5. a? -2144+110=0. 15. 2477+ 2r=35. 
6. ?=2—c 16. 42°=82—3. 

7 @—-7d+6=0. 17 38w=—Iw—l. 
8. v—21=4». 18, Sf4+18t=1. 
9. Im?—4=0. 19. 2—192z41=0. 
10. 362°—25=0. 20. w&+$e+1=0. 


111. A Literal Equation is one in which some or all of the 


known quantities are represented by letters; as, 
20+ a=b2?—10. 


Exampre 1, Find two numbers whose differenc 


whose product is 6 times the square of a. 


Sotution: 1, Let x = the larger number. 
2. Then x —a = the smaller number. 


® For the svmbol Mg see § 42. 


ois, and 
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a 
3. . £(% —a)=6a% 
4,  2—axr—6a?=0. « 
6.  (w—8a)(e+2a)=0. “s 
é. “. ©=8a 0rx =— 2a, the larger number. 
Cuecr: If “x= 8a,then8a—a=2a, the smaller number; 
and 3a-2a does equal 6 a. 
If “2=— 2a, then —2a—a=—8a, the smaller number; and 


—2a-— 8a does equal + 6 a?. 
Each solution is correct, no matter what a may be. 


Thus, if ais5, 8ais15, 2a@is10, and 15 x 10 is 150; 
also 6 - a? = 150. 


e * a 
———————————— ee ETaannnl 


Exampte 2. Solve the equation -- oo 5 


2 
Soxution : 1. a _8cx_ 5p 


2 
2. Mo: a? —8cx—10c?=0. 
8. Factoring: (*~5dc)(x+2c)=0. 
4. ff «—5c=0, thenx=5e. 
6. If x+2c=0, thenz=—2e. 


- Check by substitution. 


@ ow EXERCISE 72 


N Solve the following equations for a: 


Dh aitia! 2 ne 85 g? 0. 9, (9G 4 a aoe 


2 1607-9? =0. 10. 7a?+41ak=62R. 
8. 2423 me+130m’?=0. 11. Z—g7 3% 

2 
4. 2a = Oc. a 
ee \ 12. GaP — 2p. 


5.4 24 Tax+3a?=0. 
6. Te?—10ba+30°=0. 13. P+ 6c= 0, 
% 60° +7cea~=5c2. 

xv? dan 


8. 138e%=tz+142 14. 7g tt =O. 
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* & 
15 be vw Tat £ 
15. 2? — = 48". Niece ae = Sp eS 
‘ \2 eS 10 15 6 
16. 6 2 — ALM _ nd 19. ow Sra _ 117? 
i 5 2 6 3 

8a?- ax, a? 62? Ags 38s? 
1 ° = —_ a oor 
i pe + 5 20 5 5 5 0. 


112. When solving a problem whose solution leads to a 

quadratic equation, two sets of results are obtained. In some 

‘eases, both sets satisfy the conditions of the problem; in other 
cases, only one set satisfies the given conditions. 


Examete 1. Find three consecutive odd numbers such that 
when the product of the first and third is increased by twigs the 
square of the second, the sum equals 23. 


Sotution: 1. Let x = the smallest number. 
2. ».2@ +2 and «+4 are the other two numbers, 
(For example, if 3 is the smallest, 3+ 2 or 5 and 8+ 4 or 7 are the 
other two.) 
3. we (a + 4) + O(a + 2)? = 23. 
02 + Ae + 2(e? +40 4 4) = 23, 
80? + 124+ 8 = 23. 
2.3802 + 12¢%—15=0, orz?+4xe4—5=0, 
* (#@+5)(@—1)=0. 
g=—S5or*%=+1. 
4. Whenx= —5,2+2=—38,andea+4=—1. 
Whenx=+1,*4#+2=3, andv+4=65,. 
The solutions are — 5, — 8, and — 1; and 1, 3, and 5. 
Cuuck : (—5) - (—1) 4+ 2(—3)?=5418=23, 1.542.383? 25418 = =23. 
In this case, both solutions are satisfactory. 


Exampie 2. Determine the base and altitude of a triangle 
when the area is 110 square inches and the base exceeds the 


altitude by 9 inches. 
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ey 
SoLution: 1. Let q@ = the number of inches m the altitude. 
2. - °.a@-+9 = the number of inches in the base. o 


3. oy aa + 9) _ the area. 


2 
ore ous 
2 


a+ 9a— 220=0. at9 
. (a + 20)(a — 11)=0. 
. @ = 11, or — 20. 
4. When a = 11, the base is + 20 and the area is (11 x 20) +2 or 110. 
This satisfies the conditions of the problem. 


When a=— 20, the result can have meaning only if we 
have triangles with negative altitude. In such cases we agree 
to take only the positive solution. 


EXERCISE 73 


i/ Twice the square of a certain number equals the excess 
of 15 over the number. Find the number. 


2. Find three consecutive numbers whose sum is equal to 
the product of the first two. 


. Divide 18 into two parts so that the sum of the squares 
of the parts shall be 170. 


4, Find two numbers whose sum is 7 and the sum of whose 
cubes is 133. 


“5. Determine the base and altitude of a triangle such that 
the area shall be 15 square feet and the altitude shall be 7 feet 
less than the base. 


6. Central Park in New York covers an area of about 800 
acres, Its length exceeds its width by 2 miles. Find the 
dimensions of the park. (A square mile contains 640 acres.) 


J 7, A merchant sold goods for $18.75 and lost as many per 
cent as the goods cost dollars. What was the cost ? 


tn a: Nel 


o 
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8. The length of a certain rectangular farm is three 
times.its width If its length should be increased by 20 rods, 
and its width by 8 rods, its area would be trebled. Of how 
many square rods does the farm consist ? 


9. The standard size city lot in parts of Chicago is five 
times as long as it is wide. The lots in parts of Indianapolis 
are 10 feet wider and 5 feet longer than those in Chicago. 
Three times the area of a Chicago lot exceeds twice the area of 
an Indianapolis lot by 275 square feet. Jind the dimensions 
of the lots in both cities. 


19. An architect who has made plans for a house with a 
base 30 x 42 feet finds that he must reduce the size By what 
equal amount must he reduce the two dimensions of the house 
in order to make the area of the new base 925 square feet ? 


10,@ SESS COMMON FACTOR AND LOWEST 
COMMON MULTIPLE 


113. A monomial is said to be Rational and Integral when 
it is either an arithmetical number, or a single literal number 
with unity for its exponent, or the product of two or more 
such numbers. 

Thus, 38, a, 2 abc? are rational and integral. 


114. The Degree of a rational and integral monomial is the 
sum of the exponents of its literal factors. 


Thus, @4bc3 is of the eighth degree. 


115. A polynomial is said to be rational and integral when 
each term is rational and integral; as, 2a’> —3¢+4 d?. 

The degree of a rational and integral polynomial is the 
degree of its term of highest degree. 

Thus, 2 a2b — 3c + d? is of the third degree. 


116. Recall the definition of prime factor of an expression 
(§ 87), and common factor (§ 11) of two or more expressions. 
Ww Thus the prime factors of : 
(a) 6 m2(22 — 1) are 2, 8, m, m, («—1), and (1 + 1. 
(0) 9m3(as — 1) are 3, 8, m, m, m, (@ — 1), and (c? +4 41). 
Common factors of (a) and (b) are 3, m, m, and (#—1). 


' EXERCISE 74 


Select the common factors in the following sets ee ex- 
pressions: 
1. 5+ mn*(e +1). 
3-5. mn(a— 1). 
2 2-3-3. ya 4+ 4)(a -- 8). 
2-2.3-at. ya +4), 
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3. me -7.8?(% + 3)("— 2)(@ —1). 
3°7-5-27-s(a@—3)(e@—2)(4—1). 
4. 6-7 eee | ee 
6-7-7 - mn (a+ a)(e+a). 
5. 3-5-7-2-11. 
2-2-3-5.-13, 
6. 3-7-5-2.2-2, 
2-2-7-11. 


117. The Highest Common Factor (H.C.F.) of two or more 
rational and integral expressions is. the expression of highest 
degree (§ 114), with greatest numerical coefficient, which will 

divide each of them without a remainder. 


Exampie. Find the H.C. F. of 
5 mn? (@ —1)(@+ 2) and 15 min (@ +1)(x +4 2). 

So.tution: 1. The greatest integer which will divide both expressions 
is 5. 

2. The highest power of m which will divide both is m8, 

The highest power of n which will divide both is n. 

The highest power of (x + 2) which will divide both is (# + 2). 

Neither («— 1) nor (x + 1) will divide both expressions. 

3. "+. The H.C. F. is 5 m3n(a + 2). 

Cueck : 5 m3n?(a —1)(@ + 2)+5 m8n(a@4+ 2) = n(a —1). 

15 min(x +1) (a + 2) + 5 m3n(~@ +2) =3m(x+ 1). 

Rule. — To find the H. C. F. of two or more expressions: 

1. Find all of the prime factors of each expression. 

2. Select the factors commen to all of the given expressions, and 
give each the lowest exponent it has in any of the expressions. 

3. Form the product of the common factors selected in step 2. 


Exampte. Find the H.C F. of 68(m+n)?(m—n)! and 
85(m +n)? (m —n). 
Sorution: 1. 68(m + n)2(m—n)*4=2-2-17+(m +n)?(m— n)4. 
85(m + n)8(m — n) = 5-17+-(m+n)3(m— n). 
2. ... The H.C. F.=17(m+ n)2(m— n). 


ne ui 
156 > +>" aOR \V 
7 bee pe 
EXERCISE 75 a 
Find the highest common factor of : 


_1- 16 and 56. 6. 14 a*y, 21 wy’, and 35 xy”, 
2. 64a and 960. 7-15 mn’, 45 m*n4, and 25 mn? 
3. 72a and 27 ay. + 8. 12 a, 18 ay’, and 24 ay. 
4, 5a‘b? and 2 a’b. 9. 16 mn’, 56 mn‘, and 88 min. 
5.20 a’y and 15 ay’. 107718 rs, 27 78, ai 45 Be 


lh (a+6)(a—5b) and 2a(a+0). . : 
12. 3e(e+y)(e—y) and 2(@+y)(@—y) +9’). 
13. (a+1)?(e«—38) and (@@+1)?(@+ 2), - | 

14. (r+s)%(r—s) and (r+s)?(r —s)%, 

_y 15. 8@—2y)(w@+2y) and 6(a—2 y)*, 
16. 2a°x+4 a’2?+ 2 aa° and 3 a‘x+3 aa. 


Soxution: 1. 2 a8% + 40%? + 2 ax? = 2 ax(a? + 2ax + 2) 
=2aa(a+%x)(a+2). 
3 atc + 3 axt = 3 ax(a? + 23) 
=8ar(a+)(a? — ax + 2%). 
2. The H.C.F.=a@-%-(a@+%) =ar(a+2). 


17. a— DOO a cara 
ol eae am a? — eas. and a! — -8 2+ 16. 
19. Cpe 7r+6 and 6— tir+3. ) 
20. «— 27 and #’?—11a#+4 24. 
21m — 8 m2 and m?-+2m +4. 
22. 6 ab? —15 a’b' and 12 a‘b + 21 a%*. 
238. 3 a'+192 and a?—Ta— 44. 
\ 24. 302-16 ay +5? and «2 +10 cy —75 y*. 
“25. 27 a +808, 9a?@— 40%, and 9a? 4+12ab+4B% 
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LOWEST COMMON MULTIPLE 


118. A Multiple of a number is any number which contains 
- the given number as an exact divisor. Thus: 

(a) Some multiples of 8 are 6, 9, 12, and 380. 

(6) Some multiples of (# + y) are 2(a + y) and (x + y)(x —y). 


119. One number may be a BSI: of two or more different 
numbers ‘Thus: 

(@) 24 is a multiple of 2, 3, 4, 6, 8, and of 12. 

(6) 5a?bc is a multiple of 5, a, b, c, and of a. 

(c) 36 ma + y)(#— y) isa multiple of 3, m, (x + y), and of (a — y). 

A Common Multiple of two or more numbers is a multiple of 
each of them; it can be divided exactly by each of them. 


120. In arithmetic, it is necessary at times to find the 
smallest number which is a common multiple of two or more 
numbers. Thus, 30, 45, and 60 are all common multiples of 
3 and 5; but the lowest common multiple of 3 and 5 is 15. 

Similar necessity arises in algebra. 


121. The Lowest Common Multiple of two or more rational 
and integral expressions is the expression of lowest degree 
(§ 114), with least. numerical coefficient, which can be exactly 
divided by each of them. 


Exampre. Find the L. 0. M. of 5 a°t' and 7 ab. 
Sotution: 1. The least number which will contain both 5 and 7 is 35, 
2. The lowest power of a which will contain both a@§ and a? is’a®. 
8. The lowest power of 6 which will contain both b? and bt is bf. 
4. The L. C. M..is 35 a504. 
Cuxcx: Does 35 a5b4 contain each of the given numbers? 
35 a5dt + 5 a5? = 70; 35 a5d* +7 a2bt = 5 a’. 


Rule. —To find the L.C. M. of two or more expressions: 
1. Find the prime factors of each of the expressions. 
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2. Select all of the different prime factors faa give to each the 
highest exponent with which it occurs in any of the expressions. ) 
8. Form the product of all of the factors selected in step 2. 


Exampte Find the L C.M. of 25a’b(a+b)(a— 6b) and 
15 a’b* (a + b)?(a — 0)? 
Sotution: 1. 25 a2b(a + b)8(a — b) = 8. a?b(a + b)8(a — Bb). 
15,a8b4(a + b)2(a — b)? = 38 - 5 a®dt(a + b)?(a — B)% 
2. 8 occurs with 1 as its highest exponent. 
5 occurs with 2 as its highest exponent. 
a occurs with 3 as its highest exponent. 
b occurs with 4 as its highest exponent. 
(a + b) occurs with 3 as its highest exponent. | 
(a — b) occurs with 8 as its highest exponent. | 
8. The L. C} M. = 3 - 52 a8b4(a + b)8(a — b)3, 
Cuecx : Does the L. C. M. contain each of the expressions ? 
75 a3b4(a + b)8(a — b)8 + 25 a2b(a + b)3(a — 6) = 8 ab3(a — B)?. 
75 a®b*(a + b)8(a — b)8 = 15 ad*(a + 0)?2(a — b)8= (a + B). 


EXERCISE 76 


Find the L. C. M. of the following and obtain the quotient 
when the L. C. M. is divided by each of the numbers: 


oto and... 3. 24 and 30. 5. 15, 21, and 33. 
2. 12 and 20. 4. 12 and 54. 6. 20, 27, and 90. 
7 3aband 7 a%, 12. 15 ay, 30 ay; and 60 ay’, 
a) Be T2 ay? and 48 xy. 13. 5 rm?, 15 rm’, and 21 7r'm. 
* 9. 12 m® and 15 mn?. 14. 24 pt, 32 pr, and 12 p> 
10 24 a°d* and 16 a7b* 15. 32 wv, 16 wv’, and 64 w'. 
11. 14 rts? and 35 7s°, 16. 44 vy, 33 yz, and 12 az. 


17. (a+ b)(a—6) and (a + b)* 
18. 2a(m-+a) and 6 a®(m + a)(m—a). 
19. (%+3)(@— 2) and (w#—2)(~—8). 
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x20. _3(r + 8)(r — 8) and 2(r + s)(r — #). 
i “(a — 4) (a — 8) and (a—4)(a—5). 
22. (1—2)’, (1—«#)1 +42), and (1 —2)% 
23. (2—32)’, 82—382)(24+3 2), and (24+32)% 
24. (2 —2)(3 — x), (8—«)(4 — 2), and (4—2)(2—2). 
25. 4a?—4m?, 62+6m, and 322—3 m’. 
Soxurion: 1. 4x2 — 4m? = 4(a? — m?) = 4(«@ — m) (x +m). 
62+6m = 6(x +m). 
8 848 — 3 m3 = 3(a8—m®) =3 (a—m) (2? + ma +m). 
2. The L.C.M. = 12(” — m) (x + m) (a? + max + m?). 
& L.C. M. + 4(@ —m)(#@+m)=38(a? + mx + m?). 
; L. C. M. + 6(% + m) = 2(% — m) (a? + ma + m*). 
a ie ee A ake o> 
(26. 7?—16 and 7?+ 117 + 28. 
27. a + 2ax-+ a and a? + 2. 
28. 8a*y—y and 22 az —9 az —z. 
29. b? —12b+4 35, b?+ 2b — 63, and 6? — 3 b — 108. 
30: 42?— 25 and 4a?— 2024 25. 
31. 3m’—6 m— 72,4 m? + 8 m — 192, and 2 m?— 24 m 4-72. 
32. 9n?—27n+8 and 3 n?—2n— 16. 
33. 14+ 27a% and 1—5a— 242" 
34. a? +a2—42 and a—x—30. 


35. a®—a and a —9a’?— 10a. 


X. FRACTIONS 


122. The quotient of a divided by } is written + The 


expression ; is called a Fraction; the dividend, a, is called the 


Numerator, and the divisor, b, is called the Denominator The 
numerator:and denominator are called the Terms of the frac- 


tion. ‘ is read “a divided by 0.” The denominator, b, must 
never be zero (§ 64). 


REDUCTION OF FRACTIONS TO LOWEST TERMS 


123. A fraction is said to be in its Lowest Terms when its 


numerator and denominator have no common factor except 


unity. Thus: 


(a) 3 a at + ¥ are in their lowest terms. 
8 b x—y 
2 2 
(6) a a aoe are not in their lowest terms. 
124. To reduce a fraction to lowest terms, a principle, easily 
illustrated by arithmetical fractions, is used. 


If, in the fraction 4+, both terms be divided by 4, a new fraction$ is — 


obtained. But, since 4#—= 8, and § =3, therefore 24=§. The value of 
the fraction is not changed ; its form is changed. 


Rule. —If the numerator and denominator of a ‘fraction are both 
divided by the same number, the value of the fraction is not changed. 


24 a®bic | 
40 a®b*c 
24 a®b?c 23.3. a3 - b? «¢ 
40 a2b2c 28.5. qg2. Bec 
2. Divide both numerator and denominator successively by their com- 
mon factors, 2%, a2, 62, and c. 


ExAmpPte 1. Reduce to lowest terms 


Soxution: 1, 


160 
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1 @atiui 
24 a3b2c_ 2.8. g*.B%-c¢ 8a 
40a%b?c 2%-5-a®.B%-g «+6 
: 1 


Then, 


Notr1. Dividing by all of the common factors is equivalent to dividing 
both numerator and denominator by their highest common factor. 

Note 2. The process of removing a common factor from numerator and 
denominator of a fraction is called cancellation. It depends upon the rule in 
§ 124. 

Note 3. It is wise to write the quotients 1, a, etc., as they are obtained. 


2Tat+ 6403 
9a? + 24ab + 1682 


27a? +6408 ~ _ (8a-+46)(9a2— 124d + 16%) | 


Exampie 2. Reduce to lowest terms 


SoLurion: 


9a? +24ab +160? — (80+46) (3a +45) 
1 
_9a? — 12ab + 160? 
(8a+4b) 


Here, the numerator and denominator are both divided by (8a + 4b). 


CuEeckK:; These examples may be checked by substitution. It is im- 
portant to remember that the original fraction and the simplified result 
are equal for all values of the literal numbers except such as make the 
denominator zero. (§ 122.) 

Rule. — To reduce'a fraction to lowest terms: 

1. Express numerator and denominator in terms of their prime 


_ factors. 
2. Divide both numerator and denominator by all of their common 


factors, i.e. by their H.C. F. 


125. Errors in Reducing Fractions. One common error occurs 

in reducing fractions such as 
) 8 mn2(x + y) _ San? (2A) , 
8 mn? (a+ y) Sen? (s+7) 

Pupils sometimes think that the result is 0, because all 
factors have been cancelled. If, as suggested, the quotients 
are indicated, this danger will be avoided; thus, 

Lely 1 


3 mn* (x+y) _ Smt (2+F) 11 Ang, 
3 mn? (a + y) | Bat BAD) 1 


ral 


fr 
Ni 
yo \ ab A 1 
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‘Another, and more common, error is illustrated in the fol- 
lowing faulty solution: 


11 
2b 24.2 6 oe 


Test it for a = 2, b=2; 


The error is in dividing one part of the numerator by a and 
another part of it by b. Neither a nor 0 is a factor of the nu- 
merator. They cannot be canceled in this problem. The frac. 
tion is already in its lowest terms. 


EXERCISE 77 
Reduce the following fractions to their lowest terms: 


ee 5, Dat 5, AS 
15] - " 3ays * 63r%s%! 
2. 24, A 12 m’n? | 6 65 at y*e | 
36 * 42 mind * AO aye - 
"7. 3 ab?c (a+ y) , 14. 2 0?—2y* 
2 abe(a+ y) 5e—57? 


g, 12(¢-3)(a+8), 15, _3.4m'— Ban? 


4(a+3) " 3m? +6mn+3n> 

9 18(2r—s)(r+s) 46 act+b? 4 
* 92r—s)\(r+s)? “ ~—~, @e—2adbde—3b% 

= he a KD ae 

yo, ST a+10, Be, Bat 12 
av+4a—5 | 2ae?+axr—lda 

1, Mam 56 : a> M@a=me— Wm, 
am? — m — 42 7” “Sig? 2-8 ots 
(s.) a?—9e+18 — 19. 1674+ 4741) 

327° +3%— 386 . 647-1 
13. a? —11 ab + 288?' 20 a®—8a?+12a: 


a@—140b+490° * Ba®—60a+ 180 


me Al ; 
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J 

ee oe o4, £m +16 mn+15 ni 

aa —2Zary + ay? "6m? —mn—15 nr? 
92. v= 64 15 aty +10 ay? 
~~ a@m—16m 6 aby! 440%” 

23. a Soak 6. Ran dete Sah 

x +2 ay? + y4 


(a@’—4)(a—1) 


126. Signs in Fractions. A fraction is an indicated quotient. 


‘Its sign is governed by the law of signs for division (§ 67) 


Thus: 
1. te=+8. 8 =ea-8 
g, £128, 4, =H a+3, 
From 1 and 2, it is clear that 
$12__ 412 


ee Sa 
From 1 and 38, it is clear that rsince + 3 =—(— 3). 


ede. ede 
+4 ae Ee 


Rule: »—If the sign of one term of a fraction is changed, the sign 
of the whole fraction must be changed. 


From 1 and 4, it is clear that 
gee te =, since both equal + 3. 


Rule. — It the signs of both terms of a fraction are changed, the 
sign of the fraction must not be changed. 
Changing the signs of an expression is accomplished by 


multiplying it by —1. 
Exampte 1. Reduce to lowest terms: 
et ae OE lee: 
12 +22—22° 


ae fs . 2 


So.utTrion: Multiply the numerator by — 1, thus changing its signs ; 


also change the sign of the fraction. 


ee eg 
m—Tm+12  ° m@—T7Tm+12 
1 
— (m=-3)(m + 3) _ (m +38), 
Se 2) (m — 4) 


EXERCISE 78 


Reduce to lowest terms: 
4? — x 


i= 

2a°—T xy + 6y? ; 

382—37 a 
Ce * + ay — Bah it) - 

S i8 | . 

sre ice fe 

3m? — 3 n? 9 

> n+ 4 mn — bmi — ; 

w+ a—6 
15 + 2e—a% — en 


Nonna 
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Sotution: Multiply the denominator of the given fraction by — 1, 
thus changing its signs ; also, change the sign of the fraction. 
: 1 
e2—9 = xt — 9 fel 8) ee oe 
WW+22-2e2 2e2—-2e—12 2(%—8) (a + 2) 2(@ +2) 
1 
2— 9 1—9 — 8 
; sot), Then = i= 
Cuecx. Leta =1 en Deo wt eae ae 
+3 143 4 2 
af Ese RN Lh, Dk  eeae at MN ne Fe eae eh 
irre 2(a + 2) 2(1 + 2) 6 8 
The value of « selected must not make any denominator’zero (§ 64). 
Exampur 2, Reduce to lowest terms: pers 
__ Y-—m ; 
He (Ci ee 1 


== ai =O 
= 9: 
a” — 16_ 
64 — 8 — 
ar? — as? —~ 


2a? +4ars —6ar 
8F—6eid+3 eR 


507-5 


18 ma? — 8 my? 
24 ny? — 81 noe — 


Pe ee 
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TO REDUCE A FRACTION TO AN INTEGRAL OR MIXED 
EXPRESSION 


127. An Integral Expression is an Sea which has no 
fractional literal part; as, a? — 2 ab + 0’, or 2 ab?. 
An integral expression may be considered a fraction whose 


denominator is 1; thus, a + 0 is the same as a+’, 


128. A Mixed Exptession is an expression which has both 


integral and fractional literal par as, a +2 or & Pay yess 
—2 


Rule. — A fraction may be changed to an integral or mixed expres- 
sion by performing the indicated division. 


Exampre 1. Reduce cet ee? to a mixed expression. 
Soxiution: Using the method of short division (§ 70), 
6x? + 162-2 _ 6 B24 =? oan45-2. Ans. 
3a 3x 3% 
— 2 _— * 
Exampie 2. Reduce beet to a mixed ex- 
pression qj 
So.ution: Using the method of long division (§ 71), 
3a—2 
422+ 3/1203 —82? 4+ 42— 
12 23 + 9% 
—822?—5a—5 
— 82 —6 
—5x+1 
-, 1228 — St +4e—5 gy —52+1), 
(40743 rigs 40248 
54-1 
= —2— . 
ye acer sere: 


The first term of the numerator of the fraction in the result is negative. 
Change the signs in the numerator by multiplying the numerator by — 1. 
and also change the sign of the fraction. See § 126. 
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EXERCISE 79 
Reduce the following to mixed expressions: 
1, 325, 2. 24. 3. 253, 4. 4350, 


12 a@?—16a+7 7. 15 p?+12p—4 
ey er 3p 
6 15 m’—6m?+3m—8, 8 302° + 5at—152°—T, 
: 3m ¢ 5 2? 
4 
9, I~ +5, 11. a+ 29 13. af + yf 
3y—1 x—y u—y 
3 
10) S228, io, Gass 14, Vbwy+ by 
2p+3 a—20b a—2y 
15 12¢0+5a+5 oe tsa t. 


fb. 


so ss —2a—3 


TO REDUCE FRACTIONS TO THEIR LOWEST COMMON 
DENOMINATOR 


129. In arithmetic, fractions having a common denominator 
may be added or subtracted without difficulty. Thus: 
@) +h8=H (0) ¥— Ts = ¥ 
Fractions which do not have the same denominator must be 
changed to equal fractions having a common denominator 
@) wtiak+ =p ford=¥. 
In algebra, also, fractions which do not have a common de- 


nominator must be changed to a common denominator before 
they can be added or subtracted. 


130. To change fractions to a common denominator, a prin- 
ciple,-easily illustrated arithmetically, is used. 


If both terms of the fraction § are multiplied by 4, the result 1s 24. 
= 44 since both equal 2. 


The value of the fraction is not changed ; its form only is changed. 
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Rule. — If the numerator and denominator of a fraction are both 
multiplied by the same number, the value of the fraction is not 
changed. 


131. Two fractions which have the same value but different 
form are called Equivalent Fractions. 


Thus, ; and ae are equivalent fractions; they differ in form, but 
m 


have thé same value, since the second is obtained by multiplying both 
terms of the first by m. ® ‘ 


132. The Lowest Common Denominator (L C.D.) of two or 
more fractions is the lowest common multiple of their denom- 


~ inators 


ExAMPLE 1. Reduce to their lowest common denominator 


ssn nth and ou 
2 ab? 3 ab 
Sotution: 1. The L.C. M. of 2 ab? and 3 30 is 6 a3b2. (§ 121) 
_ 2. To change the denominator 2 ab? into 6 a%b2, we must multiply 2 ab? 
by 3 a2, that is by 6 a8b? + 2 ab2. In order not to change the value of the 
fraction, the numerator 3 ma must also be multiplied by 3 a2. 
Smuz_ 302-3 ma? _ 9 a®max 
=————__ = : 130 
ee 2ab? Ba?-2ab® 6 ab? eu 
8. For the second fraction, 6 a°b2 + 3a3b =26. Multiply both nu- 
merator and denominator by 2 b. 
5ny _2b-5ny _ 10 dny, 
8a8b 2b-3a8b 6%)? 


Then, (§ 180) 
Rule. — To reduce fractions to their lowest common denominator: 
1. Find the prime factors of the denominators. 
2. Find the L.C.M. of the given denominators; this is the L.C. D. 
8. For each fraction, divide the L. C. D. by the given denominator ; 
multiply both numerator and denominator by the quotient. 


Examptt 2. Reduce to their lowest common denominator: 


PA iy Os 
a? — 4 @—5a+6 


168 vee 
LOiw odin Deane 
Soturion: 1. a@—4 (a—2)(a+2) 
3a 38a 


ps a@—6a+6 (a@—2)(a—8) 


8. The L. C.D. is (a + 2)(a—2)(a—8). 
4. L.C.D. + (a— 2)(@4+ 2) =a—8. 

: 4a i 

" @=2)(442)~ 
6. L.C. D. +(a—2)(a—8) = (a + 2). 

3 8a 8a(a+2 

"* G@—2)(@—8) (a—2)(a+2)(a—8) 


4a(a—38 


(a—2)(a+2)(a—8) 


Cuecx: The final fractions in steps 4 and 5 may be changed into the 


original fractions by cancellation. 


EXERCISE 80 


Reduce the following to equivalent fractions 
lowest common denominator: 


having their 


/ 2. 8s f 1, ae 
Ne 1. 35 3% ee: men’? 3 mn 5 mn? 
% 2. 3; Ts} ao 10 1s ° es yd ° 

y , 8a, 5B, * 2 mn’ 3 mn 5 mn8 

ee CIE 2a—5e, 4a+3b_ 
. oe ano) waa 
\ 4 4¢, 2y, 3% z “i 
; LNs . s? 3 ; 9° 12. 3a—42, 6a -5e. 
. 5. omn T mp, 3 np, 2 
go Pe ee eg 93, 0202) aoe 
3 : a=b? a+td 
nt 
a ae 3, a. ae : Soa 
‘ee « S 4a@—9 6@—9a 
20 3y 5 
1 ee pete at pee 
RE | lata e+ oy’ x— Qy 
3, tee yas. — 22 oo 


— Hed’ Vent 


tw 
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2 aw? a+b. a—b 
17. =; So > a e “2 
: 2—62+8 x16 Y a@—2ab’ ad+o 
Bi Poe 3 ies, eal 
18. ——-; ———__-_————_> pee Ste 5 ate ey 
n—8’ n?—4n+4 ey é+-l a=] ot 


a+s5_, Ge oo 
@—a—6’ a+7a+10 
_ _a+30 a—3b 
@—Tab+120” @—ab- 12 
23. Stes See Cag) Ios 
w—2Qay+y? (a+b)(a—y) 
e+y ek ae 
ee QTY” 294? 
a+2_, a—3., a1 i 
a+2a—3' a — Se ea 6 
5 Hang A+ mH NA CA heel Wry 
ADDITION AND SUBTRACTION OF FRACTIONS) 


21. ° 


. 22. 


25. 


133. Exampie 1. Perform the indicated addition: 
4a+31—60% 
4a’°b - 6ab8 
Soxtution: 1. The fractions cannot be added because they do not 
have acommon denominator. By the methods of § 132, change the two 
fractions to equivalent fractions having their lowest common denominator, 
2. ‘The L. C. D. = 12 a?b?. Multiply the terms of the first fraction by 
12 0768 + 4 ab, or 3 b?; and the terms of the second fraction by 12 ab 
+ 6ab3, or2a. Then, 
3 4a+3 1-60? _ 30° x (4443), 2ax (—66?) 
* 44% 6 ab? 3 62 x 4a 2a x (6 ab’) 
— (12 ab? + 9b) sae (2 a — 12 ab?) 
12 a?b8 12 a?b8 
_ (12 ab? + 9b?) + (2a — 12 ab?) i 
Hi 12 ab | S 
_ 12 ab? + 9b? 4+2a—12 ab? 
a 12 a7b8 - 
_9b2+2a * 


Vv 12 a2b8 
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Cueck: Leta=1;b=1. 


4a4+3 eh 1--60?_~5 Jig (—5) _ 

4a*> 4° oe rey 6 
9b24+2u4_9+4+2_ 11 
12a’b? ~—S ‘12 12 


= 


also, 


Rule. — To add or subtract fractions: 


1. Reduce them, if necessary, to equivalent fractions having their 
lowest common denominator. 


2. For the numerator of the result, combine the numerators of the 
resulting fractions, in parentheses, preceding each by the sign of its 
fraction. 

8. For the denominator of the result, write the L.C. D. 


4. Simplify the numerator by removing parentheses and combin- 
ing like terms. 


5. Reduce the result to lowest terms. 


EXAMPLE 2. Simplify a eee 


14 
Sotution: 1. D&@=4¥_Te—2y_T(5e%—4y)_ 3(Ta—2y) 
6 14 42 42 
2. —6e—4y) —87 4 —2y 
42 
8 — 35a — Bye + by 
42 
4, — 4%—2y 
42 
5. . 2 2(e—1ly)_Te-Ny 


42 ; 21 
Cneck. Letw=1; y=1. 

6 6 6’ 14 ia a Gd ee 
also, T@—-ly_ 7-11 —4 


abe Gere VO 
a1 31 I e solution is correct. 


Note. In the first step of the solution, the numerator and denominator 
of the first fraction are multiplied by 7, and of the second fraction, by 3. 
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EXERCISE 81. 


Perform the indicated additions and subtractions; 


5 248 .) 7aa8 Sat8 
as Se 
17. seat ee 
19. frase, Ort be Sree or— Ws, 
oo, 8t—2%_Ti= 8a, 9t+4e 10047, 


4 ur G 8 9 


WD) ogo oe ALGEBRA 


4 3 5 ‘ a aor te. 
21. harris se 2m? mn 5n? 
9 3 5at+1, 38a—2 
DAC Ey ae 27. “5 
22 ot ay 6 2a 
Seine s )W2+3y_ Se45y, 
EE NS ed (28, 2 wy ary? 
aa rat, Wate Be 
24. Ea i 29. xy ne 2 yz i 3 2x 
aay ee 2G =, 20 =e. ae ee 
25. aes OFT - ab 28 be ni ca 
1 1 
31. ———_ —-——-- 
e+e we 
1 1 espe or oa 
Soxvtion: 1. e+e 2-2 xa+]) %(%—1) 
‘ ee ED) ee eee 
: a(%+1)(2—1) ae+1)@—1)- 
: Sy 2A ECS) 
8. x(x +1) (%—1) 
ue an 
4 ~ #(@ + 1)(2—1) 
6. ea ea) 


~ e(a2—1) 2(1—2%) 
Notice that in line 2, the L.C.D. is x(x-+1)(2—1); that the numerator 
and denominator of the first fraction are multiplied by (x—1), and of the 


second fraction by (x-+ 1); that parentheses are used in lines 2. and 3; that 
‘in line 5, the signs of both numerator and denominator are changed. Check 


by substitution. 


33, note oe es 1 ee Or 
Pm Ta—98 @a43d? 
Sénurion: 1, =O 2 a? 
4a?—9b2? (2a+ 3b)? 


. a+b a a—b 
(2a—3b6)Qa+8b) (2a+36)(2a+386) 
Bee (a+b)(2a4+36b) (a —b)(2a—86 


@a—3d)2a+3d)@at 3b) (2a—8b)(2a+8b)(2a+3b) 


FRACTIONS 


4, — (202+ Bab +30%)—(2a?— 50h 436% 


@a—8b)(2a+3b)(2a+3b) 


6. 


_2a2+5ab+ 3b? 


—2a2+ 5ab—3802 


[. AQa—8d)(2a+3b)@a+8d)— 


ye 10 ab 
~ @a=8b)2a+8d 


CuEck: Letsa- =A, =. 


a 


4a?— 


~ also, 


2 


aby 


+b 
90? 


( 
- 10 ab 


(2a—38b)(2a+8 


2a+3b)2 


)@a+3b) 


Cb 20 
25. ~~ 
105 wae 

(2—8)(5)2 


bi 10 
b)2 


PE ae, 


173s 


Notice that the indicated products in step 3 in the numerator are found 
and inclosed in parentheses in step 4. All of this solution should be done 


mentally. 
ee i ha 2—a@ 2+¢ 
‘ 4 —— ial 
oS ag Re a ae ees 
Lr . ; 4? = _2p— i 
34, . 42. 
ee oats —3 4p?—1 ye 
35. pee 43h es - ey 
5m—-2 2m+3 ,2a+bdb 8a'+h3 
3b 5b. Ya+3_ 427 
36. i See a4, 
i. 38a—4 5a+6 A g=8 P= 27 
We 8 Qa p@+2<2—2 16 
eg Ow gape eee 2 16 
Coe. fs 8 ees 1 Za 
saa Ry Sa 3 y a+b a—b a? — b? 
A gs ae 2 1 Lena oS & ar 
ey 38a—T. ~6a+15 a a—x a@—2# a—2 
40. ‘Shy ee AB. m+n m—n_ 4mn 
~ 4p—6 15p—12 ~ m—n mtn m—n 
VA 2 2 5 
‘ea w@—5a+6 2#+22-—15 
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ati __a—4 a+3 : 
oo FE Te eo dae eas 
pi 3at2 a+3 (hee e 


6e=2a—1 3se+tia-+2  F@+3a—2 


Cy Soe aes ~——" —: 
—-P—6ar+9a r+4ar—21¢? 


53/2 e+2  2%e—1 i ee x—3 
v?+4a¢+3  g+e—6 e@—a2—2 


af a a—A4 
4V. pe eS ———_« 
Be a+1 ge aaa 
55. Simplify — —— ae ae SF 


Sotution: 1. Notice that 6? — a? is not in the same orderas a — 0. 
Change the signs of the denominator and also. the sign of the fraction ~ 
(§ 126) 


8 42b+a_ 3 a+2b 


=> 


“@=6 Pog 4¢—b Gow 


8. =o oo See be 
a—)) G@=tj@so) 
4. —3(a + b) — (a+ 26) 
(a — b)(a+ b) 
6 —38a+38b-—a—2b 
(a—b)(a +b) 
6. —2a+0d, 
~ 2 — BF 
Check by substitution. 
Sse. 2 3a a a 
" @—9 tz25 5p, ieee eee 
1 1 Sie ‘ 6 
-67. -— 60.) eee. Tess, 
y? — xy a — ey (8 CrP Loe we—1 
Re (ee 20-5. Patent Mina 3 Samer te 


32—6 8—4% J r+2 2—r P-4 
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62. no eS 61. ee 

Oe cat ays ee 

64 1343-3 69 a—b— 
ee eS 
66. aay te nt rte 28. 


MULTIPLICATION OF FRACTIONS 


134. In arithmetic, the product of two fractions is the 
product. of their numerators divided by the product of their 
denominators Thus, 3 x = 5. 

‘ In algebra, the same rule is followed. 


5a 4 a? 


Examere 1. Multiply 5 ae = bees ibe 


5 5a. 4 x2 i os 
Sotvution: 1. 
ee 2x 15 @? ~ 30 ae 
2. Reduce to lowest terms: 


30 a2x eae 3a 


It is customary to aii the common factors in step 1 as in 


the following example. 
a re 2a—3 ov —4a, 


Exampre 2. Simplify 


16s a4 
2+9a—8 a= Ga 
1 ppp Aaa on Be ga 
SoxLvTion: a6 fe 


— (@+38)(@-T) , a(a-4 
mie Dae (@+ i a 
1 
tne ee ee Se 2 
~(@+4)(at+1) a@+5a+4 
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Cueck: Let a = 2. 


~@4+2a—-8_ 444-38 _ 6 _-5) 4g —5 —4_ +20 
Gai £16 a 18" 1 3 36 
SR A Marl le. nee 
Geol 4s 1 a8 9 
gnse i-6 lO 


seo, Pvbed 441014 1eg) 


Notice that the factors (a — 1) of the first numerator and of the second 


denominator are each divided by (a — 1), or, are cancelled ; similarly the 
factors (a — 4) of the first denominator and the second numerator. 


Rule. — To find the product of two or more fractions: 


1. Find all of the prime factors of the numerators and denomina- | 


tors. 
2. Divide out (cancel) factors common to a numerator and a denom- 
inator. a 

8. Multiply the remaining factors of the numerators for the nu- 
merator of the product, and of the denominators for the denominator 
of the product. 


a) EXERCISE 82 

Find the following indicated products : 

y 2210. 6 5a’ be | 6 ca, 

Pe sia 20.9 ; "2a 3ba? 5B 

aie Geld 7 4a 15o D1 
a Raha © eae g "98 Te 10a 

a, Bao , Say? 9, Zi my? - 80m  Tatyt 
15a’y 2ab 20 m*x =14a7%y3 18 n8 

4, Sam? 2508 | 9 wa | 2et2u 
200? 3.a*m? e+ 2ax+ a? 3a 

5. 5a 6b. SiO eS 4m’?—1 _m+4m_ 
4b 10c 12a C7 m§—16m 2m+1 


1.) Ot 28 88 2a a 


6a @+7(a—8) 


fn 


ax ag 


— jt ER E yw 
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we. Pt4p—45 | 3pr—37. 
4 pr —-20r p?— 81 


i Sid's _ 2a — 4a 
at — 8a° +120? a? — 36 


wo a —2e+4 
e+s8 “e+ 2e+a— 


13) 
14. 
5. xy? — yP ei tienes Beat 2a 


x + ay xv —2ay+y? 
2e+5a+2 20—8a_ 
2¢7+a—6 60+3¢@ 

“67 — rs — 2 $* Oe oee tose 
1277? +57rs —23? 477 — 3? 


1&0 


17” 


Capp 5m +10, 3sm—9 | 8m—2 


8m—4 *410m+5 i or mae pe 
yt — of v4 ay — 27° - Seay, 


2e2+4+2y° “43 ay +24? ene: Qay+y 
(a9) 2 = 2 4g4+12¢4+9 42-6 
"dat —9 8a? +122418 6a +5ae—6 
4 2 2 
91. m* —1 4m? — 3) J 4m +37. 


167-9 2+? we 
Wieser elo iicley. Whe eal 10a?—10a . 


4ac—1 5a 4a@—2a—2 
(Se og NNN le te We EE 
2ea—4 w—axe-—-2 a+u—2 
Ca ie eee Oe 6a+6a 
 @+2an+ 2? Sea 5a + bao toe 


25. m+n n—m . (mn OES OS rad 


m—n® n+m [(m—n)’?+ mn] 


22. 


23. 


ie us ey 
f AK 
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DIVISION OF FRACTIONS 


135. In arithmetic, to divide a fraction by another fraction, 
we multiply the dividend by the inverted divisor. Thus: 


3 

DS hee. 

@ to's 7373 
2 


(b) 9g +2 UHL, 5 8, 
3 
In algebra, it is advisable to factor the expressions first, and 
then use the same process as in arithmetic. 


excep Divine onl b a. 


1. ee w2—2e44+1 
eO+1l —24+% 


x(% — 1) Pi (a — 1)(x— 1) 
ot x(a? — 2% + 1) 


SOLUTION: 


eS seed) ee 
C+NE=eFD  E-DE-D 
= 42 rs 42 
~@+1@—-l #-1 
Cuerck: Let x = 2. 
w—x_2 x-—2e41_1 
g+1 9 g—ete 6’ 
also. i cae 
: 3 


o2—1 


Rule. — To divide one fraction by another: 


1. Factor the numerators and denominators of the fractions. 
2. Invert the divisor fraction. . 


8. Multiply the dividend fraction by the inverted divisor. 
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EXERCISE 83 


Perform the following indicated divisions: 
eg ee 80 <2, Stat SB 
a4 S. <9 ' 82d 8a 15 n? © 353 

Z Ta , 5a 15 a’y , 32 24 ath? 5 
— +: 4. +—. + 6 ad’. 

4 5b 6b made os ta 

¢. BO 28 ye SHO ETD). 

v—62+8 2—a2—12 ae (c+d) 

8. 4° — 2502, 2rv—5 "| Fs eS ete Shae 

1677 —9v? 47°4+3rv eer 4r+4s 
ee 6 es (e 1) — C+28)P tet 28? 

8E+3 68—6e’+6e (t—s) C2 — ts 
13 am+10am+21m _ a’m—9 mm, 

: —te tod jaa’ 

14 w— 8 Wt 2wt+4 

3 eee ae 

15 —~5ab— 146°, a’—3ab— 280? 

: ae 240? @@—S8ab+150 

16. mm — yr m+ mty + my? | 

my? — yf my’ + y° 

Perform the indicated multiplications and divisions: 

be 17 e+ Tay +10y? | e+y ee ee 


gee w+ 4ayt4y o+2y 


2 __ 972 peeRNe 
| 18. —b ab—2b? | (a—b)’ , 
= car +ab a(a—b) 


ees ‘-ee Ar—4s | 8rs—38? 
Yerdrspis 4rP—9s 5r?+10rs 


¥ 
ye 


( 20 5 yamt— ant 2 m+n? _bmi+bmn-+ bn? | 
ee bm? — bn? ~ m?—n? am? +2amn+an? 
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136. Sometimes there are mixed expressions in an algebra 
problem. These mixed expressions should always be reduced 
to fractional form as in arithmetic. 


Examerei. Simplify 123+ 34. 


1 
SOLUTION : 123 + 3} =? ~~ 18 _ 99 x 4 _99 


one y ter, 
ExamptE2 Simplify (5 _ cae +(8 tae ay 


Sotution: In the first parentheses, the fraction is to be subtracted 


from 5, and in the second, the fraction is to be subtracted from 3. / ‘(Use 
rule, § 133.) 


1 (e2 paren tal he a5) 
a* — 422 a—2x 
— (5(@ — 42?)—(@ — 192? )+@ See 
a—4%2 a— 2x 


ere =i _ /8a—64-—a+5e 
24 42 : a—22 


_(4e— 2 2a—4£ 
4 =(7, oredisbec a. 

5. = (22 = (204+), (4—2%)_ 2042, 
(a=2e)(a +20) (2a—-%) a+22 


Cuecx: Letta=1;2=1. 


21992. 1-19 1852, 
4g her Ps) Oe aa 
g—¢>btlg 1-5 (so S4 gy 
a—2x 1— — 
also, fa+%_ 241 _8_ 4, 
a+2xe% 142 8 


Note. In such examples, first perform carefully the indicated additions 


and subtractions within the parentheses and, afterwards, the multiplications 
and divisions 


Perform the indicated operations : 


1 8+%)-(3+2)- 


2. 6-)- @—-%)- 


+ 


“i ae a EA 
OG-2+G i) 


i ee 
4, (fe an: ‘6 cs bs 2). (220) 
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EXERCISE 84 


™ 0-3) (goa teh 
Ge oe 
(fs 00 


a+2b 
ave 
ety L+yY 


Ape Bee ny a SLL 
12 ( a (16+55,) 


11 


2 ab 2 vb? 
: 7 (pete 
1s (1— ee eage ( i% 


ui(a+1—2)+ (2-4-2). Coy meme ee ag 4 ) 


(coef) ( 


OS Ca oe (9 


tid 


\ 


oi 2m?—3m—14 


®@-2H0+2 


2 33 : 
(+28) 


2 


ee ee mas, € ee) 


&8m—12 


SG) 


3m+6 


5a+4 \,. a—16 +(SHet*). 
fo) (1+5°54 a (ae) a’+a ) 


we—3a4+9 2#+a— Safi. 
2+22—8— 3a2—9 


20. a)? ioe 


\e+a—1 
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COMPLEX FRACTIONS 


137. A Complex Fraction is a fraction having one or more 
fractions in either or both of its terms; as, | 


( Ca EG, 
a dag (b) = Faer 
pase ( fae ) 
a a—b a+b 


1 


138. A complex fraction is simply a case of division of 
fractions. The problems are very similar to those in the last 
paragraph. The numerator and denominator should be sim- 
plified separately and then the division performed. 


Exampte 1. Simplif +. 


Sotution: This means divide @ by the result obtained by subtracting 


< from . 
Go Wa 8@ =a.( a Ve ad 
o-8 (bas ~ "Nod =e} ~ bd =" 
d d 
Cueck: Leta=1,b=2,c=1,d=1. 
a 1. Ube 
put ee 
also. ad sag 
‘ (ae ai 


a a 
(| --35) 
( 6 soe : 
a—b mal 


This means: find the difference of the fractions in the numerator, and 
the sum of the fractions in the denominator ; divide the first result by the 
second. The work may be arranged as follows: 


Exampte 2. Simplify 


Soiurtion; 1. 


FRACTIONS 


hs A 
a—b a+b 
i) a 
Gee ca ee 


gg = ta+d)—a(a—b) , (a +b) + a(a—d) 
. (a— b)(a+ b) 
ea De ra ab, ab+b?+a*%—ab 


(a—b)(a+ 6) 


(a—b)(a+b) (a—b)(a+b) 
— 2ab ue a? + 52 
(a—b)(a+b) (a—d)(a+b) 
6. = —_20 _—a, fa Ti fa-+by _ Zab 
(a= tT La+- By a + a + 62 
CHeck: Leta=2; b=1. 
i ee ee 
GPa) (1-3 84 RA, 
(Rae ea oe ee 
g a-b a+b 1°38 
es a a 
Liat Ce har aaa 
EXERCISE 85 
“yt oe 2 3 ab 
" £43 ie 
6. Sab 10. 
oe 
eg 1+. 
3-75 zeH 
7. ° 
: Fe 
3. 2H. 6 11. 
1—4 3 
8. SI 
, 1 ed 
oa 4, +e 
6—} 2 
m 
9% ——- ( 12, 
5. Sie > 2— i at ~ 
™ 
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ae é: 20. 232 
ie Vode G 
bd ee Be Hy oo a—b 
13. ——. 15." —____-- 17.” ——— 
bea id Pep pate 
pag fe x SLE SEO, 
Peete ean fecaee 
(14) ao Tae 16. 18. 
eee =——= e-l—- pth etic 
y % x 
fm 4 man 1 8@+y 
SST DN desi aa 9 x? — x? 
nm, m+n ; 4—2@+2y 
; fg m—n 3x +y 
ni 
Pt a4 Pees g 4 ite +22 
ln (2 ai o/ 8 a—4 
al 9 
a a 2 
a" ce i 
a wp a @ 
eA a+b ; (a 1+az 
ries b° 4 Pao 
a—b 1+az 


‘2a-b toad 
a—3b a+380b: 


XI. SIMPLE EQUATIONS — (Continued) 


FRACTIONAL EQUATIONS 


139 If the unknown number, or numbers, of an equation do 
not appear in the denominator of a fraction, the equation is 
called an Integral Equation; as, 3v—5=22+4+-7, 


140. If the unknown number, or numbers, of an equation de 
appear in the denominator of a fraction, the equation 1s called 


a Fractional Equation; as, ae Dis rie la 
x xe 


141. A fractional equation may be changed into an integral 
equation by Clearing of Fractions. 


ExaMPLe. Solve the equation re! eee 


Soturion: 1. The lowest common multiple of 4, 5, and 10 is 20. - Mul- 
tiply both members of the equation by 20. 


[Seater 4 9 
2, pp Gna hyp. CE) 09.4 + 99. TEED. 


3 « 6(82— 1) —4(4¢—5) = 80 +.2(7 2 45). 
4, ~15% 5—16%+20=804142+10, 
6. . “15 —2= 904142, 

6. oe — 152 = 75. 

Be Thee: ee eG 


CuEcK: Does Mama t_t = baat = Dt 9 


—16 —25 — 30 
—~- 2 =44+-——? Doese—4+4+5=4-3 eS. 
oe Z 5 + 10 + de N'A 
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¥ EXERCISE 86 
Solve the following equations: 
e+ 5 +1 _w+l2_w—3 
i om a 3 7 9 Toe 
y—7T _y¥t+8_ 8 mil 10-2 ae 
Pies S50 6 3 
114+m_10—m t1 ees 
a ae a ae ee or 
it __a—10 fo - 5418 3 oa eae 
PE ac oy 10. 
5B i(r+2)—4(r—2)=2. 11.°3,(7w 41)—i(w — 9 =1. 
6. G2, t= 4 oy 3e—3 ) Set lie 
4 6 3 7 en 
oA by Le ey 
20+-3)= ———— 
1g —F —5 (26+3)= . 
‘| 
14, sf-jvenoen 
Vie 6 tid 
‘isl 4 gt43)=441—9), 
16 Tae#—8 Te ie Dae oD) 
aes 4% 2 7% 


Sotution: 1. Multiply both members by 282, the L.C.M. of the 
denominators ; 


Qn 7 ee a 
ere 46 ee ee 


3. 2a(7%—8)—7(7%+6) = 144(4—5)—4(4a 4 9). 
4, +. 1402—16%— 49x — 42 = 14 22-702 — 16%— 36. 
5. “.— 65% — 42 =— 86 x — 36. 

6 * +21%=+ 6. 

7. “0 = Sy = Fh 


Check Ene) solution either = substitution or by going over the steps 
carefully. 
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It is essential that roots of fractional equations be checked. — 
_ For reasons that are given in a later course in algebra, whenever 
the apparent root makes the denominator of any fraction zero, 
that number is not a root at all. 


36-13 Se field 
1 -_—- = — 2. ——— — =v. 
ss aa 3 2t « 6t y 
ee Sins mr 
4m 3m 48 . 4 19% Sin 
‘Pe 
es one 8) 10a OF 
Oo -=151 4, — —— —= (0), 
» Sra 2 ; as 21a ee 
eon ae | Oo 55 id 10449 51 
eet te aa e : 21, 
5 a Hy Re bet gee 10 6% 
L 3 
ae Nea ee eee —B ee De Ts 
21. — +3=0 26 on a Dy 
27 Solve the equation o-oo 


Soturion: 1. The L.C. M. of (a—2), (%+2), and (a — 4) is (x?—4). 
Multiplying both Se of the equatidn by a? — 4, 
(#% + 2) 2 (% = RR. 1 2 


. (a —(a2—4) « =(x?—4) -Q 
i Ga) “Gite Ge 
8. 2(@ + 2) —5(x@—2) —2 =0. 

4. »2u+4-—52+10—-2=0. Qa _ 7. 
—_ ah — 
5. ~ —384+12=—0. : ; F 
6 “—-S32=—-l12,or,¢54 z =~ Ag 
1 4 -” if , 
28. chee : 82. Ga = + 
10 9 2x _4"+5 | 3 : 
y m—-3 m—5 OTB act aeeeee 
e+5d 4 —5 34. 15a?-—5a—8 _» 
<h a ae ; 307°+6a2+4 
' bae+1 Rf es 6a2+5 2 2 3a 
oy Cee Yan ROE ie RTOS SPAR eae 
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on 3m 2m 22 =I 
"O9m+3 2m—3 4m'?-9 
2 Cae ee 1) 
FS 6 ti oe 
ears 4 1 


pou2) dro ee 

{ 39.) y=. ae y+3 
Ne lS 0 i Ee rt 
at? 2o= 35. 26a 


ae tes Gs Pa! Sahd9) 
: ta 1 he 
(Mh on, 8 ee 
3a (Gee 
ce Ig. 5 Sains 


We pies 3| ae le, 9z2+17 
92—16 22412 #—22—48 


2t+7 3t—5_17t+T7 


 6t—4 98-6 OPS4 


3a—2_ 36-42 4g 2430 
e+3 gt Se ae 


Catt 2 e—A4 Be fees 
15 To Sey we 
Sotution: 1. Clear of fractions only ee at first by multiplying 

by the L. C. M. of 15 and 5. 


Mys: 6z+1— —BG2— 5 = 62—3 


2. Transposing and uniting terms, 


45. 


46. Solve the equation 


4 —202%—60_ 

7x%—16 
3. M (72-16)? 28 x — 64 = 30% — 60, 
4. Completing the solution, e=—2. 
Check it by substitution. 
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ay co ee Ga ees 


fete ee 


‘s ti 8 ead 


EXERCISE 87 


. fi) Divide 56 into two parts such that five eighths of the 
EvGater shall exceed seven twelfths of the less by 6. 

2. If the base of a certain rectangle be increased by 2 feet, 
the altitude is equal to one third of the result. The perimeter 
of the rectangle is 36 feet. Find the base, altitude, and area 
of the rectangle. 

3) A has $52 and B has $38 After giving B a certain 
sum, A has left only three sevenths as much money as B then 
has. What sum was given to B? 

4. Divide 45 into two parts such that the sum of four 
ninths of the greater and two thirds of the smaller shall 
equal 24. 

The denominator of a certain fraction exceeds the 
numerator by 27; if 9 be subtracted from both terms of the 
fraction, the value of the fraction becomes 3. Find the 
- fraction. : 

_ +6. A’s age is three eighths of B’s, and 8 years ago it was 
two sevenths of B’s age. Find their ages at present. 

7. Washington was admitted to the Union 18 years before 
Oklahoma, and may therefore be said to be 18 years older 
than Oklahoma as a state. One fourth of Washington’s age 
in 1911 exceeded Oklahoma’s age by 14 years. Find the 
year when each was admitted.: 


hah 
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Ps ige ae| borat number be diminished by 23, one fourth of 
the result is as much less than 37 as the number is greater 
than 56. Find the number. 


__9- If the number of states admitted to the Union since its 
formation by the 13 original states is diminished by 9, the 
quotient obtained by dividing that number by 2 equals the 
original number of states. Find the present number of states 
(1912). 


10. The numerator of a certain fraction is 6 less than the 
denominator; if the denominator is increased by 1 and the 
resulting fraction be multiphed by 3, the product equals 3. 
Find the fraction. 


11. Find the angle such that 3 times its complement in 
creased by two thirds of its supplement equals 137°. 


12. I buy some bulbs from a seed store for $3, paying 7 759 
per dozen for one variety, and 50% per dozen for another 
variety. The number of the first variety purchased exceeds 
the number of the second variety by 18. Find the number 
of each variety purchased. 


13: If a railroad train consists of a certain type of passen- 
“ger engine, one parlor car, and five sieeping cars, its valueis 
$129,200. The value of each sleeping car exceeds the value 
of the engine by $300; the value of the parlor car is five 
sixths of the remainder when the cost of the engine is dimin- 
ished by $100. Find the value of the oe the parlor car, 
and of a sleeping car. 


4) » A man has $3000 invested, part at 5 4 and part at 6 qo. 
His total income per year is $157. How much has he in- 
vested at each rate? 


15. In 1912, the “age” of Maine was 4,2 times that of 
Wyoming; in 1920, it will be 34 times it. Find when oa 
state was admitted to the Union. 


3 


he can do. a part of it, and in 5 days he can do 5 x2 oe 
x 


= ye 5 - yy 
a cai call as YOO Ne] 
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&.) The denominator of a certain fraction is 7 less than the 
numerator; if 5 be added to the numerator, the value of the 
fraction becomes 2. Find the fraction. ’ 


.The income at 5% on one sum: of money exceeds by 


i $ 35,50 the income at 4% on a sum which is $350 less than 
the first. Find the two sums invested. 


18 The denominator of a certain fraction exceeds the 
numerator by 5; if the denominator be decreased by 20, then 


_ the resulting fraction, increased by 1, is equal to twice the 


original fraction. Find the fraction. 

19. The supplement of a certain angle divided by its com- 
plement gives as quotient 2}. Find the angle. 

20 If twice a certain number be diminished by 5 and the 
result be divided by the number, the quotient exceeds 1 by a 
fraction whose numerator is 7 more than the number and 
whose denominator is 3 less than the number. Find the 
number, 


142. Work Problems. If a man can do a piece of work in 


_ 8 days, then in one day he can do one ewghth of it, and in three 


days he can do three eighths of it. 
If a man can do a piece of work in w days, then in one day 
5 


part of it. 
EXERCISE 88 


1. If a man can plow a field in 15 days, what part can he 


-plow in one day? in 4 days? in # days? 


2. If a machine can do a piece of work in 2 days, how 
much can it do in one day? in 7 days? 
3. A can do a piece of work in 5 days, and B the same 
work in 8 days. 
(a) How much can A do in one day? in a days? 


(6) How much can B do in one day? in x days? 


or } *, 
( 4 x 
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(c) How much can they do together in one day? im # days? 
(d) How much can A do in 2 days? 
(e) How much can B do in 3 days? 
(f) How much can they do together if A works 2 days and 
B 3 days? 


Equations 


4, A can do a piece of work in 10 hours and B can do it in’ 
5 hours; how long will it take them to do it together? . 

Sotution; 1. Let # =the number of hours it will take them to do it 
together. 


2. A does j in 1 hour; .*. he will do in in # hours. 


B does } in 1 hour; .*. he will do : in x hours. 
*, they will do = + 7) in x hours. 


8. They complete the task in x hours. 


Represent the whole task by 
30 of itself or by 1. 2 ; 


4, a ==1. 
10 qe 5 
5. Myo? x -+- 2a = 10. 
G6, - 3x2 = 10, x = 3} hours, or 3 hours and 20 minutes. 


(5, A painter can paint a house alone in 5 days, and an — 
apprentice can do it alone in 15 days. In how many days can 
they do it if they work together? 


/é A man can plow a certain field in 6 days; his son can 
plow it in 9 days. How long will it take them to plow the ~ 
field if they work together? 


(7. In a newspaper office there is one machine which can. 
print the morning issue of the paper in 2 hours, and another 
which can do it in 3 hours. In how many hours can they turn 
out the edition, if they are run together? 


8 A can do a piece of work in 15 hours, and RB can ave ib 


in 18 hours.- If A works for 7 hours, how many hours must - 
B work to complete the task? 


it q - 4, Cornet 
Di 37 ‘ git & “ta 


by 
{ 


(wwrr% a SLA a Mei Oe eee if cal Ce A opr “111 ee 
A ‘ane ¢ v ; p 
z e4vnt 
} 


SIMPLE EQUATIONS. 193 


: 9. A can do a piece of work in 15 hours, while B can do 
it in 25 hours. After A has worked a certain time, B com- 
pletes the work. If B works 9 hours longer than A, how long 
did A work? 


10. A can doa piece of work in 18 days. If he and B can 
do three fifths of it in 6 days, how long-will it take B alone to 
~ do the work? 


143. Problems about the Lever. A teeter board is one form 
of lever. The point which supports the lever is called the ful- 
crum; the parts of the lever to the right and left of the fulerum 
are called the lever arms. 


If the weights Z and R just balance, it is well known that, 
- if & moves farther to the right, while Z is stationary, then 
the right side goes down; and if 
_R moves toward the fulcrum, then Se Se 
the right side goes up. Thus, the 
influence of R upon the lever depends both upon the weight of 
_ # and its distance from the fulcrum. 
_. The influence of a weight upon a lever is called its leverage.- 
- It can be shown that the leverage of a weight is measured by the 
_ product of the weight and its distance from the fulcrum. 
Thus, if R weighs 50 pounds and is 4 feet from the fulcrum, its lever- 
_ age is 200; and, if Z weighs 80 pounds and is 2} feet from the fulcrum, 
' its leverage is 80 x 23 or 200 also. The two will balance. 


This truth may be tested in the following manner. 
‘ 1. Remove a side and an end froma crayon box. Balance astiff ruler 
j on the edge of the box (the fulcrum). 

2. Place two pennies 6 inches from the ful- 
crum on the left side. Find where four pen- 
nies must be placed on the right side of the 
fulcrum to balance them. (Itshould be 3 inches 
to the right.) Notice that 3x4=12 and 
that 6 x 2=12; that the leverages are equal. 

8. Find where 8 pennies must be placed, on the right, to balance the 
. 2 pennies on the left. Find the leverage of the 3 pennies and compare 
it with the leverages in step 2. 


( ; { than tal 
Bred 07 recy 4 hi 


dae? ngskt< Cant ho “Lene = A 
re hia x 


4. Keeping the two pennies 6 inches to the left, place two others 
2 inches to the right, and 2 four inches to the right. The ruler should be 
in perfect balance again. 

The leverage of the first two pennies on the right is 2 x 2 or 4; of the 
second two, is2 x 40r8;4+8=12. 
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Exampie. Suppose that the weights and distances in the 
figure are: 
A. 40 pounds; distance 5 feet. 
B. 45 pounds; distance 4 feet. 
C. 55 pounds; distance 6 feet. 
D. 60 pounds; distance 6 feet. 
E. 50 pounds; distance x feet. 


Where must EZ be placed so that the lever will balance ? 


CAB DE 
SSE 
Soturion: 1. The leverages are. 
A. 5 x 40 = 200. C 6x 65 = 330, £. 50 x x= 50%. 
B. 4x45=180 D. 6 x 60=360. 
A B C D E 
as -~ 200 + 180 + 330 = 3860 + 60” 
.%- 850 = 50% 
(30% 


Rule. — To make a simple lever balance: 


The sum of the leverages of all weights (forces) on one side of the 
fulcrum must equal the sum of the leverages of all weights (forces 
on the other side of the fulcrum. 


EXERCISE 89 


“1. A boy weighing 70 pounds sits 6 feet from the fulcrum. 
and balances a boy who is sitting 34 feet from the fulerum on 
the other side. Find the weight of the second boy. 


2, A, weighing 96 pounds, sits 54 feet to the left of the 


fulcrum. If B weighs 66 pounds, whats must he sit on the 
right in order to balance A ? 
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3. A, who weighs 92 pounds, and B, who weighs 115 pounds, 
_ wish to sit at the ends of a teeter board which is 9 feet long. 
How far from A must the fulcrum be placed so ol sc aREY will 
a balance ? ; i (y~ x) 34 
: ») )A boy wishes to carry Ae he a hie over his 
aes by balancing them at the ends of a stiff rod which is 
4 feet long If one package weighs 20 pounds and the other 
30 pounds, how far from the end upon which the 20 pound 
package is carried must the rod rest upon his shoulder ? 
5. Three children, weighing 62, 75, and 89 pounds respec: 
tively, arrange themselves upon a teeter board, the first sitting 
4 feet from the fulcrum, and the second 5 feet from the ful- 
crum on the same side. Where must rhe third sit in Mee oo to 
balance the other two ? x 5 i. 

3) Three boys, A weighing 73 poanda B weighing 95 
pounds, and C weighing 65 pounds, sit on a teeter. A is 5 feet 
from the fulcrum on the left side, B is on the other side 4 feet 
away, C is on the left side 4 feet away. Can two other boys 
weighing 80 pounds and 115 pounds respectively arrange them- 

_ gelves one on each side and at equal distances from the ful- 
- crum so as to balance the teeter? Where must the boy 
weighing 80 pounds sit ? 


144. Additional Distance, Rate, and Time Problems. re 


EXERCISE 90 £ ; 
1. What is meant by “the rate”? “the time”? “the dis. — 
tance”? (§ 83.) 
2. Give a simple arithmetical problem involving time, rate, 
and distance. 
3. What is the rule for finding the 
(a) distance when the rate and time are known ? 
(b) rate when the time and distance are known? 
re (c) time when the rate and distance are known ? 


Me 
2 oO 


— 


Gok + PAS HES EH 15-44 Asn 
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4. The rate of one train exceeds that of another by 5 miles 
per hour. Let r represent the rate of the slow train. 
(a) Express the rate of the faster train. 
(0) Express the time required by each train in going 100 
miles. , Ws 45 o sje 2 
ie ee Se “BnePlhe ¢ of ae train is 2 # that of anor Let x repre 
sent the rate of the faster de 
(a) Express the time each requires for a trip of 50 miles. 
(6) Form an equation to express the fact that the time of 
the slow train exceeds that of the faster train by 1 hour. 


= 


6. The time required by one train in going a certain dis- 
tance is $ that of anouler train. Express the time of the slow 
train by t. Re AED ee ert ; 


LC = pe 

(a) Express the rate at-which each train travels in going 
a distance of 100 miles in the time mentioned. 

(6) Form an equation to express the fact that the rate of 


the faster train exceeds the rate of the slow train by 20 miles 
per hour. A 


Equations By one me 


% The rate of an express train is three times that of a 
slow train. It covers 180 miles in 8 hours less time than the 
- slow train. Find the rate of each train. 


8. A messenger starts out to deliver a package to a point 

24 miles distant, at the rate of 8 miles per hour. At what 

' rate must a second messenger travel to arrive at the same time 
as the first messenger, if he starts 1 hour after him ? 


9° The rate of a passenger train exceeds twice the rate of 
a freight train by 5 miles per hour. It can go 350 miles 


while the freight train goes ue miles. Find the rate of each 
train. 


// 10." ‘A man just missed a train. He knew that it would 
stop at a station 15 miles distant from the central station and 


; 
; 
ake 


ae 
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decided to try to catch it by going to the second station ia an 
automobile, If the train runs at the rate of 20 miles per hour, 
at what rate must he travel in the automobile in order to 
arrive at the station 10 minutes ahead of the train, if it takes 


_him 5 minutes to get the automobile and if it is 20 miles to 


the station by road ? 


River Problems 


On a river, the direction in which the water is flowing is called down- 
stream, and the opposite direction is called upstream. When going 
downstream, a boat is carried along by the current of the river and what- 
ever force 1s exerted within the boat ; when coming upstream, its progress 


is retarded by the current of the river. This is something like the effect 


of the wind upon a person who 1s walking ; when going with the wind, he 
is carried along by it, and when going against the wind, he is retarded 
by it. 

11. The rate of the current of a river is 3 miles per hour: 
(a) at what rate will some boys go downstream if their own 
rowing is at the rate of 5 miles per hour in still water? 
(6) upstream ? 

12. How long will it take the boys in Example 11: (a)-ta 
go 24 miles downstream? (6) 24 miles upstream? (c) for 
the trip down and back ? 

13. (a) How long will it take the same boys to go d miles 


downstream? (6) d miles upstream? (c) Form an equation 
to express the fact that the time down and back 1s 5 hours. 


| (d) Find d from the equation in step (c). 


14. Some boys who can row 4 miles an hour in still water 
made a trip on a river whose current is 2 miles an hour. If it 
took them 8 hours for the trip, how far did they go? 


15. A party take a trip in a motor boat which runs at the 
rate of 15 miles an hour. They take 3 hours for the trip. 
What distance did they go, if the rate of the current is 3 miles 


an hour? 
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Supplementary Problems 


1! Three times the difference between one fourth and one 

tenth of a certain number exceeds five by one fifth of the — 
number Find the number. | 

y A’s age 11 years from now divided by his age 11 years 
ago isthe fraction 18. Find his present age. 

3./The width of a room is three fifths of its length; if 12 
feet be added to the width and taken from the length, the room 
will be a square. Find its dimensions. 


4, Five lines radiate from a point making angles such that + 
the second is one half of the first, the third is twice the first, ; 
the fourth is the sum of the second and third, and the fifth is 
three times the third. Find the angles. (See § 13.) 


5. Find the three angles of a triangle if the second angle 
is one half of the remainder obtained by diminishing the first 
angle by 1°, and if the third angle is 4 of the remainder ob- 
tained by diminishing the first angle by 7°. (See § 13.) 

(8) Two men, A and B, 57 miles apart, travel towards each 
other, B starting 20 minutes after A. A travels at the rate of 
6 miles an hour and B at the rate of 5 miles an hour. How 
far will each have traveled when they meet ? 


7%. Washington’s Monument, the highest piece of masonry 
_ in the world, consists of a main shaft surmounted by a pyra 
mid. The height of the main shaft exceeds that of the pyramid 
by 445 feet; if the height of the pyramid be decreased by 5 
feet and the result be divided by the height of the main shaft, 
the quotient is the fraction 5. Find the height of the twa 
parts of the monument. 


v8. The rate of an express train is five thirds of that of a 
slow train. It travels 36 miles in 32 minutes less time than 
the slow train. Find the rate of each train. 


ee) ‘Nias 
F f ow = 
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9. If the third of three consecutive even numbers is divided _ 
by each of the first two in turn, the difference of the fractions 
obtained is equal to the quotient of 7 divided by three times 


- the first number. Find the numbers. 


10. A workman does one third of a piece of work in 5 


_ days; he and a second workman complete the task together in 


4 days. How manys days would :t take the second man to do 
the work alone ? 

11. "Some boys row on a river whose current is known to be 
rips miles per hour. They find that it takes them as long to go 


_ upstream 2° ‘miles as downstream 7 ie se det is their rate 


of rowing % ra 4 
12.A’s age exceeds ere G24 age te Hy years. The sum of 


- three fifths of B’s age 2 years ago and of four sevenths of A’s 
_age 4 years from now is 26 years. Find their present ages. 


13, The income on one sum of money at 44% and the in- 
come on a sum $600 greater at 31% together amount to $421 


per year. Find the total amount invested. 


se 43% = 3 = xb0- 

14.'The rate of an express train is three halves that of a 
slow train. It covers 270 miles in 3 hours less time than the 
slow train, Find the rate of the train. 

15.(/A water reservoir can be filled by an old pump in 12 
hours. »After a new one is installed, it is found that the 


~ reservoir can be filled by the two pumps together in 4 hours. 


_ How long would it take a new pump alone to: fill the 


reservoir ? é 
16./A man invests a sum of money in 41% sok and a 
sum $180 greater than the first in 31% stock. If the incomes 

from the two investments are equal, fiat the sums invested. 
17. Some boys are rowing on a river whose current is 5 

miles per hour in one stretch and 3 miles in another. They 

find when going downstream that they can go 4 miles where 


200 ALGEBRA 


the current is rapid in the same time that they can go 3 miles 
where the current is slower. Find the rate at which they row 
in still water ? 

The following three equations arise in the solution of three 
problems in applied mathematics. Solve them. 


V18. 80 T—497?=80(T—2)—4 9(T—2)’, where g=32 De — 


termine 7’ 


19. 5x77 =13.6 Oe, Get the recall to two decimals. 
x x 


ye 
Y 20. a + =av. Determine 2. 


SOLUTION OF LITERAL EQUATIONS 


145 A Literal Equation is one in which some or all of the 
known numbers are represented by letters. 


ExAMPLtE 1. 27+a=7a—®2. 


The problem is to determine a number 2, such that the. 4 


equation is satisfied for all values of a. 


Sotution: 1. D 2e+a=:Ta—&%. 

2. Transposing, Se 610s 

8. Ds: x=2a. 

CuEcK: Does 2(2a) +a=T7a—2a? 
Does 4at+a=Ta—2a? Yes, 


This solution means that the number z is always double the number a. 
Exampie 2, Determine the number 2 in the equation 

(6 — cx)?— (a — cx)?= (6 — a). 
Soturion ;: 1. (b — cx)?-—(a— cx)? = b(b—a). 


2. Expanding, (b? — 2 bea + cx*)— (a? — 2 ace + 0%?) = b? — ab. 

So o*. O2— 2 bex + c2x* — a2 + 2 ace — c2x? = b? — ad. 

4 Transposing and uniting terms, 2 acx — 2 bcx = a? — ab. 

5. Factoring, 2cx(a~ b)=a(a—b). 

6. Deve: 2cx(a—b)_ a(a—b) - 
ie seeal 2c(a—b)* 2c(a—b) . 

Th x I... oe & =#, 


2¢ 


en 


Cy ae Me 
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Cueck : Does (0-$)'-(a-2)'=00-a) 
_ Does 0 ab+F— a? + at 2 = ead? Yes. 


Norse. After simplifying the equation until it takes the form of the 
equation in step 5, divide both members of the resulting equation by the 
coefficient of a. 


EXERCISE 92 


Solve the following equations for a: 


1. 32—5a=2(a+ 2). 12 =U 08 Os 
2. 5(a—3b)=32—11b. a OM a tae 
3. a(3bx—2a) =b(2a—3ba). 48° ae = 4(mt +7) 
7 
4. 5rxa—6s=3(re— 3). 1 Oa" Dig Se 
5. ax ~ac= ba — be. eee 2 tee 
6. ax— a? =— b(b+ 2). 45. 3a—4_5m—2n 
7. r(a@—r)=s(s+2r—~2). a i, ee 
: : 16. 2a+3a_ 3a+4b 
8. c(a—c)=d(d?— 2). DS aay peer caer I 
9 2 a ee 17 +n 2—-n _2(m+n) 
m m? “g—m etm 2—m 
ie ae eer 2na—3 Ina + 2. 
10. ———=>-—-— — : = 
ne mM NR ML is, ne—1 am 3nex —1 
a—x 10b—a I  @ b az — 6? 
= eS 6 ee 2 ae 
a 5 ba liaz 3a ey — x—b b(a—b) 
Come te aS ee. 
bx , an ae 
AL. 10%—3a_9¢—5a3_ 3(@+20%), 
- 3a 3 a3 a3 
22 e% a—2bex _5a_ 8ac—8br—%a_, 


ae 4 be 6¢ 12 be 
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e—-b «+b Si 4 a? 4 
w—-2a a+2a 2-40? 
94. 3a(a—b) a—26_a—d_ 
x’ — b? et+b «—b 

> 22 3a 2 7 4+ ax 


25. 3a—a,a+2a 3a°+5ae—2a% 


146. Applied Algebra. Some of the equation problems given 
up to this point illustrate one use of algebra; an unknown 
number may sometimes be found by means of an equation if 
numerical relations involving the number are known. In 
order to solve the equations that arise, skill in the funda 


mental operations (§ 16), factoring, and fractions, is necessary. . 


In § 17 and § 94, another application of algebra is illus- 
trated; a formula is often used to express in convenient form 
a rule of computation. In deriving formule and in using 
them, all of the algebra so far studied, and much more, fre- 
quently, is necessary. 


_ 147 Deriving and Using Formule. Three examples of the 


methods of deriving formule will be given, besides those in 
§ 17. 
Exampte 1. Derive a formula for the total area of the 
walls of a room in terms of the height, length, and width. 
Sotution: 1. Let h = the height of the room in feet. 


Let w == the width of the room in feet. 

Let 1 =the length of the room in feet. 

Let S = the total area of the walls in square feet, 
2. Then, hw = the area of one end wall in square feet, 


hw = the area of the other end wall. 
hi = the area of one side wall. 
hl == the area of the other side wall. 
3. * S=hwt+hw+hl+hil =2hw4+ 2h. 
. S=2h(w+1). 


Thus, if the height is 9 feet, the width 14 feet, and the length 18 feet, 


the total area of the walls is 
$=2x9 x (14418) = 18(382) = 574 square feet. 
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: Exampie 2. Derive formule for two numbers whose sum— 
_ is a and such that the larger exceeds the simaller by b. 


Soturion : Let s = the smaller number. 
Then, s+ 0 =the larger number. 
2. ow S+ +b) =a, or2s+hb=a. 


2 28=a—b, ors=4—2. 
2 


94+ b=9— 24 pa etd, 
a—b 


and the larger number is a? . 


25 — “ 18 
Oy 
5 (0) 3 OFD 


The smaller number is 


Thus, if a is 25 and 0 is 7, the smaller number is 


24 i , or 16, 


and the larger is 
| 9 + 16 = 25 and 16=9 +7. 


ExampteE 3. Derive a formula for the rate in terms of the 
amount, the principal, and the time. 
Sorurion: 1. The formula for the amount (§ 44) is 


= Prt 
7 <*100' 
2. Mioo: 100 A = 100 P+ Prt. 
3. Stoop: 100,.A— 100 P=Prt = @er: 
4. Dp: 100A — 100 P=. or ry = LOOCA= FP), 
Pt Je 


This formula enables us to find r when A, P, and ¢ are known. Thus, 
if a man receives $3500 at the end of 6 years from an investment of 
_ $2400, what rate of simple interest has his money earned ? 


Here, A = $3500, P = $2400, andt =6. 
11. p= 200(3500 = 2400) _ 1100 _ 7 gy, 
2400 x 6 144 
24 


that is, the rate is 7.6 %. 


In the following list of examples, a number of formula, 
taken from physics, chemistry, geometry, and engineering, are 
given. It is impossible to show in this text how these 
formule are derived, as that calls for special knowledge of 
these various subjects. 


12/0 


} 
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EXERCISE 93 
(a) Express each of the first 6, formule in words. 
(6) Solve each of them for the letters indicated. 
A= ab. (a) Solve tree) ter bee 


Be ie ae (a) Solve for a; (0) for b. 


€ 


3>C=2ar. Solve forr, 


V=tibh. (a) Solve for 0; (b) for h. 
6\/F =3C0432. Solve for O 


WVJ/A= we is a formula from geometry. 


(a) Find A when a =15; 6=24; andc= 20, 
(6) Find c when A = 550; b= 30; and a= 22, 
(c) Solve the formula for a; (d) for db. 
eat 
8° A= P+ —_. 
* 700 


(a) Solve for P, (6) for #. 
wT =i+ tis a formula from physics. 


(a) Solve it for ¢ (6) fora. 
10/ mg — 7 = mf is a formula from physics. 
(a) Solve it for 7; (b) for f; (c) form. 


oe Re Se a” is a formula from physics. 


(a) Solve it for m; (b) for M. 
= fe is a formula from physics, 


(a) Solve it for a; (0) for b. 


G 17) 


($17) 


Eo) | 


4, V=lwh. (a) Solve for w; (0) for h. wht al 


($17) § 


($17) © 
($ 84) 


aw ae, 


ie : ae is a formula from physics. = 


ie 


io eS Sue's SAW AR 
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— a ——— 


(a) Solve it for 6; (®) fora. 


14. h =k(1+ 54,4) is a formula from physics. 


(a) Solve it for ¢; (5) for k. 


L—M. 


15 — is a formula from physics. 


(a) Solve it for L; (6) for IL 
16. w=——°"_ ig a formula from engineering, 


ga 
T 600 @ 


(a) Find w, correct to two decimals, when a = 18, 7= 12, 


and d = 10. 
(6) Solve the formula for a. 


17: p= “ +d is a formula from engineering. 


(a) Find p when a= .56,d=1,t= 3. 
(0) Solve the formula for t. 


ee 


C= is a formula from physics. 
R+* 
n 


18 


(a) Simplify it in the right member. 
(0) Solve it for n; (c) for r. 


2 * 
19. F=™ is a formula from physics. 


gq? 


(a) Find F when m = 150, » = 25, g = 82, andr =5, 


Ab) Solve it for r; (c) for m. 


20, 22141 is a formula from physics. 
1 eee | 
(a) Find p when f= 30 and g = 40. 


(b) Solve it for p; (c) for g. 


XII. GRAPHICAL REPRESENTATION 


148. Certain mathematical relations may be represented by 
means of geometrical figures. Paper ruled as: in the figures — 
below is used; such paper is called Coérdinate Paper 3 

Figure 1 is an illustration of this manner of comparing num- [ | 
bers. The lines represent the lengths of some of the rivers of _ 
America. The side of one square represents 200 miles; from 
this fact, the lengths of the rivers may be determined 

Such representations of number relations are called Graphical — 


Representations, or simply Graphs. 


EXERCISE 94 


1. Determine the lengths of the rivers in Fig. 1. 


BSUEEEEEE SEaESeee 


| 
Seon ctevecsegaceasaraze 


BRSZEeG ame se Sane eres Co : 


| ae 
POE Cormmbal + s 


FEE Héecbhee EH] 


[_| 

| | 

H Bats grbUnd- 
PEE ereerea 

- 


BS W-rreat; 

HK Gotton-seed;meat 
Ei BERBERS 

EEL Ae | ere este 


= 


Fie. 1 Fic. 2 


2. In Fig. 2, the weight per quart of certain grains is repre- 
sented Find the weight of each kind of grain. 


3. Find the length of each line in Fig. 3, and arrange your 
results in the form of a table; when: 
206 


Gor Fic. 3 / Aha 


Represent by means of lines the following sets of statistics: 
4, A family used the following amounts of gas during the 


. months of the year: 

Beonnary, . |. . +8600 cu. ft, ‘July. . . . . s »- 2800 cu.ft 

Merebrouary—..... . 8200cu.ft. August . . . .-. 2200cu. ft 

meMarch:.. . . . + 2900 cu.ft. September . . . . 8100 cu. ft, 
Pate ee ci .- S100 cu, tt, October , 9. c-<.__< 6200 Gl 

Miay to es.) «2000 cuxft. November~. . . «./ 2800/eu, ft. 

JUDG «6 > «+ 2900 cu.ft. December... .=. 2200 cu. ft 


Hint, Let the side of one square represent 100 cu. ft., or 200 cu. ft., 
- then represent the various given numbers by lines of appropriate length. 


5. The same family used the following amounts of electricity 


during the months of the year. 
RIV eee tans oy SK KG Wa Oly cr eres oo se LOK. Wy 
Weuenarye. 9.5. « + © 27 K.ws.. “August . 2%. 2. 3. 8K w. 
Mareen ne oo 124 kaw teSeptember si | 3 da lik w 
ee eerie cs 10 Rw, October 20 ayia Ge eh ee ew 
Ripe es ws. LE Kw.. . November. 2 20>. f 4)! 2) 40 ow 
useOriee te «+ oO Kaw Decembera | .. ou ey. ap ews 
A k.w. is a *‘ kilowatt-hour,’’ the unit used for measuring the quantity 


of electricitv consumed. 


eikecghl 
solicit 
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6. The following statistics give in cents the cost per pound 
of certain common articles of food in 1910. 


Wieatis creates Some ole Ue 2ebe SAN  e rs obec. ecto ease 
TR ViOl eile MATS Sothys) isi han ee Bacon s! a) 202. ey due a een 
Navy Beans. 2. n=O Milles as ane ae eee 
Potatoes. a «ks he ee aha. Appless Sag) cect eee ce eee 
ICC W cc he roma cee e ak tisierel oi ec) Oatmeal ss. GN, a 

ES CCLAbC AK Me maetigtcinars wire tet Liemun Lt Buckwheat eet 


7. The average hourly velocity of wind in miles at the fol- 
lowing points in the United States is: 


Boise, Idaho +. 3%. 4. t. ~ S4= Portland, Mei aeen ceee e 
Atlanta, Ga. oss «2 % « 60) Vicksburet Misch: \ gree nee! 
Buttalo, Na Yin 6 ssa JY» Bhiladelphis, Paws. saci 
Duluth, Minne; ae... .. 6) teat meChicagos Illeana sey ene 
OmaharNebs . 9% . «=. «. Ge sBOSton, Wass aie bomen itacueeernne 


8. The average annual precipitation (rain and melted meh 
in inches, at the following cities is: 


San DiegoyCal. .. .. ©. sv. 10s eMobile; Alan => ene emo 
‘Demver, Coles. % . ws: 4: « 14 Pilacstalie Ariz ye eemee 
Springteld; le . . .°.. . Si —Salt Dakei@ity, Uitabi mem 
Dubuque, Ta. . 3. . 2 . = 34 ) WilminctonaN:C.) eee On 
Baltimore; Md, . «9... ) 43) Portland} Me. 4.2 og eons 


149. In drawing the graph of a set of statistics, the paper _ 
is usually prepared as in Fig. 4. Two lines are drawn at right 
angles. The numbers to be represented are examined in order 
to decide what number shall be represented by the side of one 
square. The number represented by one side of a square — 
is called the Unit. a ' 

Instead of drawing full lines to represent the various num- 
bers, it is customary to place points where the lines of proper 
length would end. Finally these points are connected by a 


smooth line. One line, that at 11 a.m., is drawn in full in this 
graph. 
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Exampte 1. Draw a graph representing the temperature ~ 
readings at the hours indicated. od 


| 

| Oral Ms... = SO VAs 5 fe Fe PM we 5 a 9 
EA ees os O° I ee 4, SB Bh pote OS Ze 
Mee BAM. OP USS, ae ee Se em ph ois Cee ree SE, 
MOA Mo se 2° Oepemim we 10" | Te wy te Oe eee? 
ae er be. Sa. ee 10° Bp ow RO 


AY 


e 


HEE 
ies 
Euan 


HEEL 


= 
ws 


EEC 
Hissssite 
i 
HEE 


{ Fie.4)> 


Notice that the units of time and of temperature are indicated ; that 
the line upon which the hours are indicated is placed near the center of 
the paper to allow for the negative temperatures , that the vertical line 1s 
placed at the left edge to allow space for all of the hours of the day ; that 
the line connecting the points is made a smooth curve. Review § 24 


150. The graph in Fig. 4 may be used to illustrate another 
advantage of graphical representation. 

A graph may assist in finding new information. 

What was the approximate temperature at 6.30 p.m. ? 

SoLuTion: 1. On the graph, the point S would indicate the time 6.30 

2. The point R, above it on the graph, indicates the temperature. 

8. R is opposite + 5° on the. vertical line, 

4, The approximate temperature then at 6.30 p.m. was 6°. 
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EXERCISE 95 


1. Draw a graph representing the following temperature — 
readings: 


GueM es 6 Cees ee tp. 2. wie Pee 
WAMERE: sek bee ere eva ns Pee dae OPIN. ca a) ste Fora sie ce elo 
RAEN es S. ey) acta Se FRM ls ve 1 ee oe 


OME Matte eo alte” etsy eee PIM RSs |, Vs cei 0° 
TOMSS Wee cel eet al is bok! “sy ee aoe B.PiMa Ss Sle ae st sl a ee 
PICAGM certs es aT Soe? CPIM Sle Tenist tan eee 
AD eR tn Sek eS T Boley oh ee 


&. From the graph in 1, find the approximate temperature 
at 7.30, 8.30, 11.30, 2.30, 5.30. 


Ay Get the temperature readings in your own school district. — 
- to-morrow, and draw the graph. 


4. In order to protect his orchard from a frost, a man tried 
to warm the air in the orchard by burning oil heaters. Below 
are given the temperature readings within the heated area and 
outside of it. Plot the two sets of readings on the same 
sheet, making one line for the readings within the heated area, 
and one for the other readings. : 


TIME TEMPERATURE Trve TEMPERATURE 
Inside = Outside Inside Outside 
8.00 35° 35° 10.30 86° 32° 
8.15 38° 35° 11.00 85° 31° 
8.30 89° 33° 11.30 86.5° 30° 
8.45 40° 32° 12.00 36.5° 28° 
9.00 40° 34° 12.30  $4,5° 272 
9.30 49° 84° 1.00 84.6° 27° 
10.00 40° 34° : 


5. Savings banks and trust companies pay compound inter- 
est on money left with them; that is, interest upon interest. 

The following table shone the amount of money which 
must be saved annually at 4% compound interest to amount 
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to $1000 in a definite number of years. (To simplify the 
problem even dollars are taken.) 
ROM GAtS rte ey ree ck OO LO yOaATS” oS Ss ew SES 


WORYCATS eS ists Wsliveu U6) “e eeipieOl OO years! Lo, 6 6 et BAT 
DUP EALS hs eee a cial, ACR PISS)) OD VOAES 227-6 die e0< eo eS 


6. Assume that a train leaves station A at 1 p.m. and that 
it arrives at F and J, the distances of which from A are given, 
at the times indicated. Draw the graph representing the time 
when the train reaches points between these three stations, 
making the graph a broken line,(/ _) ~From the graph, de- 
termine when the train reaches the other points, thus making 
a time-table for the train between A and H. 


A. Omiles. 1 p.m. F. 60 miles. 3 p.m. 
B. 6 miles. G. 80 miles. 
C. 15 miles. H. 104 miles. 
D. 24 miles. I. 120 miles. 
E. 42 miles. .J., 140 miles. 5 p.m. 


Hint. If possible, lay off the distances on the horizontal line, making 
the unit 2 or 6 miles, and the time on the vertical line, making the unit 
6 or 12 minutes. ) 


7. Complete the following table Siomile the number of dol- 
lars simple interest at 6% on $100 for the number of yours 
indicated and draw the graph. 


1 year; interest $6. 5 years; interest ? ge 
2 years; interest $12. 6 years; interest ? ~ m 
3 years; interest. ?/ « 7 years; interest ? ~ * 
4 years; interest ? 2 ¥ 8 years; interest 2? ~~ ° 


8. From the graph, determine the interest for 5 years and 
6 months. 


151. Certain terms used in mathematics in connection with 
graphical representation will now be given. Referring to Fig. 
5 below: the lines XX’ and YY’, drawn at right angles, are 
called Axes: XX’, the Horizontal Axis, and YY’, the Vertical 
Axis; the point O is called the Origin. From P, perpendiculars 
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are drawn to the axes; the line PR is called the Ordinate of P, 


and the line PS is called the Abscissa of P; together they are. 


called the Coordinates of P The axes are called Codrdinate 
Axes. On the axes, the scale used is indicated. The distances 


ry, 
1S44 PL 
+3 
B-o 2 _ 
+—+ |. 
( R 
-6 1-5 I-4 [-3 |[-9 |- +| |e |43 [44 [45 [46 [+ 
seataenanatil 
Ce =: 
| 3 
4 
eL2 
6 
'Y 
Fie. 5 


on OX are positive, on OX’ are negative; on OY are. positive, 
and on OY’ are negative. The abscissa of P is 3 and the 
ordinate is 4: the point P is called The Point (3,4). Notice 
that the abscissa is written first, and the ordinate, second. 


EXERCISE 96 ; 
1. What is the abscissa of the point 4? B? OC? D? 
2. What is the ordinate of the point A? B? OC? D? 
3. What are the coérdinates of EH? F? G? H? 


4. Prepare a piece of graph paper similar to that used for 
Fig 5. Locate the points: (3. 6); (4, 2); (5, —3); (—2, 5); 
C= 4— 6). 
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5. Locate the points A:(1, 1); B: (2,6); C: (11, 6); 
iD: (10,1). 

Draw the lines AB, BC, CD, and AD. What figure is 
formed? Draw the diagonals of the figure, and find the co- 
_ ordinates of the point where they meet. 


6. Locate the points A: (8, — 5); B:(4, —2); C:(7, — 2); ; 
D: (8, —5); #:(7, — 8); F: (4, — < Draw the lines join- 
ing the points in order. What figure is formed ? 


152. The numbers which are represented graphically in 
mathematics are usually connected by an equation. 


Examp.te. Draw the graph of the equation 


a 

ae eae 
SotutTion’ 1, Solve the equation for y. 
My: 2ea+y=4. 
So. ? yY= 4--2%. 


2. Select any value of x and find the corresponding value of y. Thus, 
if*=l,y=4—-2=2. Similarly: 


when c= |—, 5] — 0 +4/)]46 Cima! 


then y= | 414} +10] +6] +4 —4;-—8}|,—10 


8. Use the pairs of numbers so obtained as coordinates of points ; thus, 
tocate the polits (— 5, + 14); (—3, + 10); (—1, +6); ete. 

4, Draw the line connecting the points. (Graph on page 214.) 

Notice that the graph seems to be a straight line. The codrdinates of 
the point A on the eee are + 3.5 and — 38. Do these satisfy the equa- 
tion ? 

244 1, 
ot 4 
Dees © a ines —=1? 


Does 1.75 ee a =1? Yes 
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EXERCISE 97 


-1. Determine the codrdinates of B, C, and D. Determine 
whether they satisfy the equation of the graph? 


/2. Select any point not on the graph, find its codrdinates, 
and determine whether they satisfy the equation of the graph. 


s Similarly, draw the graph of y=a%+3 For @ select the 
values —1, —2, —3, —4, +1, +2, +3, +4,0. What does 
the graph appear to be? 


4 Select three new points which are on the. resulting graph, 
find cheir coérdinates, and determine whether they satisfy the 
equation given in Example 3 


5. Draw the graph of ic ao 1, 


Select at least four negative and four positive values of a, 
and from them determine the corresponding values of y. 
What sort of graph do you obtain ? 
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6. Select any three points on the graph and determine 
whether their codrdinates satisfy the equation. 


= 153. The equations in the preceding paragraph have each had 
- two unknown numbers. The following facts are to be remem- 
bered from the examples of § 152: 

1, The graph of an equation of the first degree (§ 77) having two 
unknowns is a straight line. For this reason, first degree equations 
are also called linear equations. 

2. The coordinates of every pohior on the line satisfy the equation. 

8. The coérdinates of every point not on the line do not satisfy 
the equation. 


154. A Solution of an equation having two or more unknowns 
is a set of values of the unknowns which satisfy the equation. 

Be careful not to confuse the word “solution’’ in the sense of this parae 
graph with the same word when it is used to mark the process of solving an 
example as is done in the text. 

Exampte. Consider the equation «+y=5. 


C1, 4) is a solution because 1 +4 = 5. 
(— 8, + 18) is a solution because —8 + 13 =5. 


155. Number of Solutions. There are an indefinitely large 
number of points upon a straight line. This is expressed by 
saying that there are an infinite number of points on a straight 
line Since the coérdinates of each point satisfy the equation 
of the line, then: there are an infinite number of solutions of a 
linear equation with two unknowns. 

This fact is evident also because for every value of one of 
the unknowns, a value of the other may be found. 


Exampie. Consider the equation 2%+3 y=15. 
Whenz=1,2-14+3y=1lbor3y =138, y= 44; 
then x= 1, y = 4} is one soiution. 
Similarly when, 
C= 2) pott — cass yeti... 
e=38; y=8. @=—5; y=s+ A. 
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Thus as a changes in value, in such an equation, y also 
shanges in value, acquiring a new value. @ and y are said to 
vary, and are called Variables. Hereafter these equations will 
be called equations having two variables. 


An equation of the first degree having two variables has an in- — 
Jinite number ofsolutions. } 3 


Such equations are called Indeterminate Equations. 

156. The graph of-an indeterminate linear equation with two 
variables is always a straight line by §153 A straight line 
may be drawn witli’a rwlef’as soon as two of its points are 
known. This leads to the | 


ie $ = 

Rule. — To draw the graph of A linearsequation having two var- 
iables : a “ae 

1. Select one value for one.variable and determine the correspon- 
ding value of the other variable; this gives*one solution. 

2. Determine a second solution as in step 1. 


8. Plot the two points whose coordinates are the pairs of numbers 
and connect them with a straight line. 


_ 4. Check the result by firfding a third solution, and plotting the 
corresponding point. The third point should fall upon the graph ob- 
tained in step 3. 


Exampte. Draw the graph of 4a — 3y=6. ie 
Sotution: 1. Letxw=0; then y =—2 

(4:0—8y=6; —8y=6; y=~2) 
2. Letx=8; then y = 2. 

(4-:8—8y=6; -8y=6-12; —Sy=—6; y=2.) 
8. Plot the points and draw the line. See Fig. 7, 
CuEeck: Leta =6; then y=6. Is this point on the line ? 


Nore. To get the best results, it is necessary to use coordinate pa- 


per for the following exercises. Fair results m i i 
PRCENICG by the OL ay be obtained by using 
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[ Lo 
q | 
Pope 
i} 
jesteah ik Bee (352) 
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EXERCISE 98 


Draw the graphs of the following equations, each on a sepa- 
rate sheet of graph paper: 


lee + y = 5, 6. 38e—5y=15. 
2° 2a—y=6. 7 Tetdy=2. 
3 24+3y=6. ( & 5a—38y=—6. 
4. 3a~2y=12. 9. e—6y=— 10. 
5. 5a+4y=20. ~ \10 82@=5-—Ty. 


157 Independent Equations and Simultaneous Equations. 

Exampte. Draw upon the same sheet the graph ot 
2a+3y=12. (2) 

Sotution: 1. For equation 1: 2e—y=4, 

If*=0, y=—4; ify=0, e=+2. 

Solutions: (0, — 4) and (+ 2, 0). 
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2. For equation 2: 2%4+3y=12. 
Ifa=0, y=4; ify=0, x=6. 


Solutions ; (0, + 4) and (+6, 0). 
8. See Fig. 8 for the graphs 
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_ Questions: 1, What is true about the codrdinates of all points on 
line 1? (§ 153.) 


2. What is true about the coérdinates of all points on line 2? 
8. What then is true of the codrdinates of point A? | 


4, Are there any other points whose codrdinates will satisfy both 
equations ? 


Two equations, each having two variables, are called In 
dependent Equations when each has solutions which do not 
satisfy the other. Thus, the equations above are independent. 
Their graphs are two different straight lines. 

Two linear equations which are independent and which have 
one common solution are called Simultaneous Linear Equations. 
Their graphs cross at one’ point. The above equations are 
simultaneous since they have the common solution (3, 2). 


ne a 
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| Rule.—To determine graphically the common solutior ot two 
simultaneous linéar equations having two variables : 


1. Draw upon e sheet the graphs of both equations 


2. Find the coérdinates of the point common to the two lines. 
This is the common solution. 


8. Test the common solution by substituting it in both equations. 


Es 

& 

! Hisroricat Notr. One of the notable advances in mathematics is 
| mtimately associated with the subject of this chapter. The idea of rep- 
resenting some geometrical figures by algebraic expressions occurred to 
mathematicians early. In the 14th century, Oresme, a French mathema- 
tician, discussed certain mathematical ideas by means of codrdinates. 
‘He, however, used only positive coérdinates, thus confining himself to 
what is called the first quadrant. 

To the French mathematician, Descartes (1596-1650), is due the ex- 
| tension of the use of codrdinates. He considered negative as well as 
| positive coérdinates and also discussed two or more lines, or curves, 
| drawn with respect to the same system of codrdinate axes. His improve- 
| ment brought with it a better understanding of negative numbers and of 
( negative roots of equations, and laid the foundation for Analytic Geom- 
| etry, one of the subjects of great interest to mathematicians. 


EXERCISE 99. 


Determine graphically which of the following pairs of equa- 
gions are simultaneous, and which are dependent; if simulta- 


"neous, find their common solution: 


a+b=5. & leery 4, 
e ae. 6a +3y=12 
> 2a+y=7. 6 SG aa 
. ee f e—y=9. 
3 a+2y=12. te SRE 
4 Pog =. ; 6a—4b=12. 
(32—2y=—12. g Fe ae 
4 l4e+2y=—-2 “9g -4y == 6. 
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9. Draw on one sheet the graphs of the following equations 
and thus determine whether they have a common solution: 
(a) 5a —2y=T; (0) 8a+2y=17;3 (¢) e—B8y=—9. 
10 Determine whether the following equations have a 
common solution: 


(a) 2n—y=8; (0) 2a—y=4; (ce) 274+ 3y=20. 


158 Inconsistent Equations. Two equations may be inde 
pendent (§ 157), and yet not be simultaneous; that is, they 


may not have acommon solution. The graphs of two simul- 
taneous linear equations are two intersecting straight lines, 


Two independent linear equations which do not have a com- 


mon solution are called Inconsistent Equations. Their graphs 
are parallel lines. 


EXERCISE 100 


Determine graphically which sets of equations are inconsis-« 


tent; if simultaneous, determine the common solution. 


1 cage eal ; 4 eo. oe 
* (24-—6y=—18. 16m —12n=24, 
3 le ec 5 puede aes 
15a—6b=—24. 38a+Ty=5. 
: (2a—3y=18 6 a a 
* le+3y=0. 4a+6y=8. 


159. Sometimes it is difficult to find the common solution 
accurately by this graphical’method. As an example, find the 
common solution of the pair of equations: 

(1) 5e¢@—9y=11; (2) 324+ T7Ty=9. 


In the next chapter, other methods of solving simultaneous 
linear equations are given. 


XIII. SIMULTANEOUS LINEAR EQUATIONS 
DEFINITIONS 


jwo or more letters, its degree with respect to them is denoted 
py the sum of their exponents. 


) 161. If each term of an equation containing one or mons un- 
‘nown numbers is rational and integral, the Degree of the Equa- 


) Thus, if z and y represent unknown numbers, 
ax — by = c is an equation of the jirst degree ; 

“2 + 4% =— 2 is an equation of the second degree , 
202 — 3ay? = 5 is an equation of the third degree. 


1163. A Solution of an equation with two unknowns is a set 
if values of the unknowns which together satisfy the equation. 
; Thus « = 1g and ¥ = 2 is a solution of + 2y = 16. 

| A linear equation with two unknowns has an infinite number 
if solutions. A solution is obtained by assigning any value to 
ine unknown and finding the corresponding value of the other 
Inknown. Thus: 

(a) Some of the solutions of the equation « + 2y = 16 are: 

—4 
+ 10 


+10 
+3 


+ 20 
—2 


+2 
+7 


P= + I 


i (6) Some of the solutions of the equation ce — 2y = 4 are: 


de=41 | +2)—4| +410] +20 
ee A psd hee 8 OO 
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An equation with two unknowns is called an Indeterminat 
Equation, and the unknowns are called Variables. 


Ao tm 


164. Two linear equations, each containing two variables 
are said to be Independent Equations if each has solutions whiel 
are not solutions of the other. i 


The two equations in § 163 are independent. Why? a 

The equations x+y =5 and22”+2y=10 are not independent ; ‘fo 
the second equation can be reduced to the form of the first by dividin 
each term by 2; hence every solution of one equation is also a solutio 
of the other. They are called dependent equations. 


165. Two independent linear equations havin’ one comme 
solution are called Simultaneous Equations. 
The two equations in § 163 are simultaneous. Why ? : 


166. Two independent linear equations which do not hay 
any common solution are called Inconsistent Equations. - 
The equations « + 2y = 16 and 2% + 4y = 21 are inconsistent. }, 


167. To Solve a set of simultaneous equations is to find i 
common solution. 


W 


Examp.e 1. Solve the equations fe 0 8 Smee 4 
SoLution: 1. My* (1): 202 —12y = 76, ( 
2. Ms (2): Qix+12y=6. r 
8. Add (8) and (4): 41a = 82. 
4. Du (5): 2 = 2, 
5. Substitute this value of # in (1): 10—~8y =19. 

y See 
6. The common solution is e=2,y=—8. 
Cuecx: Substitute in (1): 10+ 9=19. : 
Substitute in (2) : 14-12 =2, | 


* See §.42 for the symbol My. Read this ‘! multiply both members of eg 
tion (1) by 4.” L 
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| Noricr: 1. That, in equations (1) and (2), the coefficients of y are not the 
ame. 
2. That, by multiplications, the. coefficients of y are made the same in 
)bsolute value in equations (3) and (4). 
8. That, by addition, 12 y disappears in equation (5), and that 20x and 212 
wre combined, giving 41%. This is allowable because we assume that x and y 
*epresent the same numbers respectively in all of the equations, namely, the 
earticular numbers which together form the common solution of equations 
@1) and (2). y is said to be Eliminated. 
® Elimination means to cause to disappear; thus ¢ ~=7 Bae to disappear 
by adding the two equations (8) and (4). 
4. That the remaining number, 2, is then easily found. 


The solution is an example of Elimination by Addition. 


5 : 15a+8b=1. (1) 
Examp.e 2. Solve the equations Omri  O) 
| Sotvtion: 1. M, (1): 80a+16b=2. (8) 
2. Ms (2): 80¢—21b = — 72. 4) 
8. Subtract (4) from (8): 37 b = 74. (5) 
4. Dsz (5): | b=2. (6) 
5. Substitute the value of 6 in (1): 16a+16=1, (7) 
. 15a@= — 16, (8) 
2a@=—-hL (9) 

The solution is: a@=—1;6=+2. 


Substitute the values of @ and 0 in equations (1) and (2). 
The solution is an example of Elimination by Subtraction. 


Rule. — To solve two simultaneous linear equations having two 
fatisbles by the addition or subtraction method of elimination : 

1. Multiply, if necessary, both the first and second equations by 
‘such numbers as will make the coefficients of one of the variables of 
equal absolute value. 

2. If the coefficients have the same sign, subtract one equation 
from the other; if they have opposite signs, add the equations. 

3 Solve the equation resulting from step 2 for the other variable. 

4 Substitute the value of the variable found in step 3 in any equa- 
tion containing both variables, and solve for the remaining vrriable 

5. Check the solution by substituting it in both of the origina! 

equations. 
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Historrcat Nore, Little progress was made in solving linear e 
tions having more than one unknown until the latter part of the 15th ce: 
tury, although mathematicians before that time had considered su 
problems. After Stifel and Stevin had introduced somewhat simple n 
tations for several tnknowns and their powers, definite methods for sol 
ing equations of the first degree with two unknowns were develope: 
Johannes Buteo, a French monk, (1492-1572), solved equations wii 
three unknowns in a text on algebra which appeared in 1559. 


EXERCISE 101 7 
Soive by the method of addition or subtraction: 


(S3e+y=11. 19 O2e—lly=—4. } 
[Sea—y=18. O18 oe ee OGueee fi 
(da+3b=—1, ra eos | 
\5a+b= Te+8y=—2, q 
r—6s=—10. 14 Misae : 
Seine Aes ican. l4v+6q=9 i 
: 5m+4n= 22. 15, 28% — 36 y = 1, i 
"\)38m+n=9. (14e + 159 = 6. | 
e+9y=8. ft 
fea 2de Ql, 16. te y ; 
ee 4c—38d= 27. fae i 
w—fy= | 
(5a+3d=—9, < { 
; 17 \2 +4 14. | 
\8e=40=—17, 375 iB | 
6e24+2y7¥=—3. ve ors | 
5a—8y=—6. g tere: iy 
: 18. 4 
3884+7¢t=4., vita dc Caer , 
7Ts+8t= 26. be See eae 4 
11p—5q=4. fem + n= . 
8p—Gq=10. 19. LMA t 
5r—9y=1. ss j ; 
8r—1l0y=—5 Ein Ets ba 
ia 8 
| 8c+9t=8, 204% 5 
11, a 9? 
8ce—9t= 7, a Po 
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| 168. Elimination by Substitution is a second common 
gerne of of solving simultaneous equations. 


| Exampuz. Solve the equations ie Hh Nea () 

- 8y—5a=—17. (2) 

_. Soxurion: 1. Solve (1) for x in terms of y: 

) faa 1b-+ 04; 2=(8+0N). - 

| 2. Substitute this value of x in (2): 

; By— fo =— 17. (4) 

; 3. My (4): 56 y — 5(15 + 9y)=— 119, (5) 

_ 4, Expanding: 56 y —76—45y =— 119, (6) 

| 5. Combining; ll y— 75 =— 119, @ 

| * 6. As: lily=— 44, 

7. Diy 8 y =—4, Srey 

| 8. Substituting the value of y in (8): ei 
ioe, DOs ee hal D802 = al ee $ a 


7 7 


9. The solutionis: x =—3, y=—4. Check it by substitution i in equa ‘ 


| tions (1) and (2). 5 


_ Nore. In step 3, when multiplying 5(P ey) by 7, one obtains | 
Rs an. The 7’s cancel, giving the result 5(15+9y). 


es — To solve two simultaneous linear equations having two 
variables by the substitution method of elimination : 


1. Solve one equation for one variable in terms of the otter vari- 
able. : 
2. Substitute for this variable in the other equation the value 

found for it in step 1. 
3. Solve the equation resulting in step 2 for the second variable. 


4, Substitute the value of the second variable, obtained in step 3, 
in any equation containing both variables and solve for the first 
variable. 


5. Check the solution by substituting it in the original equations. 


aay sy \. y 5 % 4 ' 
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Hisrorrcan Norr. The earliest use of the Substitution Method ot 
Elimination in print, of which we have any record, is in Newton’s Arith | 
‘metica Universalis, in 1707. pli 


EXERCISE 102 ) 


Solve by the substitution method: 


1 ripe ae 
* (4m+n=16. 


. f—6s= 
CHa bon. 


3 nest 


10% —12y=+32. 


Sa 13. 
Te—4y=—19. 
Hone 18. 
16%2—3y=10. 
o/{8r+ 54 5. 
38p—2q=29. 


Algapeberrens 


3m+22n=—4, 


age hale 
“\3a+7 y= 48. 


9 (Sa+t9y=8. 
6 oe Omen 27, 
tr —-6t = 63, 
10. 
Ter te 22 ee 13, 


i lee 


11. dates 
12p+10qg=—5. 
w—-92=19. 
160+ T7e=>—41. 

13 (oe ee 

* (1044+9B=—2 

V{TM+8N= 19. 

\9M—6N= af 

4np+6q=+4+T. 


ud beet 

* (15 y—144—=— 15. 

ae c+8 d=— 6. 
120+10d=—T, 


(Sets f=— 23. 
are 
~ (11g+6k=—19. 
! 5r—8s=60. 
Te Bir Hef oman 


169. As a rule, the equations containing two variables de 
not occur in as simple form as those given in §§ 167, 168. | 


_Exampre. Solve the equations 


7 ay om 
fra in? (1) 
ey —2)—y@—5)=—-13, (2) 


ee 
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Sotvtion: 1. Simplify equation (1) : 
ae yA) 
2+3 y+4 
*» Ty +4)— 3(@ + 8)=0. 
32—Ty =19. (3) 
2. Simplify equation (2): 
a(y— 2)— ye —5)=— 13. 


2%—5y=+4 18. (4) 
8. The equations (1) and (2) thus become in (3) and (4): 
8x%—Ty=19. (3) 
2%—5y=18. (4) 
Solve these equations by either of the two methods of elimination ; the 
solution will be found to box =4, y =— 1. 


Cuxcx : Substitute the values of x and y in equations (1) and (2). 
Equations (8) and (4) are called the Standard Form of equations (1) 
and (2). 


Rule. — To solve complicated simultaneous linear equations hav- 


ing two variables: ~~ 
1. Reduce the equations to the standard form by clearing of frac- 
tions and simplifying. 
2. Solve the resulting equations by either of the two methods. 
3. Check by substituting in the original equations. 


EXERCISE 103 


Reduce to the standard form and solve: 


20, 3y_—7, 100: 
rhe 3 4 2 $ ( 
. Ga ay At Cy eee 17 
BBY 2 4 
E28 aot 
ee ab 3 2 
2. sp+2q,2p+q_4 ee eee hes 
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r+t r—t 
ae ee 
4 10. —a—b 
st r—t 
Dg ee OATS ey eee 
ee ea oa Cale ee 
= Per Oe 2 ae a 
of ] e-d a 11 13 11 , 
A at ada. WES 38a—y=2 
Ue 11 
ea See shor LS ee 
Peed yet Pa ce 
Der esas Geo hei ' 3-20 44+By_4 
ES on Sa ae 5 1s SPARS 


(m+1)(n+ 9)—(m + 5) (n — 7) =112. 
1 {mt 9). 0. 


tS 20 ater Se 


2 6 3 
i thet) S Sra ee 
2 3 ; 
w—2 10—-w -p—10_5 
4 5 3 4 ‘ 
, Lh eee 
6 32 16 3 
is Yee Yo. 
3 3 2 
® rar | 
4a+b 6a—3b_ 4 
a7. 30° % 
Bee cee 
2 (em 


20, ota Pac sa : 
e __ 22 
seme oa to ay 


ety 
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170. Certain equations-in which the variables occur in the 
denominators of . fractions may be solved readily without 
clearing the equations of fractions. 


105.9 29% (1) 
Examprz. Solve the equations Rees : 
8 15 
os Soe de (2) 
A) 
Soxtotion: Eliminate the term containing y: 
1. Ms (1): - BORN £40; (3) 
oY 
2. Ms (2): phe ee eee! (4) 
CNR 
8. Add (4) and (8): = ="87, (5) 
745872 ore=Q (6) 
4. Substitute 2 for zin (1): 5— : =8. a) 
6. Solve (7) for y: y=—38. 
Cuecxk : Substitute ¢ = 2, y =— 3 in equations (1) and (2). 
EXERCISE 104 . Go 
Solve the following sets of equations: 
1 ih PG Ay eee) 
b ey 
Cc W “yr s 
Peis an: 9 pele oa 
Dad. 2 CaS 
5 AS ,4_4 
AT ere cae By Piha oe 
los 21. bien ae 
P Dee: w v 10 
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Bee Seg a a sd 
. ABS 9 om wey) 329 
Bhp aed ee 
AGN =o C8 x 4y 8 
é. Meat ie 10. 20° 347-2 
Poe 68 hs aD 8 
wh ae f 3a 2y 72 


171. In solving problems where two or more letters are 
“used to represent unknown numbers, as many independent 
equations must be obtained from the conditions of the problem 
as there are letters used. 


Exampte 1. Four seventeenths of the greater of two num- 
bers exceeds the less number by 5; if the greater be divided 
by the less, the quotient 1s 5 and the remainder 10. Find the 
two numbers. 


Sotution: 1. Let g = the greater number, 
and 27 = the less number. 
2. Then, tg =1+5. (1) 


3 When the greater is divided by the less, the quotient is § and the 
remainder 10; therefore, ; 
g=51+10. (2) 
4. Solving equations (1) and (2), g = 85, 7 = 15. 
Cueck: 7 of 85= 20; 20—15=5, 
and 85 = 5 -.15+ 10: 
Norr. In equation (2), use is made of the fact that the dividend equals the 
divisor times the quotient plus the remainder. Thus, when 17 is divided by 2, 
17=8 2+1 


Exampie 2. If 3 be added to both numerator and denomi- 
nator of a fraction, its value becomes 2; and if 2 be subtracted 
from both numerator and denominator of the fraction its value 
becomes 4. Required the fraction. 
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Sotution: 1. Let m = the numerator, 
and d = the denominator. 
we a= the fraction. | 
2. By the first éondition: @+% — 2. 
y Sa | () 
Ry the second condition : oes Oe (2) 
ee) Zt 
8. Solving the equations (1) and (2),n=7,d=12, — s) 


Therefore the fraction is 75. 
74810 _2, 7-2_5 

12 ea-16 eo" 12— > 91 

Notes. Check the solution by going back to the conditions of the problem. 


CHECK: 


EXERCISE 105 


1. Divide 59 into two parts such that two thirds of the less 
shall be less by 4 than four sevenths of the greater. og 

2. Find two numbers such that two fifths of the greater ex- 
ceeds one half of the less by 2, and four thirds of the less 
exceeds three fourths of the greater by 1 

3 If 5 be added to the numerator of a certain fraction, the 
value of the fraction becomes 3; and if 5 be subtracted from- 
its denominator, the value of the fraction becomes 3, Find 
the fraction. 

4Tf 9 be added to both terms of a fraction, its value be- 
somes $; and if 7 be subtracted from both terms of the frac 
tion, its value becomes 2. Find the fraction. 

5. In 1910, the cost of 3 tons of anthracite coal in Phila- 
delphia exceeded the cost f 4 tons of bituminous coal in Ral- 
timore by $3.10; and the cost of 9 tons of the bituminous coal 
exceeded the cost of 5 tons of the anthracite by 90¢. Find 
the cost of the anthracite and of the bituminous coal in 1910, 

6 A’s age is three fifths of B’s age; but in 16 years A’s age. 
will be five sevenths of B’s age. Find their ages at present. 


wishes CL 
$ 
S( HLM CG) = athe 
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ve twice the greater of two numbers be divided by the - 
less, the quotient is 3 and the remainder is 7; if five times the 
less be divided by the greater, the quotient is 2 and the re- 
mainder is 23. Find the numbers. 


8. On the tower of the City Hall of Philadelphia is a 
statue of William Penn. If the total height of the tower and 
statue be divided by the height of the statue, the quotient is 14 
and the remainder is 29; the neight of the statue exceeds #1, of 
the height of the yee by 7 Bek Find the height of the 


tower ae of the statue. 

¢ [f the numerator of a fraction be trebled, and the denom- 
inator be increased by 8, the value of the fraction becomes 2; 
and if the denominator be halved, and the numerator be de 
oa by 7, the fraction becomes 1. Find the fraction. 


The City Hall of Philadelphia is said to cover a greater 
area than any other building in the United States. One fifth 
of its width exceeds one sixth of its length by 13 feet; and 
one ninth of its length exceeds one tenth of its width by 7 feet. 
a its dimensions. 


1. The perimeter of a certain isosceles triangle (see p. 102) 

is 140 inches The side exceeds the base by 10 inches Find 
pepe. thtee sides of the triangle K-25 ok Oe 

-12/ Three years ago A’s age was 4 of B’s age’ ‘put in nine 
years his age will be 1 of B’s age. Find their present ages. 

13. If the age of a university 1s reckoned from the date of 
its founding, then, in 1912, the age of Yale exceeded the age of 
Princeton by 46 years. Four years later, one half of the age of 
Princeton will exceed one third of the age of Yale by 13 years. 
Find when each was founded. 


14. Twice the shorter side of a parallelogram exceeds the 
longer side -by 5 inches; one third of the sum of the shorter 
side and 9 exceeds one fifth of the longer side by 8. Find the © 
sides of the parallelogram. 
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15 In 1912 the sum of the ages of the oldést English unt- 
versity, Oxford, and the oldest American university, Harvard, 
was 1316 years; the age of Oxford exceeded three and three 
fourths times the age of Harvard by 5 years: Find when each — 
was founded. 


16. If one weight is placed 8 inches from the fulcrum of a 
lever, it balances another weight which is 6 inches from the 
fulcrum ; if the first weight be decreased by 3 pounds, and the 
second be increased by 4 pounds, the resulting weights will 
balance if placed 10 feet and 5 feet respectively from the ful- 
crum ind the two weights (§ 143). 


17. The sum of the reciprocals of two numbers is 42 Tv ice 
the reciprocal of the greater number exceeds the reciprocal of 
the less number by:,3,. Find the two numbers. 
( Hose. The reciprocal of 3 is 26 of ais >) ar ar - 
j 3, Pes KE a ie ee 
18/'The sum of the reciprocals of two numbers is 34, If 
twice the reciprocal of the less be increased by four times the 
reciprocal of the greater, the sum is8 Find the two numbers. 


19-“A purse contained $6.55 in quarters and dtines ; after 6 
quarters and 8 dimes had been taken out, the BE of 

quarters- equalled three times the number of dimes. How 
many of each kind of coin were there ? 


20: In 7 years, A will be three times as old as B, and 8 
years ago he was6times asold What are their present ages ? 


21. The length of a room exceeds its width by 4 feet. If 2 
feet are added to the length, and 3 feet to the width, the area 
is increased by 103 square feet. Find the dimensions, 

Sorution: 1. Let 1 = the number of feet in the length, VW 

and w = the number of feet in the width. 
.*. Ww = the area. 

2. lt=w+4. 


f = 
(2 


Va 
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3. 1+ 2 = the new length. 
w + 8 = the new width. 
. (J+ 2) (w +3) = the new area. 
4, - (L+2) (w+ 8) =lw + 108. (2) 
5. Solve the equations (1) and (2), and check. 


22. If a rectangular lot were 6 feet longer and 5 feet 
wider than it is now, it would contain 839 square feet more ; 
if it were 4 feet longer, and 7 feet wider, it would contain 879 . 
square feet more. Jind its length and width. 


& If one weight, increased py 10 pounds, be placed 6 feet 
from the fulcrum, it will balance a second weight, placed 44 
feet from the fulcrum; if the second weight, increased by 10 
pounds, be placed 3} feet from the fulcrum, it will balance the 
first weight placed 6 feet from the fulcrum. Find the two 

weights. 


24. Will weighs 50 pounds. When Will seats himself 6 
feet from the fulcrum and John seats himself 4 feet from the 
fulcrum on the same side, they exactly balance James, who is 
sitting 71 feet from the fulcrum on the other side. When 
Will and John change places, they find that James must sit 73. 
feet from the fulcrum. How much do J ohn and James 
weigh ? 


@5. A crew can row 10 miles Bhs stream in 50 minutes, 
and 12 miles up stroam in\an hour anda half. Find the rate 
in miles an hour of the current, and of the crew in still water. 


(Hint. Review River Problems, Exercise 90, § 144; express 50 min- 
utes as 3 hour.) 


26. A motor boat which can run at the rate a 15 Biles an 
hour in still water went down stream a certain distance in 4 


hours. It took 6 hours for the trip back. What was the dis- 
tance and the rate of the current? 


@@i. A crew are rowing on a stream the rate of whose current: 
is known to be 2 miles an hour; they-find that it takes them 


a Sy 
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one and one third hours to go down, and four hours to come 
back a certain distance.’ Find the distance and the rate of the 
crew in still water. 


@( An express train travels 30 miles in 27 minutes less 
time than a slow train) If the rate of the express train were 
3 as S great, and if thé rate of the slow train were # as great, 
the express train would travel, 30 miles in 54 minutes less 
time than the slowtrain. Find the rate of each train in miles 
-an hour. ‘ : 

9. Ifa field is made 5 feet longer and 7 feet wider, its area 
would be increased by 830 square feet; but if its length 1s 
made 8 feet less, and its width 4 feet less, its area is dimin- 
ished by 700 square feet. Find its length and width. 


30. The fore wheel of a carriage makes 8 revolutions more 
than the hind wheel in going 180 feet; but if the circumfer- 
ence of the fore wheel were 4 as great, and of the hind wheel 
€ as great, the fore wheel would make only 5 revolutions more 
_than the hind wheel in going the same distance. Find the 
ie of each wheel. 


A man has $2500 invested from which he receives a 
o al income of $135. Part of the money is invested at 6% 
and part at 44%. How much is invested in each way ? 

32. A man has altogether $5000 of savings. He has part. 
invested in a 5% bond, and the balance invested in a mort- 
gage drawing 6%. If his total income 18 $280, how much 
has he invested in each way ? 

33. A man has $1200 invested at one rate of interest and 
$500 at a rate which is 1 per cent greater than the former 
rate The income from the first investment exceeds the in- 
come from the second investment by $23. Find the rate at. 
which each sum is invested. 
ee The simple interest on $800 at 5% for a certain num- 

ce) 


f years exceeds the simpie interest on $300 at 6 % for a. 
gers: 
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second period of years by $60. If the second period of years 
exceeds the first by 4 years, find the number of years each sum 
is invested. = 


28. There are two supplementary angles such that 4 of the 
larger exceeds 2 of the smaller by 5°. Find the angles p (§ 13.) 


36. One angle of a triangle is 35°. If the number of degrees 
in one of the remaining two angles is divided by the number 
in the other, the quotient is 9 and the remainder is 10. Find 
the three angles of the triangle. (See § 13.) 


3% The fastest train on the Pennsylvania R R. makes the 
trip between Chicago and Fort Wayne, Indiana, a distance of — 
148 miles, in 1 hour and 20 minutes less time than one of the a 
ordinary trains- Its rate is $ that of the ordinary train. Find © 

‘the rate of each train. 


88 A and B working together can do a piece of work in 6 
days; they can also complete the work if A works 10 days 
and B 3 days. How many days would it take each of them to 
do the work alone? (See § 142) 


39. A and B working together can do a piece of work in 7} 
days. If A works alone for 3 days, and B alone for 6 days, 
they would complete j%, of the work. Find how long it would 
take each alone to do the work. 


40. Aman has a sum of money invested at a certain rate of 
interest Another man has a sum greater by $3000, invested 
ata rate 1 % less, and his income is $45 less than that of the 
first A third man has a sum less by $2000 than that of the 
first, invested at arate 1% greater, and his income is $40 
greater than that of the first. Find the capital of each man, 
and the rate at which it is invested. \ " \ US 


172. Relations between the Digits of a Number. ae 
numbers are written by means of the digits. 

Thus, 372 is a number of three digits; °3 wemetes 300 | 
anits, 7 represents 70 units, and 2 represents 2 units. 


-. 
t 
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Similarly, if ¢ is the tens’ digit and u is the units’ digit, the — 
oumber is 10¢+ 4a. 

When the digits of a number are reversed, a new SNS is 
formed; thus, reversing 52 gives 25. Notice that 


52=10x54+2 and 25=10x24+5. 


Similarly, if 2 and y are the tens and units digits of a 
number, the number is 102+ y; if the digits are reversed, the 
new tens’ digit is y, the new units’ digit is a, and the new 
number is 10 y + 4%. 


EXERCISE 196 


1. Write the number whose units’ digit is a, tens’ digit b, 
and hundreds’ digit ¢. 


2. Write the number represented by reversing the digits 
in Example 1. 

3. Representing the tens’ digit of a number by ¢, and the 
units’ digit by w represent; 

(a) the sum of the digits; 

(0) the number; | 

(c) the product of the digits; 

(d) the quotient when the number is divided by the sum of 
the digits. 


4. Representing the tens’ digit of a number by x, and the 
* units’ digit by y: 

(a) express the original number; 

(6) express the number obtained by reversing the digits; 

(c) express the quotient of the new number divided by the 
old number; 

(d) express by an equation the fact that when the original 
number is divided by the sum of its digits the quotient is 5 
and the remainder is 3. (See note, Example 1, § 171.) 

AEO 


2. 7 ° 


aS 
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5. The sum of the two digits of a number of two digits is 
11; if the digits be reversed, the quotient of the new number 
divided by the old is 2 and the remainder is 7. Find the 
number 


Sotution;: 1. Let t = the tens’ digit, 
and ; u =the units’ digit. 
webu = il. (1) 
2. 10¢ + w= the original number, : 
and 10 u + ¢ =the new number. 
* 10ut+t=2(106+ u4)+7. (2) 


8. Solving the pair of equations, (1) and (2), gives¢=3,w=8 
-. the number is 88. 

Curcx: The sum of the digits is 11. 

83 ~ 38 gives the quotient 2 and the remainder 7. 


6. The tens’ digit of a number exceeds its units’ dicit by 
4. If the digits be reversed, the new number is 6 more than 
one half of the old number. Find the number 


7. The sum of the two digits of a number is 9 If the 


digits be reversed, the quotient of the new number divided by, 


the units’ digit of the given alee is 13 and the remainder 
isi. Find the number. 


8 The sum of the two digits of a number is 16; am if 18 
be subtracted from the number, the remainder equals the 
number obtained by reversing the digits. Find the number. 


9. If the digits of a number of two figures be reversed, the 
sum of the resulting number and twice the given number is 
204; and if the given number is divided by the sum of its 


digits, the quotient is 7 and the remainder is 6. Find the 


number. 


10. If a certain number be divided by the sum of its two 


digits, the quotient is 4 and the remainder is 8. If the digits E. 


be reversed, the sum of: the resulting number and 23 is twice 
the given number. Find the given number. 


Si De hips 
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173. Literal Simultaneous Equations. In solving literal si- 
multaneous equations, the addition or subtraction method of 
elimination is usually the best. 


Exampre. Solve for x and y the equations: 


az + by =c. “Ney 
ra +- sy =t. (2) 
Sotution: Eliminate y. 
Lee (OB sax + sby = sc. (8) 
Zoo C2) bra + bsy = bt. (4) 
8. Subtract (4) from (8): sax — bre = sc-— bt. (6) 
-. (sa — br)x = (sc — bt). (6) 
Ce ae 2 
(sa— br) 
Now, going back to (1) and (2), eliminate . 
oA M1); - rax + rby =re. aha Ce 
5. Ma (2): rax + say = ta. (8) 
6. Subtract (8) from (7): ‘(rb — sa)y = (re — ta). 
: . 4 — (re — ta) 
ag (rb — sa) 
The solution is: pepe ub payee re 
sa— br rb—sa sa—br 


Nore. In step 6, when subtracting say from rby, we notice that these 
are like terms since they kave the common factor y, and then subtract by 
multiplying that common factor y by the difference of its coefficients, 
(rb — sa). Or, we may think of the difference as being rby — say, which, 
factored, becomes (rb — sa)y. 


EXERCISE 107 


a eas v Pert 
YO |2a—5y=60b. * laxw—2y=6¢. 
2 eer 5 ie te 
* (2a—by=6. * (ce+dy=e. 
A4at+my=n. a oe 
pide EEE oo a 


} &.. 
: wae 


“YUrmhtu (0 (eh J 


* 
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Se a 2 he - Tiare wed 
bx + ay=— ab. a Dey. 
3 av — by = 2 ab. OP wt 8A 
Daeios 9 3R—a y 
be + ay =a? + ab. “12. eo os 
vt ies y=a+d. SU-pry =s?— 7, 
neice me — ny = 0. 
jo. pal acs 7 i a 
c mn 


\ 
\ 


f } x + ay = De i \ 
14. 
lee +y=a. | 


} 


15). Find two numbers whose sum is m Ser whbse difference * 


is mi YAr dijprrrer vel 
. Te “Divide the number c into two parts so that when the 
larger is divided by the smaller the quotient is d. 

17. Divide the number 7 into two parts such that when the 
larger is divided by the smaller ee quotient is s and the re. 
mainder is ¢. 

18. A and B can doa piece of work together in k days; if 
‘A works 3 days and B works 5 days they can do 4 of it. Find 
how long it would take each alone to do the piece of work. 


19Y The sum of the digits of a number of two digits is a; 


the number itself equals b times the units digit. Find the. 
(A - 


SENS of the number. rts 


20. If a be added to the numerator and b be added to the de- 
nominator of a certain fraction, its value becomes 1; if b be 
added to the numerator and a to the denominator, its value be- 

comes,2. Find the fraction. 


21° Find two numbers whose sum is c and such that} times 
the first exceeds a times the second by d. 
».22Y Find two numbers such that the quotient of a divided 
by the greater exceeds by c the quotient of b divided by the 
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Jess; and such that the quotient of b divided by the greater 
exceeds by d the quotient of a divided by the less. , 

The following two sets of equations arise in the solution of 
problems in applied mathematics; find 7’ and /: 


(mg — T = mf. (a mg — T= mf. 
; 3. 
c ? Or =a. ec Fre 


EQUATIONS CONTAINING THREE VARIABLES 


174. In the preceding paragraphs equations having two 
variables have been solved; in each case two equations were 
given. It is interesting to study equations with more than 
two variables. For three variables, three equations are 
necessary. 


Exampue. Solve the set of equations, 


i a eee aay 
Sa+2y4+32=7. 3 (2) 
[he By 52a 3 (3) 


Sotution: Eliminate z by combining (1) and (2); the resulting equa- 
tion will contain only z and y. 

ae EGOS 62—38y+3z2=15. (4) 

2. Subtract (2) from (4): 8a—d5y=8. (5) 

Now eliminate z by combining (1) and (8) ; the resulting equation will 
contain only «# and y, 


oe Ma Cl): 10% —5y+5z=25. (6) 
4, Add (8) and (6): 14% —8y = 22. (7) 
This gives the equations : 
; 82—5y =8. (5) 
14a — 8y = 22. (D 
Solve this set of equations for x and y. 
The solution is, «= 1, y=—1. 
Substitute these values of « and y in (1) and obtain 2. 
2+14+2=65. 
Oe eg aa OH 
The complete solution ist =1, y=—1, 2=2. 


Check the solution by substituting it in each of the given equations. 


> 
rot ete oe 
Jotpuwe & 


wa 


A Pe ee mn eee ee ee Ae i. i » es 


ae Pe rue 2 wut 
tiv (vy barn ee bude 
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EXERCISE 108 
{ 
ja—2b+c=0. 2_1.1_5 . “- 
1, seen pace is Ey i ee ee 
ee cri a q. 4424559, ( 
A CRY @ 
3x2—2y=1. BD ee 
2. 8a+42=5. 2 Zz be 
pos eee ele 
Si eA. 8. A} _1__3 
5m—2n=0. ey 2 
neni Wn 
5r—38s—4t=—1.). af ae so ae 
Sae+4r4+2t=—85., oy ae 
& 12a—38r—4t=—10. 1 ite 
4e+2r4+3t=—21. oy 
to 
‘ > aes eee ee =b. 
6d BSC nS. We lye eee 
& 12A+3B45C0=0. incite ey 
8A—5B-—6C=1. Ve ae 3 


11. The angle A of a triangle exceeds the angle B by 20°, 
and the angle C’ exceeds the angle A by 20°. Find the three 
angles of the triangle. (See § 13.) 


12. The perimeter of a triangle is 175 inches. The side ais 
20 inches less than twice the side 6; and the side 0 exceeds 
the side c by 5 inches. Find the sides of the triangle. 


13. The sum of the sides a and 5b of a triangle is 147 inches; 
the sum of the sides } and ¢ is 135 inches; and the perimeter 
is 219 inches. Find the three sides of the triangle. 
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14, The total area of the three largest oceans is 134 million 
square miles. The area of the Pacific Ocean exceeds twice the 
area of the Atlantic Ocean by 1 million square miles; and the 
area of the Atlantic Ocean exceeds the area of the Indian 
Ocean by 7 million square miles. Find the area of each of the 
oceans. 


15. A recipe for a fondant for candy calls for a total of 
three and five sixths cups of sugar, water, and glucose; twice 
the total amount of water and glucose exceeds the amount of 
sugar by one sixth cup; and three times the amount of glucose 
and twice the amount of sugar make six cups. How many 
cups of each ingredient is required for the fondant ? 


16. The sum of the three digits of a number is 13. If the 
number, decreased by 8, be divided by the sum of its units 
and tens’ digits, the quotient is 25; and if 99 be added to the 
aumber, the digits will be reversed. Find the number. 

Soxution: 1. Let x = the hundreds’ digit, 

y = the tens’ digit, 
and z = the units’ digit. 

2. Then 100% + 10y + 2 = the number, 


8. and 100 z + 10y + x = the number with its digits reversed. 
4. By the conditions of the problem, : 
ety+¢2e=18, han 
100% + 10y+2—8 _ of LY 
: wi sas | 


: YZ ) RY 
und 100%+10y+2+99=10024+ 10y+% { 

5. Solving these questions, x =2, y= 8, ze =38. 

Therefore the number is 283. 

17. The sum of the three digits of a number is 23; and the 
digit in the tens’ place exceeds that in the units’ place by 3. © 
If 198 be subtracted from the number, the digits will be 
reversed. Find the number. 

18. A and B can do a piece of work in 10 days, A and C in 
12 days, and B and C in 20 days. In how many days can each 
of them alone do it ? 


XIV. SQUARE ROOT AND QUADRATIC SURDS 


175. Square Root by Inspection The square root of a per- 
fect square monomial (§ 90), and of a perfect square trinomial 
(§ 96) have been found by inspection. Review these paragraphs. 


176. Tvro Square Roots are obtained for each nutnber. They 
are of equal absolute value, but have opposite signs; they may 
be written together, by means of the double sign, +. 

Exampte 1. V9 a4b? =+ 80° ; since (+ 80%)? = 9 atb?; 
and (— 8%)? = 9 atd2, 

_ Exampie 2 V9 a — 12ax +4227 =4(38a—22); 
since §{+(8a—2x)?=4+(8a—2%)2?=9a?— ll2ax+ 42%, 
and {—-(8a—22”)2 =+(8a—22)?=9a? — 12 ax+4 x2. 


177. The square root of a large number may sometimes be 
obtained by inspection by factoring the number. 
Exampie. V1764a!= V4. 441 at =4 2-21 a? =4 42 @?. 


EXERCISE 109 
Find the square roots of: 


16 a¥ 169 arty? 
° 48 5. ———. mah ae 
ete 25 bie! S81 28 
2. 64 apy SzA> ‘ 4at . 121 ctd® ; 
3. 144 a4b%2. 169 0° 144 ay? 
196 m8 225 s&&* 
4, 225 7h, 7. 256 nt 10. 40074 


11. When is a trinomial a perfect square? 

Find the vatue of; 

12. Vat— 6a? +904. 14. 169 0? — 26 ar? +74. 
13. Va®—10mm+ Qn =. 15. VE 20 ay + DP 


244 


oe 
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3136. 18. 4225 ab? 20. V5184 74% 
V 2916 afy?. 19. V5625 min’ = 21. V11025 ay*2?. 


178. Square Root found by Long Division. If it is not pos- 
sible to factor readily the number under the radical sign, the 
square root, if there is one, ey be found by a process like 
long division. 


Exampye 1. Find the square roots of a?-+-2 ab + 6. 


a+b 
Sonution: 1. Va2?=<a. Place a in the root. a + 2ab + 62 


2. Square a; subtract. 

3. 2xa@=2a. Trial divisor. 

2ab+2a=b. Add 6 to the trial divisor and 
to the root. Complete divisor. 

4. 6 x(2a+ 4); subtract. 


The square roots are: +(a@+6) and —(@+D). 


ExpianaTion: 1. Find the square root of the first term, obtaining a, 
the first term of the root ; place it in the root. 


2. Square the first term of the root and subtract it from the given 
number, obtaining the first remainder, 2 ab + 62. 


8. Double the first term of the root, obtaining 2a, the trial divisor. 
Divide the first term of the remainder by 2 a, obtaining 6b, the second term 
of the root. Add 6 tothe root and to the trial divisor; the complete 
divisor is2a@+ 6. 


4, Multiply the complete divisor by } and subtract. 


Step 3 is suggested by the process of squaring a binomial. When 
squaring a binomial, the middle term is obtained by taking twice the 
- product of the first and second terms; this is equivalent to taking twice 
the first term and multiplying by the second Reversing the process, the 
second term, 0, will be found, if 2ab is divided by 2a. After q? is sub- 
tracted from q? + 2ab + 62, the remainder 2ab + b? equals 0(2a-+ 5b). 
This suggests adding b to the trial divisor and multiplying the sum by 0. 


Exampte 2. Find the square root of 
202? — 70a2+4at+ 49 —3 23, 


. 
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Sotution: 1. Arrange it in the descending powers of x: 


5 Dat be 
2. Veet = 20% | Ta8+20%°— Sa°—10a4+40 
3. (24”?)2 =4a4, Subtract. 4 x 
4, 2x (227) = 422. 4x: 
20238 +4227= 52. +52 
5. 5 a(4 2? + 5x). 402454 |20 2°+25 x? 
6. 2x (207+ 52). 422+10% : 
7. —282%+42%=— 7. 
8. —7 (402+ 10% —7). 402410%—7 | —28 2?—70%+49 


The square roots are: +(2a?4+5%—7) and —(247+5%—7). 


Rule. — To find the square root of an algebraic expression : 

1. Arrange it according to ascending or descending Revere of some 
letter. 

2. Write the positive square root of the first term of the given expres- 
sion as the first term of the root. Square it and subtract the result 
from the given expression. 

3. Double the root already found, for the trial divisor. Divide the 
first term of the remainder by the first term of the trial divisor. Add 
the quotient to the root and also to the trial basilar obtaining the com- 
plete divisor. 

4. Muitiply the complete divisor by the new term in the square root , 
subtract the product from the remainder obtained in step 2. 

5. Continue in this manner: (a) double the root already found for a 
new trial divisor ; (6) divide the first term of the remainder by the first 
term of this product for the new term of the root ; (c) add the new term 
of the root to the trial divisor, obtaining the complete divisor ; (d) multi- 
ply the complete divisor by the new term of the root; (e) subtract. 


_ EXERCISE 110 
Find the square roots of the following: 


1. 9a? + 24 ay +16 y? 4, PO re A Cea 
2-25 m? +30 mn +9 v2. 5. 1—6a+11 @—608 + a4. 
3. 36 a? — 12 ab + 0% 6. 9e'—24e8+42°+16 a +4, 


7. 49a®—30a?+16+9a'—40a. 
8. 25 a — 20 ay — 26 ay? +12 ay +9 y', 


ee ee 
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9. 9at+1—40? +4 08— 607412 0° 
10. 16 m+ 8 m2? — 23 m?at — 6ma* + 9 23, 
ll. 1—204+32?9—49'+ 3at—2 oe 4+ 2%, 
~ 18, a= data? +10 28a? + 4 2a — 20 wa? + 25 af 
13. 9a?+ 25 y? +16 27+ 30 ay — 24a2—40 yz. 
44. 7?460?+¢—2 ab—2ac+2be. 
15. 20 ab? + 9a*t— 26 a°b? + 25 bt — 12 ad. 
16 20a°—7T0¢2+4at+49— 32%, 
17. 49 m4 —14 m’n — 55m’7n? + 8 mn? +16 nt. 


18 m+8m+12—104 4, 
m UL 


2 my —iy?, 3°, 924 
ere on a 


16e oe) loo 44° 4 
ea oo ae 


179. Square Root of an Arithmetical Number. The square 
root of 100 is 10; of 10,000 is 100; ete. Hence the square 
root of a number between 1 and 100 is between 1 and 10; the 
square root of a number between 100 and 10,000 is between 10 
and 100; etc. 

That is, the integral part of the square root of a number of 
one or two figures contains one figure; of a number of three or 
four figures, contains two figures; and so on. 

Hence, if the given number is divided into groups of two 
figures each, beginning with the units figure, for each group 
in the number there will be one figure in the square root. The 
groups are called Periods. 

Thus, 2345 becomes 23 45 ; it has two periods and its square root has 
two figures, a tens’ and a units’ figure. 

84088 becomes 3 4088; it has three periods and its square root has 


three figures. A number having an odd number of figures will always 
have only one figure in its left-hand period, as in this case. 


942 36 
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A decimal number is divided in the same manner, starting 
from the decimal point in both directions. 
Thus, 3257.846 becomes 82 57.8460. The last decimal period is always 


completed by annexing a zero. This number has two figures before the 
decimal point and two after it, in its square root. 


180. The first figure of the square root of a number is found, 


by inspection; the remaining figures are found in the same ~ 


manner as the square root of a polynomial. 


'Examprre 1. Find the square root of 4624. 


SoLution. 1. Divide 4624 into periods; this gives 46 24. There are 
in the square root a tens’ and a units’ figure. 


2. The tens’ figure must be 6; 7 is too large for 702 = 4900, which is 
more than 4624. 


3. The rest of the square root is found as follows: 
3600 is the largest square less than 4600. 
3600 = 60; place 60 in the root. 
Square 60 and subtract. 
Double 60. Trial divisor. 
-102 + 12= 8+. Place 8 in root and add to trial divisor. 
Complete divisor 
Multiply complete divisor by 8. 
_ The square roots are + 68 and — 68. 


It is customary to abbreviate the solution by omitting the 
zeros as in the following example. : 


ExAmpte 2. Find the square root of 552.25. 


Sotution. The largest square less than 5is4; y/4=2. 
Place 2 in the root. 

2x 2=4; annex 0. Trial divisor. 

15 + 4 = 3+; add 8 to the trial divisor. 

Complete divisor. Multiply by 3. 


2 x-23 = 46; annex 0. Trial divisor. 460 |23 25 
230 + 46 =5+. Add 5 to the trial divisor. 5 
Complete divisor. Multiply by 5. 465 |23 25 


The square roots are + 23.5 and — 23.5. 
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Rule. — To find the square root of an arithmetical number : 

1. Separate the number into periods (§ 179). ; 

2. Find the greatest square number in the left-hand period ; write its 
positive square root as the first figure of the root; subtract the square of 
the first root figure from the left-hand period, and to the result annex the 
next period. 

. 8. Form the trial divisor by doubling the root already found and an- 
niexing zero. 

4, Divide the remainder by the trial divisor, omitting the last figure 
ofeach. Annex the quotient to the root already found; add it to the 
trial divisor for the complete divisor. 

5. Multiply the complete divisor by the root figure last obtained and 
subtract the product from the remainder. 

6. If other periods remain, proceed as before, repeating steps 3, 4, and 
5 until there is no remainder or until the desired number of decimal 
places has been obtained for the root. 


Norse 1. It sometimes happens that, on multiplying a complete divisor 
by the figure of the root last obtained, the product is greater than the 
remainder. In such cases, the figure of the root last obtained is too 
great, and the next smaller integer must be substituted for it. 

Nore 2. If any figure of the root is 0, annex 0 to the trial divisor and 
annex to the remainder the next period. 


EXAMPLE 3. Find the square root of 4944.9024. 


70.32 
SOLUTION : 49 44.90 24 
49 
1400 | 44 90 
weg 
1403 | 42 09 
14060 | 2 81 24 
bag 
14062 


2 81 24 


The square roots are + 70.32 and — 70.32. 

The first trial divisor is 140. Since this is greater than 44, the first 
remainder, annex 0 to the root, obtaining 70. ; 

The second trial divisor is 1400; (2x 70=140; annex 0, 1400). 
Bring down the next period 90, getting for the second remainder 4490. 
Divide 44 by 14 gives 38+; annex 8 to the root and add 3 to 1400, etc. 
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EXERCISE 111 
Find the square roots of : 


1. 1521. 5. 23409. 9. 46225. 
2. 4489, 6. 54756, 10. 9.8596, 
3. 5625. 7. 173889. / le 14,9716. 
4. 8836 8 42025. 12. 17.8929. 


181 The Approximate Square Root of a number which is 
not a perfect square is often desired. Obtain usually the first 
three figures following the decimal point. 

Exampte. Find the approximate square root of 2. 


SoLurTIon : . 1.414 


The square roots are + 1.414+ and — 1.414+. 


Nore. In order to obtain the desired number of decima) places, annex 
zeros until there are three periods. 


EXERCISE 112 


Find the approximate square roots of: 


a7 3: 3. 6. 5. 10. Tout ai 9. 15. 11. 19. 
2. 5. 4. 7. 6. 11. 8. 14. ukey aly 12. 21: 


. 182. Table of Square Roots. In the remainder of the course, 


it will be necessary to use frequently the square roots of 


some numbers. Retain some of the square roots as they are 


Se nil 
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found, either in a notebook or in some other convenient place. 
Make a list of the numbers from 1 to 90, and write their 
aquare roots beside them, thus: 


_ NUMBEB Bape Roor 
1 1.000 
2 1.414 
3 1.732 


After working Exercise 112, twelve of the numbers of this 
table may be tabulated. These roots may be used to obtain 
the square roots of other numbers. 


Exampie 1. Find the square root of 8. 

SotuTion: V8 =V4x2=2xV2=2 x (1.414+) = 2.828+. 
ExamPLe 2. Find the square root of 12. 

Sotution: V12 =V4x 8 =2V3 =2 x (1.782+) = 3.464+, 


EXERCISE 113 
1. Find the following square roots to three decimals: 
(a) V1I8. (6) V20. ~(@) V24 (dd) V27. ~-(e) V2. 


2. Complete your table of square roots up to 50. Get as 
many roots as possible by inspection (§ 175); get as many 
of the remaining roots as possible as in Example 1. Find the 
others by the long division method (§ 180). 


183. The square root oi a fraction which is not a perfect 
square may be found as follows: 


\i= Sao =\}-4-4¥. 


1338 - a. aA a =+ 1,224+, 


Rule. — To find the square root of a fraction: 


1. Change the fraction into an equivalent fraction with a perfect 
square denominator. 
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2. The square root of the new fraction equals the square root of its — 


numerator divided by the square root of its denominator. 


3. If desired, express the result of step 2 in simplest decimal form, 
prefixing the double sign, +. 


Exampte. Find the approximate square root of 3. 


SoLtution: 1. The smallest square number into which 8 can be 
changed is 16; multiply both terms of the fraction by 2. 


ea ae 6 V6 2.449+ 
2. qe= BOS ey) One Oe ee 81s 
g Vexs Vi6 ar re Pe 


EXERCISE 114 


Find the approximate square roots of: 


bees ak: te 10. 4 ie ge 
es B. 4. aie, Li. 1, i 
Sages 6. 2. O08 12.3 15. 3 


QUADRATIC SURDS 


184. The indicated square root of a number which is not a per- 


fect square is called a Quadratic Surd ; as, V3, V V2, NE pee 
i] 


185. Surds should be simplified as in the following examples: 
(a) V24 =V4-6 =2- V6; (b) \2= 9-2 _8v2 
‘8 16 4 

Thus, a quadratic surd is in its simplest form when the 
number under the radical sign is an integer which does not 
contain any perfect square factor. 

While a quadratic surd has two values, one positive and one 
negative, it is.agreed to consider only the positive root, in 
order to avoid ambiguity. This root is called the principal 
root. 

186. Addition and Subtraction of Surds. — 

Examere 1. Find the sum of V20 and V/45. 


Sotution: 1. V204+V45=V4-564+V9-5 =2V5 + 3V5 =5V5. 


~ 
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This solution assumes that surds may be added like other numbers. i 


The coefficients of V5 are 2 and 8; the sum is found by multiplying V5 
by the sum of its coefficients (§ 34). 

The advantage in adding surds in this way is that fewer square roots 
need be obtained. ‘Thus, the sum of V20 and V45 is 5V5 or 5 x (2.236+) 


or 11.180+. This same result could be obtained by adding the square 


roots of 20 and 45. 
Exampte 2. Simplify V3+-4. 
9, .fl_./i®, 2 38v2, v2_3v2 , 2v2_ 5v2 
Soxution: 1. ye+yi= —++a/a= os or aay 
= _5 x (1414+) _ 7.070" = 1767+. 


2. 
4 


EXAMPLE 3. Simplify 2 le 


V3 _ 24-8 
Sorurion: 1. ae real =?4¥= ma 
2, 2+V38 So 2t 8.7382+ = 1.244+. ‘ 
| 3 3 o-oo 


Nore. The/ results of problems involving surds are often left in the 
surd form as in step 1 of Examples 2 and 8. There are advantage: in 
finding the approximate decimal value of the result. 


dee © EXERCISE 115 


Simplify the following : — : 
ni? 4.4/75; Pens 4/5. 

2. V98 —V18. ee 

3. V80 —V20. 13, BPW: 

4. 8VIL- V8, eid a 5 e e 
5. V8 +63. ree oe ae 

6. 6V2 —V50+V18. 1G) ee SEW 
q.iV12+-V4. 17, —$4-V4. 

8. VE+Vi5- 13. —s 4/2. 

9. V2 +Vay. 19, -—g3ey =. 

10. V3—V24. 20. $-ViZ. 


\( 


XV. QUADRATIC EQUATIONS 


187. A Quadratic Equation is an equation of the second 


degree (§ 161) ; it may have one or more unknowns. 


188. A Pure Quadratic Equation is a quadratic equation hay- 


ing only one unknown, which contains only the second power 


of the unknown, as, az’ =6 


Exampte 1. An acre of ground contains 43,560 square feet. 


How long must the side of a square field be in order that the 
area of the field shall be one acre ? 

SoxuTion: 1. Let s= the number of feet in one side. 

2. Then s? = the number of square feet in the area. 


3. Then s? = 43,560. 
Extract the square root of both members of the equation. 
4. Then S= + 208 T+. 


ro 


crs ve 


Since this is a field, only the positive root has meaning; hence the | 


"side of the field must be 208.7+ feet. 


189. A pure quadratic equation has two roots, because two 


square roots are obtained in extracting the square roots of the ~ 


two members of the equation. 


Rule.— To solve a pure quadratic equation. 


1. Clear the equation of fractions, transpose, and combine terms : 


until the equation takes the form x* = a number. 


2. Extract the square root of both members of the equation, plac- 
ing-the double sign, +, before the root in the right member. 


Note. After extracting the square roots of both members of an equa- 
tion like z?=@?, we get +2=+a. This gives: +2=+¢, +2=—4, 
—<x£=-+4, and —z=—- <a. 

254 
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If both members of the last two equations are raultiplied by — 1, the 


equations become +*%=—a, and +z=+a@. These are the first two 
of our four equations. Thus, it is clear that, from x? = a?, we get only 
' two equations,  =+4 aand «=— a, ort =a. 
: Exampre. Solve the equation os oe eR.) + = 
3 12> m 
Sonution: 1. am + so id at 12, 
m 12 

2. Miom: oe + 36 =m? + 144, 

8. Simplifying : 7 m2 = 108. 

4. Dy, : m= igs, . 

5. Vo:* m= me Ade 395/21, 

6. V21 = 4.582: m= +9 Sag ON ete a + 3.927. 

tie =+ oe + Mo =— 8.927. 


L “ m,?’ is read ‘*m one.’’?’ The numeral 1 is called in such cases a sub- 
script. ‘‘m,’’ is read ‘‘m two.’? These subscripts are used in this case 
to distinguish between the two roots of the quadratic. 


Cuxcx : In cases such as this, it is better to check by going over the 
solution a second time. Great care must be taken, however, for it is easy 
to overlook an error. 


Nore.— Get the result in the radical form first; that is, m—=-+ §y/21; 
then it is wise, for many reasons, to get it in decimal form as finally given. 


EXERCISE 116 
Solve the following equations : 
1. 7p? —175=0. 5. 3(m—2)+2m(m—1)=m 
2. 5a®— 48 = 80 — 32. 6. 3(¢+5)—t(¢—1) =4t. 
3. 122°—140=9c—32. 7. 9a?—7=0. 


2m?+4_ 3m?—-T_U g 44 _ 321. 
B 3 15 


4, 


* The symbol “‘\/ :” placed in the left margin will mean, “ take the square 
root of both members of the previous equation.” 
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Review the statement made at the top of page 187; bear it 


in mind whenever solving fractional equations. 


9 ff Iie 2 12 B8A4+2 5°— Sie late 
"38 982 6 aes 10 25 
2B Ose g+4_g—4_10 
: 13. 2—-+--*+——_=——_s 

ee 4—r se es g—-4 g+4 38 
ia e@+et+1 w—a2+1_-, 14 SON See Litera 
by ire al ae es Barth 20? She se pee 
15. a2—2cx?=3 02. Solve for x. 
Soxution: 1. —2ca?=3 02 — a. 
2. 2 cx? = a? — 8 D2, 
3 a CaS. 
= a—3l2_ 2e(@— 8%) 
4. CE ae =+1 ve 
= + Vato 60%. 
Solve for 2: 
16. @+e=m. 19. 2ca?= d?. 
WG Ge eae 20. thar? =c. 
18. av’ =m. 21. 3mav’—n=p. 


Poe 
“S190. “A Right Triangle is 4 triangle which has a right angle 
for one of its angles; as triangle ABC, in which angle Bisa 
‘4 right angle. 

The side opposite the right angle i is the hypote- 
nuse; as, side AC. The side BC i is the base and 
AB is the altitude. 

In a right triangle, the square of the hypotenuse 

© equals the sum of the squares of the other two sides. 
Thus, P=ar+ ec 
To verify this fact, draw a right triangle with BC 3 inches 
and AB 4 inches; measure AC. Substitute the lengths of the 
sides in the equation b? = a? + c?. 


ee 
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EXERCISE 117 


Carry out all results in this set to one decimal place : 
1. Find the altitude of a right triangle whose base is 13 feet 
and whose hypotenuse is 30 feet. 
Sorution: 1. Let « = the number of feet in the altitude. 
2. Then x +. 132 = 302. - (why ?) 
3. Complete the solution. 


2. Hind the base of a right triangle whose hypotenuse is 


45 feet and whose altitude is 25 feet. 


3. If the diagonal of a rectangle is 68 inches and the base 
of the rectangle is three times the altitude, what are the di- 
mensions of the rectangle ? 

4. If the altitude of a rectangle is a and the base is 4 times 


- the altitude, what is the length of the diagonal ? 


5. Solve the formula l?=a?+c: (a) fora; (b) fore. 


In the isosceles triangle ABC, AD, which is perpendicular to 
BO, is the altitude and BC is the base. BDand DC are equal ; 


this may be verified by measuring them. A 
6. If AB is 15 inches and BC is 18 inches, 
find AD. . 
7. If the equal sides of an isosceles tri- ® D = 


angle are each 30 inches, and the altitude is 18 inches, find 
the base. 

8. If the equal sides of an isosceles triangle are each 3a 
inches and the base is 2 a inches, find the altitude ? 

9. An equilateral triangle is one which has all of its sides 
equal. Find the altitude of an equilateral triangle whose sides 
are each 10 inches. 

10. (a) Find the altitude of an equilateral triangle whose 
sides are each s inches; (0) find the area of the triangle. 

11. The area of a circle is found by the formula A=?’, 
where r is the radius, and 7 = 34. 

Find the area of a circle whose radius is 9 inches. 
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12. What is the radius of a circle whose area is an acre? 
(Express the radius in feet. See § 188.) 


lie dans ee 


Express the results of the following in simplest radical form). — 


13. Solve the formula A =r for r: (a) letting 7 =3}; 
(0) without substituting the value of x. ls 


14. The volume of a circular cylinder is given by the for. 
mula V=71°h; where r = the radius, / the altitude. 
Find V when r= 5 and h= 13. 


15. Find r when V = 759 and h = 14. 
16. Solve the cylinder formula for r. 
17. Solve the formula S = 4 zw?’ for r. 
18 Solve the formula V = 1 a7°h for r. 


19. The distance s in feet through which an object will fall 
in tseconds is given by the formula s = } gt’, where g is 32. 


Suppose that a stone is allowed to fall from a tower; how © 


far will it fall in: (a) 3 seconds? (6) 5 seconds? 
20. How long will it take a ball to fall 900 feet? 


21, Washington’s Monument in Washington, D.C.,1s 555 feet 
- high. How long will it take a ball to fall that distance ? 


22. Solve the equation s = gf? for t. 


_ my 
23 Solve the formula f= — for »v. 
r 


COMPLETE QUADRATIC EQUATIONS 


191. A Complete Quadratic Equation is a quadratic equation 
having only one unknown, which contains the first power of 
the unknown as well as the second power; as, 

207-342 —5=0. 


192. Complete quadratic equations have been Solved by Fac- 
toring in § 108. 
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EXERCISE 118 
Solve by factoring : 
is 2? —5 v= 24, 13. 2 Sal's Yaa 
2 2m'—m—15=0. eel gaye 
38 22¢?+1327+4+20=0. 14. 2 fe 29. 
4. 12y'—7 y= 10. er be 
5. 5w—Tw=0 Te eee 
90° 490=0 meee 
6. _ lA) 
a ratigt aoe ft 
7%. 20°+axr—a’?=0. ; Ri peal? aaa 
(Solve for x). 
it ee De 
8. 82?+14 me =—3m* yo  y—4, 2 
. 62—ek= 10K. 
: ay Z 18. yee ae 
10. 5 a2+15 p?= 28 ap. fs atpe=} 
xe @ 35. 19. Bee 20: 
So & m+6 m—5 4 
Ay 7 oy TP t2 36 
== —— = — 0. —— = ——.—I. 
= 2 6.x 12% : r+3  (r+8)? ; 


193. Graphical Solution of Equations With One Variable. Many 
facts about equations containing one variable can be discovered 
by the aid of graphical representation. 


ExAmMpLe 1. Consider the equation 3x—12=0. 

The expression 3a — 12 has a different value for each value of @: 

Thus if * = 2, 3a —-12 =— 6; ife=— 38, 34 —12 =— 21. 

The problem is to find the value of x for which the expression 3% — 12 

will equal zero. 

GrapHicaL Sotution: 1. Let y=3a — 12. 

2. Find values of y for some values of x : 
fae=0ys—12. - ife=—2, y=— 18. 
ife@=+5,y=4+3. ifv~=+6,y=+4+6. 
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3. Use these pairs of numbers as codrdinates of points and draw the 
graph. 


! i ey 
et : ! 
x d TAY Be 
iz} e (ES Ea Bo 
Ht 
LC 
ete SMe al AB ws 
| + 
hr 
Fig. 9 


4. BOC crosses the z axis at point A. The codrdinates of A are: « =4, 
y=. 


5. Hence whenzg=4,3x%—12=0. (yis the expression 3a — 12.) 


.. © =4 is the desired solution of the equation, for we were looking © 


for a value of « for which 8% — 12 = 0. 


Rule. — To solve graphically an equation containing one variable: 

1. Simplify the equation as much as possible. 

2. Transpose all terms to the left member. . 

8. Represent by y the expression found in step 2. 

4. Find for y the values which correspond to selected values of 
the variable in the equation. 

5. Use the pairs of values obtained in step 4 as coordinates of 
points ; plot the points; draw the graph, making the vertical axis 
the y axis. : 

6. The graph crosses the horizontal axis at points whose ordinates 
are zero, and whose absciss@ are the desired roots of the equation. 


ee 
pot 


| 
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Exampre 2. Solve the equation 22—a= 6. 


Sotution: 1. 22 —a2=6, orz?—z—6=0. 
2. Lety=22—2— 6. 
8. Ife =—4, y =(— 4)?-(— 4) -6 = 16+ 4-6 =4 14, 


theny= | —6|—6]|]—4]| +6) +14} —4 +6} +14} 


i Y: 
A 
I 
vie i 
A le BYTI _ 
= =5 [4-3 + 19 [48 144 [5 146 [9 
al | 
5 
| Lal 
| 
| | 
id 
Fie. 10 


5. The graph crosses the horizontal axis at the points A and B. Ac- 
cording to the rule, the abscisse of these points are the two roots of the 
equation. 


At A: vT=-—2,y=0; te w—xe7—6=0. 

At B: C=+3,7=03 4e.22:—2—6=0. 

CuEcK: xz =— 2; does (—2)?—(—2)—-6=0? Yes. 
2 =4+3; does (+3)?—-(+8)—6=0? Yes 
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Ctra EXERCISE 119 

Solve graphically the equations : 

1 e¢+3=0. 4. #—ax= 12. 

2. 2a=7. . 5. wv —Ta2+6=0. 
_ 8. = 16. 6. «7 +6e2+5=0. 


194. Some quadratic equations cannot be solved readily by 
factoring; for example, 2—6a—2=0, since x —6x2—2 
does not have any rational factors. The graphical solution 
shows that this equation has two roots. 

Sotution, 1. 227—6x%—2=0. Sp 


2. Let y=2?-—62—2. 


When x =| —2/—1 OE TAN ES tig! ak (Oy) yl fs) 


then y = |4+14| +5|—2|—7|—10] —11|—10| —2| +5|414 


-4 I- 5 - [+L |+29 143 +4 [+5 46/1/47 [+ 


vf 


Fig. 11 


8. The graph crosses the horizontal axis at the points A and B. The 
abscissa of A is about — .3: the abscissa of B is about + 6.8. ~ 


§ . * 
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This indicates that the roots of this equation are approximately — .8, 
and + 6.3. 


There are two methods of solving such equations which give 
the roots more accurately. 


195 Solution by Completing the Square. 
__Deveropment 1. Find: (@) («—4)*; ®) @+5)%; 
a (©) @-%%; @ W+H* 

2, When is a trinomial a perfect square? (See § 96.) 
; 3. Make a perfect square trinomial of 27—10¢. 


Sotution’ 1. 4 0f 10=5; 5% = 25; add 25 
2. The perfect square is 22 —10¢% i 25 or (a@— 5). 


4, Make perfect square trinomials of the following: 
(a) wv —12a; (b) y?—14y; (e) 2—20z. 
5. Solve the ee ie 122+20=0 


Sozurion: 1. S20: — 12%=— 20. 
2. Make the left a a perfect square by adding 36; therefore 
add 36 to both members: (§ 41). 


Age: a? — 12% + 36 = 36 — 20. 
or (a — 6)? = 16. 
Age Tae x—6=+4. 

4 “.2—6=+4, orx=6+44= 10, one root, 
and 2—6 =—4, orx=6—4= 2, another root. 


Cueck: 2 =10; does (10)?—12(10)+20=0? Yes. 
x%=2; does (2)2?—12(2)+20=0? Yes, 
6. Solve the equation # —3”2—5=0, 


Sotution: 1. c27—32—5=0. 
Pe Age a2—3e=+4+ 5. 


3. 4(—8)=— $; (— §)2 =4+ 2; add 3 to both members 
4, Ag: —8e+2=542=22. 
Baay | 5 a—$=4V22 =4 129. 
Bide jae oe VO0 
6 erase AY/19) enya Ee 
: ;. 272 2 
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T. Radical results, 2; =5 +" and ==>. ; 
8 Decimal results, —— and z,= 525. i 
_ 8.385 _ — 2.385 | 

2 se a 

= 4,199+ =— 1,192+ i 


Cusck: To check the solution by substituting the roots in either thei , 
decimal or their radical form is a long process, with many opportunities~ 
for errors.. Persons skillful i in algebra check by going over the solution” 
carefully. | 
A quick check, the reason for which will be learned later in — 
to find the algebraic sum of the roots; this result should equal the n 
tive of the algebraic coefficient of z in the equation in which the coefiicient _ 
of zis 1. 
Here: + 4192+ The coefficient of z2 is 1. The coefficient of =p 
: —1.192* is—3. This equals the negative of the algebraic 
Sum +3 sum of the roots. 
If the coefficient of z? is not 1, first imagine the equation divided by 
that coefficient, and then select the coefficient of z. 


Rule. — To solve a quadratic equation by completing the square: 
1. Simplify the equation; transpose all terms containing the 
unknown number to the left member, and ail other terms to 
the right member so that the equation takes the form 
ax® er 6x =e. 


equation by it, so that the equation eke the form ;| 
24 pr=@ | : 
3. Find one half of the coefficient of x; “square the result; 
add the square to both members of the equation obtained in step 2. 
This makes the left member a perfect square. - é 
4. Write the left member as the square of a binomial ; express 
the right member in its simplest form, 


5. Take the square root of both members, writing the double 
sign, +, before the square root in the right member. 
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265, 


6. Set the left square root equal to the + root in the right 


member of the equation in step 5. 


gives one root. 


7. Repeat the process, using the — root in step 5. 
the second root of the equation. 


Solve for the unknown. 


This 


This gives 


8.. Express the roots first in simplest radical form, and then, if 


desired, in simplest decimal form. 


EXERCISE 120 


Solve by completing the square; 


A 2 —4e—5=0. 10. 22—10z=5. 
2 2@+8e—33=—0. 4H. 2?4+5e=—4. 
3. a —6a2—27=0. 12. 2 +10=7s. 
4. +1024 24=0. 13. w2—3 w =— 2. 
5. #2 —2e—15=0. 14, m2? +m = 30. 
6. y—4y=4 15. 7? —137r+30=0. 
7% w+6a=1 16 2—6=52. 
8. m@—2m=1 17. G+9g=11. 
9 ?=—8t= 18. y7—15y+16=0. 
19. Solve the equation a —$a=1. 
Sotution: 1. $ of 3=f. (4)? =4. 
2. as m@—Fe+4=14-3. 
3. (@ — 3)? = (9). 
4, e—}=o+t Vi2=4 4 VIO 
6. Re. z—t=-—1V10 
2=}+1-V10 »=1— 3 V10 
_1+v10 _1-vi0 
a 3 
2" 469162 1— 3.162 
S PAs 8 
4.162 _ _ — 2.162 ae 
= ini + 1.387+. a 120+ 
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Cueck: 4 1.387 Coefficient of x = — 2? = — .6666. 
Sum. +; .667 _ +-667 = — (—.667). = 
3 : 
20 ¢—4u= 4 23. a? —la=2z 
Qs. yY—f$y=h 24. m?@—im=4% 
22. 24+ $2=) 25. 0 —$t=7 
26. Solve the equation 3 a —2”2—1=0. 
Sotution: 1. Dg: c2—2e—1=0. Q 70 
2. Ay: x? —2e=h. ; ae, 
8. Complete the solution as in Examples 19-25, 
27. 32°—22—5=0. ore? __ ot oe 
28. 5° 4+2r—3=0. eden: 
a9. 4°—8t+3=0. i, 2 eG 
3a°—4a—T=0 aoiebay 
30. —40—(=>VU. 
i 40 BELURE 2 =—0 
31. 2a?—3a—9=0. ‘jo 
32. 5p?+3p=1 rete ee: 
33. 6w?—5w=10. @—5 fag. 6 
32 49, 182 See 
1 ie tae oe 
35. I ae es ea pe al 
m 2 3 | 2 
. ———+4=0. 44 ee OE 
“a 3 a Pe ae: y—3 
(Gee. 2 3 w a 
37. a =—5=0. 45. ——. —- ——____——_ = 
ae w—9 woF3 yoo 


196. Solution of Literal Quadratic Equations. 


ExAMPuLE. Solve the equation az? — 3ba—c=0, 


So.ution: 1. ax*—8bra—c=9%. 


5 
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2. Di: g— 2) eg 
a a 
8. Ag ‘ ; 72 3b La C: ° 
ye a a 


4. The coefficient of x is (= 8 *) ; one half of it is (= 2") 3 
a 


[: 
1 
| 
| 


The square of ( = J is. veal Add this to botb members of equa- 


4a? 
tion 3. 
5. 2__ 3b 9b? _ 9b? 
g— — 2 
a + agi 4a 3 
P Sep 2907-6 4 gor 
ae, 2a 4a? 
3d _ Oi Pe 
6. ave + 5- VOU + Fac, 
2. MAE yer es 
2a 
ee — £386+V90? + 4a¢ b?+4ac, = ges b= Vv 004 4 2aer 
Six aa ae tS ye oa 
CHECK: 41+ % = ae “hs Since this is the negative of the 
a . 


coefficient of x in step 2, the roots are correct. 


EXERCISE 121 


Solve the following equations for x: 


1. 2? + 2ax—38=0. 8. 2 +2mex=2m+1. 
2. #+2ax+6=0. 9. w#&—4ar=90?—4a?. 
3. 2+4e—c=0. 10. a + 2e+1= 0 

4. 24+32+m=0. ll. ra’? +-4t2—5=0. 

5. 20? +3a¢—n=0. 12. ca’? +2dx+p=0. 
6. 22°+4ar+0=0. 13. 2 +metn=0. 

7 v#+3acr—4t=0. 14. av’?+be+c=0. 


197. Solution of Quadratic Equations by a Formula Al 
quadratic equations having one unknown may be put in the 


form ax?+bx+c=0. /£ 
ys 


a A ae Rs 
es Al 
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This equation may be solved like the equations in Exercise 
121. The roots will be found to be 


—b+V0— hac, 
2a 


_ This result may be used as a formuia for solving any qual 
atic equation of the form ax + be +c 


Pt 


ExampiE 1. Solve the equation 227—3x2—5=0. 

SoLution: 1. Comparing the equation with az? -!-b%’+c=0: 
a=2, b=—3, c=—5 

2. Substitute these values in the formula: 

—b4ve%— 400 


t= a 
SEY ae en Vea LEE YON (ala 
g. Then | ~ eek DS (He 4 |) 
2 (2) 
—~t8+Vv9+40 
4 
—3t+V49_ 347, 
4 4 
~menett WwW _S, 2321 Se 
4. I 4 = ree a 1, 


CHECK: 2% = $; does 2(3)? —3($)-—5=0? 
does 2-28 -15-—5=0? 
does 22 —15—5=0? Yes. 
%2=—1; does 2(— 1)?— 3(—1)—5 = 0? 
does2+3—5=0? Yes. 


_ Exampre 2. Solve the equation 2 2°—-32—3=0. 


Soxution: 1. a=2,b=—3,c=—83. 
2. Substituting in the formula, « = cena aa yo Sa; 
a 
" S4VO494 _S4V38 8 4.5,748t 
em Cay mmo ras Smee aS 


oh = ae ah. 186+ ; > 686+ 


mee 


i Ce i A ee 
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CuEeck: 2.186+ The coefficient of # is — 3%, when the coefti- 


— .686+ cient of 22=1; 15=—(— 8). 
1.500 (For this method of checking, see § 195.). 


; EXERCISE 122 
Solve the equations: 


1. 4 pe Ye £8 OO: 12. 3w°—7Tw+2=0. 
2. 6f+isv+5=0. 138. 5°+8c=4. 

3. Y=6y+72. . Lea 9224+162+3=0. 
4. ?—Ta—30=0. 15. 15€?—22d —5=0. | 
5. 32°?-—-22—33=0. os, wipe Bie. 

6. 3m?+5m+1=0. oe 2 

7. 58=5s—1. 17. Ppt lL Lg 

8. 6w—11w+2=0. -< teee 
9. 229-32—1=0. 18 5 2t=0. 
10. 2+2—1=0. 9 3 

11. y’—4y4+2=0. MO = 


198. Summary of Methods of Solving a Quadratic. Four 
- methods of solving a quadratic equation have been given: 
the graphical, by factoring, by completing the square, and by 
the formula. The first is useful mainly as a means of illus- 
tration; the third is useful mainly in solving the general quad- 
ratic aa? + ba +c= 0, and, thus, in deriving the formula. 


Historicat Nore. Greek mathematicians as early as Euclid were able 
to solve certain quadratics by a geometric method, about which the student 
may learn when he studies plane geometry. Heron of Alexandria, about 
110 B.c., proposed a problem which leads to a quadratic. His solution is 
not given, but his result would indicate that he probably solved the equa- 


_ tion by a rule which might be obtained from the quadratic by completing 


its square in a cercainmanner. Diophantus, 275 a.p., gave many problems 
which lead to quadratic equations. The rules by which he solved his 


on | 


a 


% 
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equations appear to have been derived by completing the square. He 


considered three separate kinds of quadratics. He gave oniy one root fos 
a quadratic, even when the equation had two roots. 


The Hindu mathematicians, knowing about negative numbers, con. 


sidered one general quadratic. Cridharra gave a rule much like ou 


formula. The Hindus knew that a quadratic has two roots, but they usu-_ 


ally rejected any negative roots. . 

The Arabians went back to the practice of Diophantus in consideriny 
three or more kinds of quadratics Mohammed Ben Musa, 820 a.p., had 
five kinds. He admitted two roots when both were positive. Alkarchi 
gave a purely algebraic solution of a quadratic by completing the square, 
and refers to this method as being a diophantic method. 

In Europe, mathematicians followed the practice of the Arabians, and by 
the time of Widmann, 1489, had twenty four special forms of equations 
These were solved by rules which were learned and used in a mechanical 


manner. Stifel, 1486-1567, finally brought the study of quadratics back ~ 


to the point that had been reached by the Hindus one thousand years 
before. He gave only three normal forms for the quadratic; he allowed 
double roots when they were both positive. Stevin, 1548-1620, went still 
farther. He gave only one normal form for the general quadratic, as do 
we ; he solved this in both a geometric and an algebraic manner, giving 
the method of completing the square. He allowed negative roots. 


- EXERCISE 123 


Miscellaneous Examples 


Solve the following equations by any of the preceding 
methods. As a rule, solve by factoring if possible otherwise 
by the formula. a 


1 64+2)22+3)=(@ - 3)\(2e—4). 
2. Oy —1)’—4(y— 2)? = 44. 


g 20g i eOn ey) g et ote eet. 
m m+1 ed age Ss 
3 2 3a 2 
4.-—_ — =1. 
a—6 a—5d y 20-1) al L 
5 o 2 Sot 4 Stee 
5. ee eerie Fe ee ee ee z 
ced ree ae Sy Sa 


€& 


* 
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8a—5 2a+5 -, 20+3 6—w 
Seabee a eee ppatore SPC as. 
2a—5 8a+5 . Pt 5 w—4 a 
4y—9 20—3 | 3r—1_ 6-— ee 
. —— — = 9. a 
i eee ae Serie Moy Ce 
pete ee ee 


e—6~3@—1) 3a 
yt2 y—2_6y+16, 
y—-2 y+2 By 

i 1 BET BS: 


3r—6_ 7 11—2r 


Bor 2-20 —in- 


B3-2a@ 2+3e 1 167+ 2 
242 2— 2g 63 w—4 


18. y+1 y+? 2y4+13 


16. 


17. 


(67 2 x7? 
lige Oe nt ee 
a "Sei GEER e+) 
oy ne eee 
" Be+1Il—52) 21—52)\(7#4+1)° @ert4-1)(7e+1) 


21. Solve the equation 2 px’ —3 pqa— ¢ =0. 


SoLution: 1. a=2p?; b= (—38pq); c=. -@): 
2. Formula: pei te eae, 
2a 
ES HE MEST et Fad) CLOWNS se WAN a de 
. 2(2 p) 4p? 


— +8pq4 V17 pq? _ toa pawl) g3+V17) 
co, 4 p? 4p 
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Solve the following equations for a: 


22. « —6cat+5e?=0. 27, 2P—2 Pe+e=t. 

23. 30? =2ra+27%, 28. 2 —(a—1)e=a. 

24. 2?+c?—2ap=0. 29. e+ar+be+ad=0. 

25. e—ap+(c?—d’)=0. 30 av’—(a—2b)x=+ 2b. 
26. 392° +an=8. 31. ma’ + (2mn—3 njr—6 v7?=0 


EXERCISE 124 
Retiew § 112 betore solving this set of examples. 


1. Twice the square of a certain number equals the exces: 
of 3 over that number. Find the number. 

2. If three times the square of a certain number bi | 
increased by the number itself, the sum is 10. Find thi 
number. 

3. Find two consecutive integers whose product is 306. 

4. If the product of three consecutive integers be divide: 
by each of them in turn, the sum of the three quotients is 74, — 
Find the integers. 

- 8. The sum of the squares of two consecutive integers is 
pee Find the integers. 


\@. The sum of a certain number and its reciprocal is 13, 
Find, the number. 

Hint: The reciprocal of a number is obtained by dividing 1 by the 
number. The reciprocal of x is : : : 


rectangle whose area is 357 
its width by 4 feet. 

8. The numerator of a certain fraction exceeds its denomi- 
nator by 3. The fraction exceeds its reciprocal by 89. Find 
the-fraction. 


7. Find the dimensions of 
square feet if its length exceed 


9. The main waiting room of the Union Railway Station 
in Washington, D.C., has an area of 28,600 square feet. The 
length exceeds the wilh by 90 feet. Find the dimensions. . 


Okan 
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10. Find the base and altitude of a triangle whose area is — 
63 square inches, if the base exceeds twice the altitude by 4 
inches. ; 
11. Find the dimensions of a rectangle whose area equals 
that of a square of side 24 feet, if the difference of the base 
and altitude of the rectangle is 14 feet. 


12. Find the dimensions of a rectangle if its area equals 
that of a square of side 35 feet, if the difference of the base 
and altitude is 24 feet. 

13. Find the dimensions of a rectangle whose area is 3750 
square feet, if the sum of its base and altitude is 155 feet. 


14. Find the dimensions of a rectangle whose area is 1701 
square feet, if the sum of its base and altitude is 90 feet. 


15. Find the dimensions of a right triangle if its hypotenuse 
is 20 feet and the base exceeds the altitude by 4 feet. 


16. Find the dimensions of a right triangle if its hypotenuse 
is 26 feet and the sum of whose base and altitude is 34 feet. 

17. Find the sides of an isosceles triangle if the perimeter 
is 35 inches and if the number of inches in the base is the 
quotient of 75 divided by the number of inches in one of the 
sides of the triangle. 

1g. A man travelled 105 miles. If he had gone 9 miles 
more an hour, he would have performed the journey in 14 hours 
fess time. Find his rate in miles an hour. (See p 105) 

19. If a man travels 120 miles by one train and returns on 
a train whose rate is 10 miles an hour more, he will require 7 
hours for the trip. What is the rate of the first train ? 


20. A crew can row 8 miles downstream and back again in 
44 hours; if the rate of the stream is 4 miles an hour, find the 
rate of the crew in still water. (See § 144.) 


‘21. A man travels 10 miles by train. He returns by a train 
which runs 10 miles an hour faster than the first, accomplish- 
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ing the whole journey in 50 minutes. Find the rate of the } | 
first train. i 


22. A tank can be filled by two pipes running together in | 
2hours The larger pipe by itself will fill it in 3 hours less 
time than the smaller pipe. How long will it take each pipe. 
to fill the tank alone? (See § 142.) 


28. Some boys are canoeing on a river, in part of which the © 
eurrent is 5 miles an hour, and in another part 3 miles an hour. — 
If, when going downstream, they go 4 miles where the current 
is rapid and 8 miles where it is less rapid in a total time of — 
13 hours, what is their rate of rowing in still water ? . 


, 

24. I have a lawn which is 60 by 80 feet. How wide a _ 
strip must I cut around it when mowing the grass to have cut — 
half of it? 

Hint: Referring to the figure, it is clear that if 
wo = the number of feet in the width of the border — 
cut, then the dimensions of the uncut part of the 
lawn are (60 — 2.w) and (80 —2w). 

Hence, (60 — 2w) (80 — 2) =} - 60-80, 

Complete the solution. 


Recon 9 


25. A farmer is plowing a field whose dimensions are 40 — 
rods and 90 rods. How wide a border must he plow around — 
the field in order to have completed 3 of his plowing ? 


6. The numerator of a certain fraction is 8 Jess than the — 
denominator. If the denominator and numerator each be — 
increased by 5, the resulting fraction 1s twice the fraction — 
obtained by increasing the original denominator by 1. Find — 
the fraction. 


27. An automobile made a trip of 50 miles, 10 miles within 
the-vity limits and 40 miles outside the city hmits’ Outside 
of the city, the rate was increased 15 miles an hour. It the 
trip took 23 hours, find the rate at which they travelled within 
and outside of the city limits. 
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28. The numerator of a certain fraction exceeds its denom- 


' inator by 5. If the numerator be decreased by 3 and the de- 
nominator be increased by 4, the sum of the new fraction and 
the original fraction is 3. Find the original fraction. 


29. A bicyclist rides a number of hours at a number of 


_miles an hour which exceeds the number of hours by 3; an 


automobilist, starting 3 hours after him, overtakes him by 
going two and one half times as fast as he did. Find the rate 


- of each. 


30. The circumference of the fore wheel of a carriage is less 


by 4 feet than the circumference of the hind wheel. In 


travelling 1200 feet, the fore wheel makes 25 revolutions more 
oe the hind wheel. Find the circumference of each wheel 


TA) + CAS ae oes eee ) Le ff 


\ 


IMAGINARY ROOTS IN A QUADRATIC Ea een 
199. Exampuix. Solve the equation a’ —2%+5=0. 


SoxutTion: 1. Use the formula method of solving the equation. 


@=A, b=-— 2, c=5. 
2 ga beVPn due 42eViR a 1S 
paaie. 2a ey 
3 =t22vin? —24+V—16 
a 2 


The Pedi arises what does ~—16 mean? Is —4 the 
square root of —16? No, for (—4)?=+16. Is +4? No, 
for (+ 4)?=+16. Thus, no number with which the student 
is acquainted will produce — 16, when it is squared. 


200. No number raised to an even power will produce a 
negative result; hence an even root of a negative number is 
impossible up to this point. To avoid this difficulty, a new 
kind of number is introduced. 

An Imaginary Number is an indicated square root of a nega- 
tive number; as V—16; V—38; V—a®. 

The numbers previously studied are called Real Numbers. 
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201. Every imaginary number can be expressed ‘as the 
product of a real number and Vv —1. . 
V —1 is indicated by 7, and is called the Imaginary Unit. 


Thus, V— 16 =V16(—1)=+ 4V—1 =+42. 
V—@=Ve(—1)=+ av—-1 =H ai. 
V—6=V5 (—1)=4V5-V—1l=+ivo. 


Hisroricat Notr. The symbol 7 for V—1 was introduced by Euler, | 
one of the greatest mathematicians of the eighteenth century. 


EXERCISE 125 
Express the following in terms of é: 
Tie — Ao. Bon 36a 8. A/— 1006 A eotas 
&. V—25, 6. V—64.0 7. V-1. 8. — Tole 
9% V=%. 10 V—% 11 VE. 12 VoR. 
1 Vas... 14. V8 ag WV — 18, tele ees 
17. V—5. 18>V—27. 19. V—12. 20. V—28. 


21. Simplify V— 22. 
1 ree 2 34 
Soxurion : —ay? fa) 48g. votes a 
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202. Addition and Subtraction of Imaginary Numbers. 


EXERCISE 126 

1. Add V=4 and V—36. 

Souurion : V—44V—36 =21467=81. 

Nore. While every imaginary number, like V—4, has two values, 
one positive and one negative, in problems such as the one in this exer- 
cise, only the principal root, the positive one, is used, as in the case of 

 surds (§ 185). 
Pe doy oo, 9 6, V1 40 —/ — OL 
3. V—1—vV—49. 7 V—36 +V—100—V-—8i. 
4. V—81—-V— 64. 8. V—a—-V—40?4+V—9a2 

. V—100+V—169. 9. V—160?9-V— 254°4+ V— 49 a8 
By 8 NV 2. 218, oV/ — 28 V7 VV — 6. 

Tien ea) 1S ea) 8 ae A/S OE S/S 84/8. 


12. /—204+V—45. 15. V—444+2V—11—vV—99. 


16. Simplify +5 ave = 
ee =. z 8V3- V—T) 
Soxvtion - 1, ae —= rE 2 
5 
2 


site 

2 
bi4- 83/8 
ty 2 


=oe 


The numbers in Examples 1-15 are caiied Pure Imaginaries. 
The sum, or difference, of a pure imaginary and a real number, 
§ 200, as in this exercise, is called a Complex Number. 
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Simplify the following: 


1 ce 7 Sa ire 
17. a+ a 20. 5t 35 

2 4 or 27 
Pes Nang | 30-250 7 Nex 100" 

3 5 6 7 
AOE ee oo) © eens 
ee NS 6 13 169 


203. Meaning of Imaginary Roots of a Quadratic on the Graph, 


Exampye. Consider the equation 2?+7+2=0. 
Sotution: 1. Solve the equation by the formula. 
Oe BO reals e = a 


pects - See eI ige 
rm 5 2 2 
x1 1 +4 vi 5 Xe —1 = Gj Vi 
2. Solve the equation graphically. (Review rule § 193.) 


Let y=r?t+un+2 


Pag ey a) Se a eas 
then y=|+2/]+4/]+8)]+14] +2 


8. The graph has the same H Beegeen. 

shape as the graphs obtained A HH 

when solving other quadratic aa Poo 

: ‘ By sea eae 
equations ; but the graph does a ae Pore . 

. not cross the horizontal axis SRE GES Bemis Gl TT) 

Sone teal H+ HH HAA 

at all. Hence,yorz?+2%+2 (CCPPCNCCCOE Ee Cy ee 

is never zero for any real value RE -AH AH | sy A ee 

Shae CECE CER CEE Eee eee 

H+++4 Ken | esis 

wee eae SDR ERR EN SE PORE 

_This is characteristic of [CCCP O PCO NCO 

3 HH awa FERRE RRREEE 

the graph of a quadratic SRG a2 a= Sz eORe SORT SC Sao a 

— one 
1 , % |_| BS Ree ae RReES 
which has imaginary HHH ear cee 
roots. ol SIO ic letenated 
EGR RERREESRER BARRE 
BRASS 11a ee 


ee 
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| EXERCISE 127 


Solve the following equations. Express the roots in simplest 
_ form. Draw the graphs for the first three equations. 


1. 2? +224+3=0 9 Ba 


9. ——4-—=0 

2. ew +3e+4=0. e+3 5 

3. 20?—ev+2=0. 10. 24-3 _ e+T, 

4. 3m?—2m+5=0 w-1 «+4 

5. 50 —T¢+3=0 11. Boyt 
~ 6. 8722=9t — 5, 

7. 117°+-6 =15r. 12. 202—5ar+7a? =0. 
a 2 13. 302—4 aw +2 w? =0. 
3. o 3a 1 0 


Ct TINA ae 14. 5a@2—Tat+32=—0. 


a 


soa 


INDEX 


A, the symbol, 48. 

Abscissa, 212. 

Absolute value, 26. 

Algebraic expression, 17; value of 
an, 17. 

Angle, 15; right, 15; straight, 15. 

Angles, complementary, 15; sum 
of, in a triangle, 17; supple- 
mentary, 16. 

Ascending powers, 39. 

Axis, horizontal, 211; vertical, 
211. 


Base, 17. 

- Binomial, 38; square of a,°117, 
Braces, 55. 

Brackets, 55. 


Cancellation, in an equation, 98; 
in a fraction, 161. 

Changing signs, in an equation, 
99; in a fraction, 163. 

Clearing of fractions, 185. 

Coefficient, 34; numerical, 34. 

Complement of an angle, 15. - 

Complex number, 277. ° 

Conditional equation, 96. 

Coérdinates, 212. 

Cube, of a monomial, 111; per- 
fect 112; root, 112. 


D, the symbol, 48. 
Degree, of a monomial, 154; of an 
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angle, 15; of an equation, 221; 
of a polynomial, 154. 
Descending powers, 39. 


Elimination, by addition or sub-- 


traction, 223; by substitution, 
225. ; 


Equation, 7, 96; cancelling terms 
in an, 98; changing signs in an, — 

complete quadratic, 258; 

conditional, 96; degree of, 221; 


99; 


fractional, 185; graphical solu- 


tion of an, 259; identical, 96; 
integral, ~ 


indeterminate, 222; 
185; linear, 221; literal, 200; 
members of an, 7; of first de- 


gree, 97; properties of an, 97;_ 


pure quadratic, 254; simple, 
97; solving an, 7; transposi- 
tion in an, 98. 
Equations, dependent, 222; in- 
consistent, 222; independent, 
222; simultaneous, 222. 
Exponent, 18. 
Exponents, law of division of, 87; 
law of multiplication of, 65.— 
Expression, algebraic, 17. 


Factor, 3; common, 11; highest 
common, 155; to, 110. 

Factors, prime, 110. 

Formula, 19. 

Formule, deriving, 202. 


INDEX 


Fractions, 160; clearing of, 185; 
equivalent, 167. 

Fulcrum, 193. 

_ Fundamental operations, 18. ° 


Graph, of an equation with two 
variables, 216. 


Graphical representation, 206, 


Graphical solution of equations 
'with one variable, 259. 


. Graphs, 206. 


Grouping, symbols of, 55. 


Horizontal axis, 211. 


Identity, 96. 


JTmaginary number, 275. 


Imaginary numbers, addition and 

_ subtraction of, 277. 

Imaginary roots in a quadratic 
equation, 275; meaning of, on 
graph, 278. 

Imaginary unit, 276. 

Inconsistent equations, 220, 222. 


_ Independent equations, 218, 222. 


Indeterminate equations, 216, 
222. 
Index, 113. 


Integral equations, 185. 


Left member of an equation, 7. 

Lever, 193. 

Like terms, 35. 

Linear equation, 221. 

Literal, equation, 200; numbers, 
2: . 

Lowest common multiple, 157. 


M, the symbol, 48. 


- Members of an equation, 7. 
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Minuend, 41. 

Monomial, 34; cube of a, 111; 
cube root of a, 112; square of a, 
110; square root of a, 112. 

Monomials, addition of, 35; mul- 
tiplication of, 67. 


Negative numbers, 26; addition 
of, 27; division of, 86; multipli- 
cation of, 30; powers of, 32; 
subtraction of, 48. 

Negative, term, 34. 

Number, complex, 277; imagi- 
nary, 275; literal, 2; negative, 
26; positive, 26; prime, 110;_ 
real, 275; unknown, 7. 

Numerical, coefficient, 34; value, 
17, 


Opposite quantities, 23. 
Ordinate, 212. 
Origin, 211. 


Parallelogram, 20. — 

Parentheses, 4; inclosing terms 
in, 59; removing 55. 

Perfect, cube, 112; square, 112; 
square trinomial, 120. 

Periods, 247. 

Polynomial, 38; arranging a, 39. 

Polynomials, addition of, 38; 
division of, 91; multiplication 
of, 72; square root of, 245; sub- 
traction of, 45. 

Positive number, 26; quantity, 
24; term, 34. 

Power, 17. 


Powers, ascending, 39; descend- 


ing, 39. 
Prime number, 110. 


L 
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Pure quadratic, 254. 
Pyramid, 22. 


Quadratic equation, 
solution of, by completing the 
square, 263; by factoring, 148, 
258; by formula, 267; com- 
plete, 258; graph of, 259; im- 

-aginary roots in a, 275; pure, 
254. 

Quadratic, surd, 252. 

Quantities opposite, 23; signed, 
24. : 

Quantity, negative, 24; positive, 
24. 


Radical, index of, 113. 

Radicals, addition of, 252. 

Right, angle, 15; member, 7; 
triangle, 256. 

Root, cube, 112; square, of a 
fraction, 251; of an equation, 
97; principal, 252; square, 112. 

Roots, imaginary, 275; of a quad- 
ratic, 148, 254. 


S, the symbol, 38. 

Signed, numbers, 26; quantities, 
24, 

Signs, change of, in an equation, 
99; law of, in addition, 27; ina 


‘INDEX 


148, 254; 


fraction, 163; in division, 86) 
in multiplication, 31. : 
Similar terms, 35. 
Simultaneous equations, 218; 222. 
Square root, approximate, 250; 
by division, 245; by inspection, 
244; of a monomial, 112; of a 
number, 247; of a polynomial, 
245; of a trinomial, 120. 
Straight angle, 15. 
Supplement, 16. 
Supplementary angles, 16. 
Surd, quadratic, 252; addition of, 
252: pa ; 
Symbols of grouping, 55. 


a 


Table, of square roots, 250. 

Term, 34; degree of, 154; nega- 
tive, 34; positive, 34. 4 

Terms, dissimilar, 35; like, 35; 
similar, 35; unlike, 35. 

Transposition, 98. 

Triangle, altitude of, 21; area of, 
21; base of, 21. 


Unit, imaginary, 276. 
Unknown number, 7. 
Unlike terms, 35. 


Variables, 216. _ 
Vertical axis, 211. 
Vinculum, 55. 


ANSWERS TO WELLS AND HART'S NEW | 
HIGH SCHOOL ALGEBRA 


EXERCISE 5. Page 11. 
18. 73.09 Ib. tg. 2142 Ib. 20. 150 lb. 


EXERCISE 7. Page 14. 
- 16. C, $16; B, $32; A, $48. 17. $839. 
18. 8; 40; 72. 19. 12; 168; 180. 
20. 2d, $75; Ist, $150; 3d, $300. . 21. 60 in.; 80 in. ; 100 in. 
22. 22in.; 44 in. 23. 40 rd.; 120 rd. . 
24. AB, 20in.; CD, 40 in.; AD, 60 in.; BC, 100 in. 
25. Philadelphia, 90 mi. ; Chicago, 900 mi. 


EXERCISE 10. Pages 20-22. ‘ 


1. 6. Equal to it. c. A rectangle; 6; a; ab. d. ab square units. 
e. The area of a parallelogram equals the product of the base and altitude. 
g. 240. h. 375. 4. 12.5. j. 24. k. 50. 1. 30. 


2. b. A parallelogram; b; a; ab. c. 4 of it. d. fab. _ e. The 
area of a triangle equals one half of the product of the base and altitude. 
GogS0-  . 300, % 13d. - 7. 40; 

Be Gey — coc~_b.: 1205 ¢. 878. “d.48; 

4. a. V=tab. b. 90. 6 20. d. 90. 


5. a. The circumference of a circle equals twice the product of m and 
the radius of the circle. 6. 62.832 inches.  c. 100 inches. 


6. a. ‘The area of a circle equals m times the square of the radius. 
§. 314.16 sq.in. c¢. 78.54 sq. ft. 


q. 2VET2, 8. 2915.1. g. 118.1 cu. ft. 


10. 314.16 sq. ft. 
EXERCISE 16. Page 33. 


14. —6. 15. 4. 16. — 40. 
17. — 1382. Br AS: TOn 2: 

20. — 20. 21. — 24. 22. — 62. 
23. — 16. 24.- — 15. 25. —11. 


- A—2B. 
-—am+4bn. 
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— 473 + r2s + 97s? — 10, 
—7 m3 — 2m2n — 5 mn? +2 73, 
12k-—-7T—™. 


. 85r+4s—46. 

. 10 n2. 

. 622 + xy — Ty 

. 225 + DQ aey? + gy + 2 axyt, 

. 8A34+11A427B+8 AB + 6 Be, 
- 2im—tn. 

. 7TA4—-104B41.5C. 
3.5m +.7n + 2.4. 


8ai—a—4, 


. a8 --5a2?+4q—2° 


EXERCISE 23. 


4a?—8a — 20. 


- ~38m+4n4+11p. 

. 8ab —6bc+ a6. ~ 

. Tr8 + 272s — 2 rs. 

. 6a2b — ab? +368 

. —42y. 

- ~60+8e. 

. 2be. 

. —3844+8y—82. 

- 78 + 11424 2%—5. 
. 6a—12b 4 21c4+24.- 
. 4a—2a? — 28. 

. 9a? +3 a2 — 12 ab? — 8 B83. 


EXERCISE 19. 


Pages 40-41. 
2. — 20+ 6n3. 
4. — 0%. ‘ 
6. — 248 + ry — 5 ry? + 73. 
8. 8a4+3b+3c. 
to. —2a+5b—2c¢+ 9d. 
12. 10 xy. 
14. 203 + 6 ab?. 
16. 120+ 2402?~9a —8, 
18. 1923+ 8472 — 234 — 7. 
20. fa+4b—e. 
22. 2ia—2b+ 46. 
24. .7542 — .75 xy + .8y% 
26. 5a?—8ab—2% 
28. 18 — Baty — 2ry2?—3y3. 
30. a8 + 21 23. 


Pages 45-47. 

2. 8a—152%+5y. 

4. a@+3b. 

6. 427 +72—6, 

8. —28 + 322-6245. 
10. xy — xyt. 

12. 2x2y + 2 y3, 
14. — 10m? +8mn—5n%, 
16. 8 —22+62%~+7. 

18. 4B—140C. 

20. 2 y?. 

22. —9a8+8a?—4a+8, 
24. 10x”3 — 622 + 9a — 12. 
26. 7a—b—8c—4d. 


27, 5—44e +4722 — 2028 — 5x4. 
28. 405+ 10a*— 11a? — 16a?~—8a+1. 
ag. 2 — Baty + 6x8y2 + 11 22%y3 — 15 zy? + y'. 


pear tance i aaa 


ANSWERS 3 
30. 258 — 21n?+38n— 4. 31. 222 — 5 xy + xy, 
32. — 26034 2227+4”—6. 33- 3M +m — yp. 
34. a—Wb—he 35: 130+ 20+ fae 
36. 56 b?— 6 ab— 5a’, 37- 5a—7b+4e. 


38. 8a—2d+6¢. 


390. 5a+4b—5, 


40. 4a2—4ab. 41. 2a —6ab + 1062. 
42. — 528+ 1022 —- 2a —-1. 43. ©—12y--2. 
44. —5a4+9b—8c—8d. 45. 2.5%—2y+2z, 
EXERCISE 24. Pages 51-52. 
7. James, 15 yr.; John, 80 yr. 8. A, 20yr.; B, 10 yr.; C, 80 yr 
9. 35°; 140° 10. 4aord, 
11. 32,000 sq. mi, 12. 20,400 ft. 


13. Nile, 3500 mi.; Mississippi, 4200 mi. 
14. Highest, 102 mi. per hr, ; lowest, 4 mi. per hr. 


15. Mobile, 62 in. ; 


15. $37,500. 
17. 4%. 


Yuma, 3.1 in. | 


EXERCISE 25. Page 54, 
16. 3} yr. 
18. 104P; 1.06P; 1.07 P. 


xg. 1.08P dollars; 1.16P dollars. 20. $2800, 


21. 63 yr. 
24. 6 yr. 


21.6—2¢. 

23. —a+80. 
25. 34—2. 

27. 3%. 

290. —7T+8 

31. 8m—TR. 

33- —2"%—y. 
35. 8b +11. 

37- 6a +12a—4& 
20. —4e4+2. 


22. 162 yr. 
25. 23.84% 


EXERCISE 26. Page 58. 
22. —3a. 
24. 2a. 
26. —b— 16. 
28. 777-2 +6. 
go. —4q. 
32. 13r—28—t, 
34. 4a—L 
36. 127. 
38. 6ab +17. 
40. —6m+x2 


ALGEBRA 


EXERCISE 29. Pages 62-64. 


g. 1. 
rr, 18, 17. 
13. 28, 95. 
15. 58, 35. 
17. 840 ft. 


12. A, 51 yr.; B, 64 yr. 
14. A, 64 yr.; B, 38 yr. 
16. 14 ft. ; 21 ft.; 29 ft. 


18. $3800, gold leaf, $5000, appropriation of 1800. 


1g. 2, nearer; 5, farther. 

a1. 35, 36, 37. 

23.97, 99. 

25. 42°, 126°, 116°, 76°, 

27. 35°, angle; 55°, complement. 


20. 17, 18. 

22. 53, 54, 55, 56. 

24. 76. 

26. 105°, angle; 75°, supplement. 
28. 75°, 


29. Nitrogen, 20 lb.; phosphoric acid, 30 lb.; potash, 50 Ib. 
go. Rhode Island, 1248 sq. mi. ; Texas, 265,896 sq. mi. 


EXERCISE 34. Page 71. 


15. 722 — 352. 

17. x8y — 4 xty8 + x2y5, 

19. —38a%b + 6 a2b? — 3 ab . 
2x. — 12 a5b? + 8 atbt + 16 a8d5, 
24. 50a+70. 

26. x? —2xry — y*. 

28. —6cm— 36c. 

30. +1. 

32. 18r — 5. 

34. 88-2448, 

36. ¢+7. 

38. —3%+2. 

40. — 28 +82! —5 22, 


16. — 60 a%b + 42 abi, 

18. — 78s + r2s2 — 738, 

20. 48 x8 — 40 x6 — 96.25. 
22. — 40m + 5m + 15 m4. 
25. — day. 

27. 16m + 12. 

2g. 73 — 33, 


35. 342 — xy + 2y2, 

37. 14% — 10. 

39. —7m. 

4i. ¢min — 7 mn? + Js mn, 


“ 


on OT WH 


Mie 
13. 
15. 
17. 
19. 
oie 
123. 
25. 
27. 
‘29. 
31. 
32. 
33- 


37: 
39- 
4I. 
43. 
45- 


52. 
54- 


ANSWERS 


EXERCISE 35. Pages 73-74. 


. @4+8e4+ 15. 

. 28—11s+4 165. 
. 4° 43t—27. 

. 10m2 + 23 m — 5. 
. 80y2— 467 + 8. 


2a? + 3.ab + 02. 

15r? + 8 rs — 1282. 

24 m2 + 18 mp — 15 p?. 

66 a2? — 14 ad — 20 d?. 
204 — Tay? + 3 y4. 

ms + 2m? — 6m — 9. 
a — Say + 9 ay? — 9y?. 
a3 — 6473. 

a — 6a + 6ae—Ta+6. 


6244+1323—7042+71 2—20. 


2. 


r2— 11r + 28: 


. 8m2—10m—8. 

. 622 + 232421. 

- 12 p2 + 36p — 21. 

. 2822+ 52 — 50. 

. 6c —cd — 2 a. 

. 15a? — 26 ay + 8y?. 

. 42y2 4+ Qyz — 72 22. 

. 96 p? — 28 pq — 49 q2. 

. 99 wt — 50 w2v — 21 v2 

» 1008438 2 — 524a49. 

‘ as + 3, 
. m+ mn + ni 

’ 2a4— Ta —18a2—a+3. 
30. 


8 nt — 50 n? + 82. 


63 rt + 114 ry + 49 r2y2 — 16 ry3 — 20 yt. 
12 at — 47 a3b — 8 a2b? + 107 ab} + 56 bt. 


a—2ab+ B—c?. 


35. 4nt— 5 mn? + mi. 


34. 


r? — 92 — 2st — 2. 


36. a — 5 atb + 10 ab? — 10 a2b3 + 5 abt — 05. 


m5 + 248. 

a> — 382. 

$a? — ye D. 
Be by. 
x? — Ad xy + y?. 


38. 
49. 
42. 
44- 
46. 


8 a2 + 40 ac — 18 b2 + 50c% 
a — 8abe — 3 — 3, 
im? — in. 

2a? +Zab—2 B 
942 — 302 +25, — 


47. 8m — 36 m2n + 54 mn? — 27 ni’. 
"48. 6473 + 240 72 + 300 r + 125. 

49. 1624 — 96 a3 + 2164? — 2162 + 81. 

50. 27 a3 — 108 a2 + 144 ab? — 64 6%. 


51. a+ a?— 14a — 24. 


2m3 —5m2— 37m + 60. 


m — ni, 


53. 2 — yf. 
55. c— yf. 


ALGEBRA 


EXERCISE 36. Page 75. 


vA 
/ 


xr. 11a? —111. - 2. 12 gm 
3. 2a? —12 22, 4. 29 b? — 28 ab. 
5. h?+3h +18. 6. 207—12%—2, 
7. 1222°9—82"—6. 8. 10a? — 76a — 36. 
Q. 2427+ 79% + 22, 10. 2 ab? + 2%. 
EXERCISE 37. Pages 76-77. 
1. 18. 7. 3. 2 
4.1. - 2. 6. 2\ 
7. 3 8. 4. 9. 6. 
10. 5. bo eat 12. 9. 
13. — 13. 14. 2. 15. 10. 
16. 32, 43. 17. 42, 58. 
18. Paris, 4020 mi.; London, 3740 mi. 
1g. 40, 47. 20. 25, 35. 21. 24, 56. 
22, Length, 470 ft. ; width, 340 ft. 
23. 15, 16. 24. —21, — 20. 


“an Ww 


. Chicago, 2,185,283 ; Philadelphia, 1 


549,008 ; New York, 4,766,887 


EXERCISE 89. Pages 79-81. 


. A, 45 yr.; B, 5 yr. 2 
. Father, 40 yr. ; son, 15 yr. 4 
. A, 42 yr.; B, 84 yr. ; 6 
aelupyree 9 


. Father, 27 yr. ; son, 8 yr. 

. A, 46 yr.; B, 9 yr, 

Nato peel ® 

. 15 1b. at.70%; 85 lb. at 40¢. 


10. 81} Ib. at 86%; 688 lb. at 209. 
1x. 33} lb. clover seed; 1662 lb. blue grass seed, 


12. 6 quarters ; 13 dimes. 
13. 5 half-dollars ; 15 dimes. 
14. 7 quarters; 9 nickels. 


15. 8 $2 bills; 18 fifty-cent pieces ; 24 dimes. 


15. 2 
17. 


19. 
at. 


23. 


25. 
27. 
29. 


Por 
. 90°, 45°, 45°, rr. 12, 18, 14. 


12. 
Hie 
14. 
15. 
16. 
17. 
18. 
19. 
20. 


ANSWERS 


EXERCISE 40. Page 82. 
f 2. 4, 
5. 2. 
8. — 20. 
rr. 18, 12. 10. 
14. 3. 15. 3. 
17. 3. 18. 3. 
20. 7 


eo aw 
—_ 
2 


EXBRCISE 41. Pages 83-84. 
2. 15, 20, 30. 3. 80. 
5. 56. . 6. 750, 
8. 105. 9. 90°, 60°, 80% — 


12 dimes, 3 dollars, 15 cents. ‘ 
Length, 450 ft. ; width, 250 ft. 

Michigan, 1800 ft.; Huron, 1000 ft.; Superior, 900 ft. 
Length, 760 ft.; width, 130 ft. 

1820, 9.6 million ; 1910, 92.2 million. 

Phosphoric acid, 121b.; potash, 60 Ib. ; EOE 27 tb. 
Length, 7514 ft.; width, 350 ft. 

$ 20.50. 

Water, 3740 mi.; rail, 8250 mi. 


EXERCISE 46. Pages 94-95. 


2 10. 16. x — 12a. 


a—6b. 18. 7+ 52. 
e+ 8y. 20. xy — 12. 
5a2—7. : 22. 3a—7. 


2a—3. 24. 54 —8. 
8x—3y. 26. 5m +4n. 

a? + 2 — 12. 28. 8a2?+2a—4. 
242— Bay +4y% ‘ 30. 3a? — 2 ab — 0%, 


ALGEBRA 


- e+ Q2ay + y?. 
-4xe—3. 

. m@—3m—4. 

~ —2e+4. 

. 08 — xy + xy? — yf, 


4r. xt — a8y + xy? — ay? + yt. 
42. xt + ay + ay? + ays + yt; rem. 2y?. 


4 yt — 203 + 402— 82416. 


. 2 +2; remainder, on 

. a +a—1; remainder, 20. 
- + ey + y2 

08 4+2024+ 44748. 

. 0% + ay + cy? + 98, 


43 44. 1—2a+4a?—8 a3. 
45. n—2. 46. 2474+ 9x"%—5. 
47. 4m? — 2mn? + nt. 48. T2727 + 8%+4; rem. 40. 
49. 22+ 202-6245. 50. 4a2 + ab — 52, 
51. &— 3. 52. £— 3. 
53- 3a+h 54. 3a+4+2. 

EXERCISE 47. Pages 99-100, 

tle 2. —5. Sones 
4. 3. 5. —3. 6. 5. 

q. 2. 8. 4. g. 3. 

10. 2. (az. — 5. 12. —10. 
13. — %. 14. 3. 15. 2. 
16. —} 17. -—1 18. 6. 
19. — 12 20. 7 

EXEKCISE 48. Pages 100-103. 

x. 81, 13. 2. —5. 

3. 9, 10. 4. 24, 14. 

5. Father, 85 yr. ; son, 7 yr. 6.15; 175,19: 

7. A, $7.50; B, $5.25; C, $9.25. 8. 35, 14. 

9. Width, 480 ft. ; length, 780 ft. 10. 10 in.; 20in.; 15 in. 
IIL20, 107, 12. 278 ft. below sea level. 
13. B, $36; A, $12. 

“14. 8 quarters, 5 nickels, 16 half-dollars, 18 dimes. 
15. Pink variety, 800; yellow variety, 200; scarlet variety, 800. 
16. 55°, 55°, 70°. 


17. 


“18. 
19. 


ANSWERS 9 


285 in. ; 285 in. 
55° below zero. 
Virginia, 42,627 sq. mi.; Nebraska, 77,520 sq. mi. 5 Ene 


- 158,297 sq. mi. 


20. 
22. 
23. 
24. 
25. 


Girls, 516,536; boys, 398,525. 

$700, at 5% ; $2000, at 6h. 

$5000. 

$9000, 

U. S. Steel Stock, $3000; Chicago Edison Bonds, $15,000. 


EXERCISE 49. Pages 105-106. 


rz. 73 hr. é 12. 9 hr. 
13. 123 hr. 14. 6 hr. 
(15. _ 21 mi. per hr. 16. 15 mi. per hr. 

17. A, 29 mi. per hr.; B, 21-mi. per hr. 

18. 6 mi. 19. 45,3, mi. y 
20. 5 hr. ax. 24 mi. per hr. 

22. 334 mi. an hr. ' 23. 1 hr. 62 min. 

EXERCISE 50. Pages 108-109. 

tem@eed 0, 4520. 90-5 a 180". 

2 OrmSon C, lol sd, 14°. 

5. 4592° below zero. 

6. Tin, 4493°; iron, 2192°; mercury, — 384°; paraffine, 131°. 
7. Fahrenheit, 2°; Faraday, — 1513°; Dewar, —4393°; Onnes, 


co 


ro. 


— 4521°. 
. a, 10°; b, — 114°; c, — 222°. 
Ohl Ssicobol: (hehe s hee 160°. 
— 295°. 
EXERCISE 63. Pages 134-135. 

, 207+ 82 +6. 2. 202+72+4+6. 
3a? +7243. 4. 6074+ 11243. 
6224+ 138246. 6. 6a?—Ta4+2. 
38a2—10a+8. 8. 8a%— 18 a4 12. 


N ™ © # 
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9. 6a? —19a + 15. 10. 8a? — 30@ + 25. 

II. 6re+7r—5. 12. 872 4+2r—21. 

13. 2077+ 6r—8. 14. 217? + 4r— 12, 

15. 8272 +12r— 27. 16. 18s?—3s—10. 

17. 40s?— 18s—7. 18. 55s? — 16s — 48, 

19. 36s? — 3s — 60. 20. 45s? — 80s — 40. 
21. 18 a2b? — 24 ab — 10. 22. 42m?n? — 45 mn + 12. 
23. 7274 + 57? — 12. 24. 6525 — 443 -- 21. 
25. 24 pt — 10 p? — 21. 26. 55 m* + 46 m2 — 24, 
27. 54c°— 3c? — 2. 28. 150 n® + 5n? — 12. 
29. 2844 4+ 422-5. 30. 4826 + 5 1? — 18, 
31. 70 72s? — 37s — 27. 32. 8a? — 2ab — 15b% 
33. 42 m2 + 11ms — 208%, 34. 72 2 —35te+ 80% 
35. x2 — 25 y?. 36. 4x”? — 9 y?, 
az. 4m? — 20 mn + 25 n?. 38. 92 4+ 24 nt + 16 72. 
39- 27 a2b? + 383 abc — 20c2. 40. 80 x7y? + xyz — 42 22, 
41. 5674 + rs — 72 82. 42. 110 26 — xy — 182 y8, 
43. 54 mnt — 3 mn? — 12. 44. 6+ 814”+4 1822. 
45. 80432-6834. 46. 80 — 223 — 12 26, 
47- 35 + 12 xy — 36 x2y?, 48. 36 — 53 xy? + 11 xy, 
49. 90 ab? — 74 abc + 12 c2. 50. 60 a4 — 13 4°y — 28 y2, 
51. 63 44 + 10 x? — 25 at. 52. 832m* + 4m2n — 45 n2, 
53. 85at + xy? — Cyt. 54. 44ct — 75 c?d + 252 
55. 185 p* — 12 p2q — 4 q2. 56. 160 a2 + 4ab — 2102, 
57. 90 m2 + 63 mn — 10 n2. 58. 24m2+4m +t. 
59. 722? — 10 ay +4 y?. 60. 120 a? — Sab a $02 

EXERCISE 65. Page 138. - 
g. 8. 10. 3. 


EXERCISE 68. Pages 142-148, - 


1. ~12 4? — xy — 6 y?. 
3. a& —1, 
5. 21 at — 53 a2b2 —8 bf. 


2. 43; v? — 36 y?2. 
4. 4a2?—4 ab? + 
6. at— bd. 


13. 


- 9x2 + 7 xy — 2 y?. 

. 25 a2 — 50 ab? + 24 bt. 
. Tn? —Tn. 

- at —3 ay — 108 y?. 

- @— fay t+ fy? 


6 23 — 22 42 — 8x. 


- a—9a. 

- y+ 38 y2— 9 8, 

. x — yt, 

- 2a? — 16 xy + 82 y?. 
meatn Pe 

» An?—Q2n4+ kh. 


EXERCISE 69. Page 145. 


ANSWERS 
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8. 8a’ —3 bx. 
10. 3 m> — 12 m3n2 + 6 mnt 


12. 8a3—3a. 


14. 
16. 
18. 
20. 
22. 
24. 
26. 
28. 


m—im+t. 

Bt~—10 AB?C + 24 A202. 
10 a? + 5 ab — 15 b%. 

21 m? — 119 m — 42. 

ey? 4-12 xy — 64, 

vt — 402 +8. 


30. w@—ta—t 


11, 9. 14. 3, 4, 5,6. 


o. 17. 6 mi. per hr.; 6 hr. 


16. 125, 126 


EXERCISE 70, Pages 145-147, 


1. a. 600 sq. in.; 6. 300 sq. in.; c. 600 sq- in. 


2. a. 2x(x— 5) sq. in.; b. w(x —5) sq. in.; c. 2x(% — 5) sq. in. 


3- a. y(y +4) sq. in. ; B. ae?) sq.'in.; c. y(y + 4) sq. in. 


4. a. s? sq. ins; 0b. base, 


(s+ 4) in.; altitude, (s —3) in.; 


ce. (s +4) (s — 3) sq. in.; d. (8 + 4)(s— 8) =s? + 50. 
5. a. Altitude, a@in.; base, (2a +5) in.; area, a(2a+ 5) “sq. in. 


6. altitude, (@ +8) in.; base, (2a@+9) in.; area, 


in. ; ¢. seg 


6. Altitude, 6 in.; base, 14 in, 
7. Altitude, 79 ft.; base, 96 ft. 
8. Width, 40 ft.; length, 50 ft. 


9. Upper square, 34 ft.; lower square, 55 ft. 


10. 144 trees. 


+ 25. 


(a+8)2a49) 


3 sq. 


12 


StS: 
17. 


17. 


19. 


ro. 


> ues 


on an w 


«Chicago lot: 
ioecn: 130 ft. ; 
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EXERCISE 11. 


4, 8. 2. 11, —5 
10, 11. 6. 1,—2 
+h-f 10. +43 
Lets 14. 3, —}- 
—i, -2. 18. — 5, %. 


—Ta, 5a. 
—13m, — 10m. 


. —a, 3a. 


EXERCISE 73. 


. — 3, or 3. 
Tell gay 
. Altitude, 3 ft.; base, 10 ft. 


Length, 24 mi. ; width, 4 mi. 


. $75, or $25. 
. Length, 30 rd.; width, 10 rd. 


length, 125 ft.; 
; width, 35 ft. 


5 ft. 


Page 149. 
3. 7, —9. 


2 +36, —¢ 


4. 6, 12. 
8. 7, -—3 
T2020; 


4. +c, —e. 


6. b, $d. 
8. —t, ——-. 
10. 


12. 
14. 
16. 


18. 


20. 


Pages 152-158. 
2. 3,4, 5; 
Go By .25" 


3 width, 25 ft. 


—1, 0, 1. 


Indianapolis lot: 


ANSWERS 13 


EXERCISE 75. Page 156. 


2I. m+ 2m +4. : 22. 3a?b. 
223.a+4, , 24. ¢—5y. 
25. 3a+20. ; 


ota EXERCISE 76. Pages 158-159, 


Oe ees EE es 
ao. (r+ s)(r =s)(f = 1). ye 2r. (a— 4)(a@—8)(a—5). 
22. (1— 2)%(1+2). 23. 8(2 —3)2(2 + 32)% 
24. (2—2)(3—2%)(4—2). 26. (r—4)(r+4)(r+7). 


27. (a+ £)?(a? —.axz + x). 
28. yz(2% —1)(4224+224+1)(1l2+1). 
29. (b—7)(b —5)(0+ 9)(O— 12). 


go. (22 — 5)2(244 5). 31. 12(m — 6)2(m + 8)(m + 4). 
32. (Bn —8)(8n —1)(z +2). 33. (1482) (1-324922)(1-8 2), 
34. (© +7)(@ —6)(@+ 5). 35. a(a2?—1)(a@—10). 
EXERCISE 78. Page 164. 
Gh ae a ee 
By 22 2n+Y 
3 a+ 4 hss _3(m +n) 
ma +e 5bmM+7n 
x—2 @24+3¢4+9 
. —e 6. SS 
Spey t+3 
SEE Sie gee 
T Pr4c+le 287 + 8) 
9. 3c(d—c) Preis Eto e ay a 
5(d-+ c) 3n(9 x? + 6ay + 4y?) 
EXERCISE 79. Page i6é6. 
6 A 6 21 
9: Bey ect 10, 4p — Topas 
8 ys 16 8 
11. ah oy yh + | me | ra. Gf a abt La: 
2 y* - ae 
: . n, ihe 8ay +6 aes . 
13. 22+ aeaer 14 + 3 xy y 2y 
if Mat 35 
15. A oe By OT 16. i i ae gues. 


14 
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EXERCISE 81. Pages 172-175. 


2 b?— ab +34? 
ab? z 
axz + byz—cay 
xyz > 
l4a—5 
6a c 
dat42 
er as 


m1 


m?—1° 
13—4m 


* Gm—22 Cm +3) 


Qa27-9y2 | 
7: yy. aa ary Gian oR 

3 (Sy —x)(22 -3y) 
2, NS ae 
ees See) 

82 ; 
nt Mas, 

2 ab 
Ae Bas 4 OF 

8 
a 2s 
47 a — 208 


57: 


* (@ +4) (a8 — 28)" 


20 —32 


" (@ —2)(@—3) (a +5)" 


2a?+18a+8 


—11 


* @+D@-2)@+4+8) 


prAaatl Sie 
zy(y ~- x) , 


24. 


42. 


(2a—1)(@+2)(8a+41)° 


st+2rt—3rs 
rst 
5 an* — 10 bmn — 2 om? 
10 m2n? 
By2—6a2 2 
2 xy? 
ac + bc -4- ab 
‘abe 


26. 
28. 


30. 


38 b 
| Ba-4)6at6) 
3a? — ay +2 ’. 
& 6G y) 
29 p — 12 
6(2p—3)(5p—4)° 
4 
| 4p?—1° 
62(x% + 3). 
| a 


% 


40. 


au 


46. 0. 


48. 0. 


@+2a—2 
(@—1)(@+2)(a—8) 
sie P+ 6ar+3a2__ 

" *—38ayrr+7a) 

-a—3 
ear BE Ge 

_ 2a 2a+15 
‘9—az 
10241 
12(¢ —2)° 


50. 


58. 


ANSWERS 
4a 12 
—— 60. ———.. 
m(16 — m?) 1-—@ 
ea 62. eal 
TET | ‘a+b 
Hin) ee 64. 208 | 
 (@ +5)(@— 2)@ +8) 15 
38a2?—a+2 66 2% 
3a e “ty 
Diba 6 a2—6 
° 68. “Saal age 
5ba+6 2a—38 
32 
0. | 7: ioe 
aed ar te 
r+s - 4 
EXERCISE 82 Pages 176-177, 
ay : a 
3- Zz. 4- Le 
5. }. 6. 1. 
: boy 
a 8. . 
7. 2abe Bint? 
2@-= 0) 2m—1 
mee ise * oe meee 
a—5 3p—3r 
ta * 4(p=9) 
2(a — 8) ay a(x —1 
Les (a — 6)? * (a7 +1)( +3). 
15. ee 22) 16... 
ea—y) | 3a 
8r—2s8 m—3 
7 S3r42s 18: 3a = 2) 
5(@ +9) 2%—3 
19. ; 3 a 20. 32-3 
ae mt 22. 4. 
2 —2” 
23. — }.- a¢ a+2% 
25. —1. 


» 
ry 
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EXERCISE 83. Page 179. 


7. 8@+38) 8. r(2r+5ve) 
2(%— 2) v(4r —8v) 
re) 2e ro. fc+a@)* 
e—1 c—@ 
II. rd +s ‘ 12. Wns), 
13. a(@+7) ’ xq. Ww? 
m2(a— 8)? ws 
= (@+2b)(@—5b) : ay 
3: (a4 8b)(a +40) Sa 
Ted. *S | Ge ae 
20 r(r +.s)(2r— 8s) coe 
r(r+s)(2r—S8s = 
* Ss(Qr+S8s\(r4+ 2s) as 
EXERCISE 84. Page 181. 
1 
zr. 12, ~ & k . 
2 a 3 x+y 
26—Se 
4. @ 5. ———_.. 5, abe 
2b +3a ad + be 
ae. pepe 8(2a—5d) ba 
7 ge yQab+ ae > 5(4a+30) ei 
to. 2ab(@— 2b). rx, 22 EY. 38, chew 
w2y 4x-—8 
a—b a+6 QP 
13 and 14. ae . 15. a 
S2+4. % : - 
6. ———.. x 
: x+1 17- }- 18. a 
a 
19 wee 20. 8. 
EXERCISE 85. Pages 183-184... 
ee ee 2 2. 378 
aos x 
“ $7- ~ AS 6..—. 
i 5. & 
a. 32 2 
Pa z+2 > Tao 


wie « 


f f 5 ‘ P 
(2X F/) (3 M+ 


es! 
ANSWERS — —_ ; Ls 
2 2+p+1 ipa 3 & 
10, ———. qx, Ht 2, 1, eee 
2a—1- DP x 
ad — be 22—3y x+5 
13. c 14. ~~, . : : 
9 ad + be ST oe Be 
aa oe 
i652 5 39: cas YG SERES | 
az a? — b? y 
ro. (mn? + 2?) ~ a—b 
9 nm?-+2mn—n?) 7 20.a—1. ai. aa 
2+8 c+3y 8a —2 
22. 23. ——. f 
Ba-y 2 z+1 a 
2a? +30? 
25. ———-. 
5 5ab 
EXERCISE 86. Pages 186-189, — 
x. 8. 2. 2. 3. 5.) pipe) Me af 6. 6. 
y. 15. 8. 1. 9. —5. 1o.--10. 11. —38 32. —4 
13. 38. 14. —1. 15. 3. Ip.3.— 18. 45-—~" Jo. 4. 
20, 2. ary —4., 22, 1... 23, —1 24. — 2. 25. — 5. 
26. 3. 28. 6. 29. 23. go. 6.. 3r. §. 32. 4. 
33. —1l. 34. —% 35- —}- 36. 1 37. 23. 38. —1 
39. 2. 4o. 2, 41. — qo 42. —5. 43.3. 44. 4. 
45 —2. 47 —1. 48 +. 49. % 50. 4. 
EXERCISE 87. Pages 189-191. 
. 82, 24. 2. Base, 18 ft. ; altitude, 5 ft. ; area, 65 sq. tt. 
ne “$25. 4. 27, 18. 5. 42. 6. A, 24 yrs.; B, 64 yrs. 
7. Oklahoma, 1907; Washington, 1889. 8. 79. g. 48. 
10. 3. tr. 69°. yar 18 at 50% per dozen ; 36 at 75¢ per dozen. 
13. Engine, $18,700; sleeper, $19,000; parlor car, $15,500. 

14. $2300 at 5%; $700 at 6%. 15. Wyoming, 1890; Maine, 1820. 
16. 2. 17. $2150 at 5%; $1800 at 4% 18. % 19. 80% 20, 1. 
EXERCISE 88. Page 192. 

5. 3} da. 6. 3 da. q. 1} hr. 
8. 9 hr. 36 min. g. 6 hr. Zo. 22} da. 
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BXERCISE 89. Pages 193-194. 


- 120)b. 2. 8 ft. from the fulcrum. 


6 ft. from A. 4. 22 ft. 
5. 7 ft. from the fulcrum. 
6. On the left side, 7 ft. from the fulcrum. . 


EXERCISE 90. Pages 196-197. 
i] 


2 


(r + 5) mi. per hour ; 


b. slow train, Labo hr.; fast train, hr. 
r r+ 


a. 2? hr, 2 br. ; b. = e+. 


3r 
a. Slow train, * mi. per hour; fast train, 


b. = = Th + 20. 


m mi. per hour. 


é hie Seti 15 mi. per hour ; fast train, 45 mi. per hour. 

. 12 mi. per hour, 

. Freight train, 15 mi. per hour. ; passenger train, 35 mi. per hour. 
. 40 mi. per hour. 

. a. Downstream, 8 mi. per hour 6. Upstream, 2 mi. per hour. 


a. 3hr., b. 12 hr.; c. 15 br. 


ge b. g hr.; ¢. 242=5,; d. 8 mi. 


. 12 mi. 15. 213 mi. | 


EXERCISE 91, Pages 198-200. 


20. 2. 21 yr. 
Width, 36 ft.; length, 60 ft. 4. 30°, 15°, 60°, 75°, 180° | 


. 88°, 67°, 80°. 6. A, 32 mi.; B, 25 mi. 


Shaft, 500 ft. ; pyramid, 55 ft. 


. Slow train, 27 mi. per hour; fast train, 45 mi, per hour, 


10, 12, 14. 10. 10 da. 
mi. per hour. 12. A, 31 yr.; B, 12 yr. 
$10,600. 


ee 
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214. Slow train, 80 pie per hour; fast train, 45 mi, per] hour. 


15. 6hr 16. $630 at 44%; $810 at 31% © 
17. 3 mi mi. per hour, — a.’ 


1%. 35. 1g. 2.65. 20. .90013. 


EXERCISE 92. Pages 201-202. 


s 2a, 8¢ 
; me Onene : ee 
r, 7a. a2 3 3b 4 re 
5.6 ; 6. a-- 5. 9. +s, 
; m—1 
8 c?—cd+ a’. Osher oe 10. m?— mn + n2. 
ie “26 +4. 12. a—l. 13. 2m. 14. — a. 
10 m ier 
10m, nig 8 : : Mies 
15- Bn 16. 12(a — 6) 17, m+n - 
1 ——, 
19. a+b. ea ar./—24. 22. -. 
= \ = a < 
23: 2 a? a 24. OF 25. 5 


2a—b) nae 


EXERCISE 93 Pages 204-205. 


Pe 2 
t. a. 1%)? b. aly 2. a 24; b 4. nat 
C 4 v 
eee -a&—3; 1 — 
& 2, eer ia lw : 
5. @ 2; b. a 6. C=§(F—82). 2 
/ OA 2A —ae | BA: 
.@. 3380; b. 20; ¢. 3; ad — -—. ae, a 
ithe ' : ‘ bape 4 a ae 
Gata kas 100 A ok: 7 WOCAS 
100 + rt Pr Rome 
aT—1 1 ef 
heh —; bb —— oi 
2% an T—t } 
—T Hie 
ae a. PF ag 5 mere a C. et. 20 
Mu. m(v— wt), CO = aC. 
II. a. roe b. - 12. a. bio? 6. G— Ka \ 
sa+c, sb—c+b, 273 (h—k), » 278 h_ 
13. @. aarp b. eae s ihe 14. @. ke 5 oan 


rY 
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2 2 
15. dh UBEE SPO es | ~ n6 a ag tS oh ee ee 


+1 ; 3000 a? 
17. a. .84,;5 0. ar 18. a. ey db. E_ CR ore. oe aoe 
19. @. 585.93+ 5 d. 7 Fon. SNe 
20. a. 120 ; b. os & fae 


EXERCISE 94. Pages 206-208. 
1. Mississippi, 3000 mi.; St. Lawrence, 2200 mi.; Yukon, 2100 mi. ; 
Arkansas, 2000 mi. ; San Francisco, 1400 mi. ; Columbia, 1200 mi. 
2. Corn cracked, 28 oz.; corn meal, 20 oz.; oats, 16 0z.; oats ground, : 
12 oz. ; wheat, 80 oz. ; cottonseed meal, 20 oz. 
3. ABION ho MOP 40S. 
CD 8.5.1.7 17. 68. 5.1 
EF 3. 6 6.2 24518 
GE 22> Ba 6 
LWeos Ae (10s Ads 3: 
MN 4. 8) 82) 5259124 
XG 290-250 Se e20e 1-5. 
EXERCISE 95. Pages 210-211. 
2. 7:30, 16°; 8:30, 19°; 11:30, 20.5°; 2:30, 9°s 5:80, — 5°. 
6. B,1:12; C,1:30; D,1:48; #,2:24; G,3:80; H, 4:06; 
-I, 4:30. 
8. $33. 
EXERCISE 96. Pages 212-2138. 
zr. A, +2; B, —4; C, —38; D, +6. 
2. A, +5; B, +2; C,—2; D, —5 é 
3. BE, (+5, +2.5); FF, (—2.5, +8); G, (—35, —4.5); 
H, (+ 4.5, — 8). 
5. A parallelogram ; point (+ 6, 3.5). 
6. A hexagon ; point (5.5, — 5). 


EXERCISE 97. Page 214. 
1. BO, = 6); yes. C, (1,2); yes. D, (— 2, 8); yes. 
2. They do not. 3. A straight line. 4. They do. 
5. A straight line. 6. They do. 
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EXERCISE 99, Pages 219-220., 


x. (7, — 2). Rime fa ie ~ Be (2D) 
4. (— 2, 38). 5. Dependent. 6. (4, —5.) 
7. Dependent. 8. (+2, ~8). 
9g. They have a common solution ; (8, 4). 5 
to. They do not have a common solution. oo 
EXERCISE 100. Page 220. 
3. Simultaneous; (6, — 2). 5. Simultaneous ; (— 8, 2). 
} EXERCISE 101. Page 224. 
“1. @=337y = 2. 2G 2) 0 —0, 
Geese 1 ; 4: m=2;n=8. 
5. c=38;d=—5. 6. a=—3; b=2. 
Gi s== =p 8. s=6;t=—-2.— 
6-—pE—T; q=—-3 Io. r=—3;y=— } 
1. ¢=b;t=—- 12. ©=38;y=2 
13. ©=—$;y=f. 14, V=3;9=% 
TH @H=45 7=h 16. ©=5; y=-2. 
7. @2=4;y=-2. TSS S 
19 m=2;m=—1,] 20. a=—4; b=10 
EXERCISE 102. Page 226. 
mt = 35 = 4 2. r=—4;s=-1. 
S00 25.4 = —1 4. =—1; 7a 
5(t=1l;y= 2. 6. p=53 Ger 7 
7.\n == 5;, n=}. 8 = 2; y= Gi 
9 c=1;y=H. 10. r=3;t=—7, 
TE 0 ed =e 12. C=—3; w=— ¢. 
13, A=—2; B=2 14. M=5; N=—2e 
Teepe — ak 16. =}; y=3. 
7. C= 2; d=—%. 18. €=— 3 fie. 
19. g=—2; k=}. 20. r=4; 3s=—6. 


ty 
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EXERCISE 108. Pages 227-228. 


1. ©=6; y=—10. 2. p=12;q=—12 
3. mal; y=—2.. act = 6; 8= 2) 

5. t=%; w=—}. CO. a= Lois t =6- 

WC 1s Oe 8 x=4; see 

9. m=—3;n=5. 10. a=—8;b=5. 

a1. 2=—1; y=—5. 12, x=—6; y=—8. 
13. m=3; n=— 5, 14. r=4; s=—5. 

15. p=10; w=7. 16. ©=5;y=—4. 


17. @=4; b=—2. wae 


EXERCISE 104. Pages 229.-230. 


T.G=— 0310 — 0. 20 A.s d=—6, 
3. P=439=-%. 4 #245 =k 

5 r=4;s=—}. 6. w=—5;0=2, 
Fe i BR STi 8. r= 3; ¢=—} 
g x=—6; y=—2. 10. ea 8s pa oe 


EXERCISE 105. Pages 231-236. 


1. 24, 85. 2. 12,20; 3- 42. 4. 48. 

5. Anthracite, $4.50; bituminous, $2.60. 6. A, 24 yr.; B, 40 yr. 
7. 15, 26,,/ 8. Tower, 510 ft.; statue, 37 ft. 

9. Gs) 10. Length, 486 ft.; width, 470 ft, 


IIs Base, 40 in. ; equal sides, 50 in. 12. A, 35 yr.; B, 27 yr. 
x3. Yale, 1700; Princeton, 1746. 

14. Short side, 15 in. ; long side, 25 in. 

15. Oxford, 872; Harvard, 1636. 

16. First weight, 15 lb.; second weight, 20 Ib. 

17. Ty 5. 18. %, $. 

19. 13 dimes, 21 quarters. 20. A, 68 yr.; B, 18 yr. 
21. Length, 21 ft. ; width, 17 ft. 22. Length, 85 ft.; width, 64 ft. - 
23. First weight; 61} Ilb.; second weight, 95 lb. 

24. John, 70 lb.; James, 80 Ib. 

25. Crew, 10 mi. per hour in still water ; current, 2 mi. per hour 


. Oj 


| Mes 
\s \5 BA RON 
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26. Distance, 72 mi.; current, 3 mi. per hour. 

27. Distance, 8 mi, ; crew, 4 mi. per hour in still-water: 

28. Slow train, 25 mi. per hour ; express train, 40 mi, per hour. 

29. Length, 75 ft.; width, 54 ft. sit 

go. Fore-wheel, 9: ft. 5 3 hind-wheel, 15 ft. 

$1500 at 6%; $1000 at 42% 32. $2000 at 5%; $8000 at 6%, 


33. $1200 at 4%; $500 at 5%, 34. $800, 6 yr.; $300, 10 
"35. 105°, 752. ; 36 85°, 18.5%, 181.6°, 

37- Ordinary train, 37 mi. per hour ; fast train, 55.5 mi. per hour. 
38. A, 14 da; Bi 10.5 da. 39. A, 12. da.; B, 18 da, 


40. First man, $15, ,000 at 42%; ; second man, $18, 000 at 34%; third 
saan, $13,000 at 53%. 


EXERCISE 106. Pages 237-238, 
6. 84. 7. 72. 8. 97. g. 83. _ 10. 59. 


EXERCISE 107. Pages 239-241, 


35a+24d. so dai18'D 
| i a NS apie 3: 
6a+5b —8 np— mq, 4q—n 
is = © — -_ &= Sag 
gis ye cam 24+3d0 . 4p—m’ a 4p—m 
ea lb +e. —0—2¢, 5. x a Deen — m= op, 
Naga 5 dm—cn’ dm—cn 
6 2=at+b;y=2a. 9. G=—2a; y=. 
3b a 
gu. Ag Yee 9. =2a;y=a—d. 
es ex=c—d;y=2c+d. rein eee yaa 
, in b 
12 £=s;y=—nr 13 ee Oy 
—, mm nr )) 
_b—-a@,. a—t? m+n, m—n bs A 
eee = che Tab a aa IN 
+t 


316. Larger, cea smaller, ; ot 17. Larger, an i smaller, ie : 


me eee : B, 4k 


a ey ee 


Y 
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«4 @b—a ‘ oe ONE 
5 digit, & ; units’ digit, . d 
19. Tens’ digit, >? i gi 648 
90. Loe 21. First, fon a ; second, eed | 
2b—34 a+b a+b 
2— G2 ar— b? mng mg 
. Greater, 7 -; less : te ii 
yy ‘petae” Tbeeade m+n m+n 
eee 2mng is (m— n)g. 
m+n’ m+n 
EXERCISE 108. Pages 242-248. 
1. @=—4; b=—5; c=- 6. 2.50 =— 1 — a oe 
B= 250 — oy) pie — 4. 7= 2; s=— 3; t=5., 
5. r=4;t=-—3; e=—5. ol A=4) Bass Ca— 
7.G= 43 9 245-2 a: 8. ©=— 3; y= 3 Z=— 
_5b—a—8e a+b—8c a—b+ce 
9 6 iY 6 oa 
Te, =o #3 eae 


pee ee a+c’ a+b 
11. A, 60°; B, 40°; C, 80°. 

‘12. a, 80in.; 6, 50 in.; c, 45 in. 

13. a, 84in.; b, 63 in.; c, 72 in. 


14. Atlantic, 35,000,000 sq. mi.; Pacific, 71,000,000 sq. mi.; Indian, 
28,000,000 sq. mi. 


15. Water, 1 cup; sugar, 24 cups; glucose, 4 cup. 
17. 896. 
18. A, 15 days; B, 30 days; C, 60 days. 


EXERCISE 109. Page 245. 


16. + 56. 17. + 54 ay. 18. + 65 ab. 
Ig. + 75 mn, 20. +72 rs. 21. + 105zyz. 


EXERCISE 110. Pages 246-247. 


4. +(Qe2 +241). 5. +(@—3a+1). 
6. +(8a2—4¢a — 2). 7. +8@—-5a+44). 
8. 4(522— 2 ay — 3y?). g. +(2a3 + 8a2—1). 
—_ 

es 


y 


45. 
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+(4m2 + ma? — 324), 
+ (a3 — 2x0? + 5 a3), 
+(a—b—c). ; 


4+(207+52—T7). 


+(m+4—). 
m 


EXERCISE 111. 


2. + 67. 
6." + 234: 
TOw ow: 


EXERCISE 112. 


2. + 2.236. 
6. +3.316. 
to. + 4.123. 


EXERCISE 113. 


2. + 1.414. 


6. + 2,449. _ 


10. + 3.162. 
14. +3.741. 
18. + 4.242, 


- a2. + 4.690. 


26. + 5.099. 
go. + 5.477. 
34. + 5.830. 
38. + 6.164. 
42. + 6.480. 
46. + 6.782. 


+t —2 +22 — 23). 


+ 94. 
+ 205. 


25 


+ 4.23. 


+ 2.645. 
+ 3.741. 
+ 4.582. 


+ 2.000. 
+ 2.828. 


. + 3.464. 


+ 4.000. 
+ 4.472. 
+ 4.898. 
+ 5.291. 


. +5.656. 
- + 6.000. 


+ 6.324. 


. + 6.633. 


+ 6.928. 


13. +(8¢%+5y—4z). 
15. + (8a?—2ab—5 62). 
17. +(7 m2? — mn — 4n?). 

3 y2 

19. £[a-2— ah 

Page 250. 
<3. nes 4. 

7. +417. 8. 
Ir. + 3.46. 12. 

Page 250. 

3. 42.449. 4. 

7- + 3.605. 8. 
11. + 4.358. 12. 

Page 251. 

3. 41.782. 4. 

7. +2.645. 8. 
Toe 3.316. 12. 
15. +3.872. 16. 
1g. + 4.358. 20. 
23. 14.795. 24. 
27. +5.196. 28. 
31. + 5.567. 32 
35. + 5.916. 36 
39. + 6.245. 40. 
43- + 6.557. 44 
47- + 6.855. 48. 

50. +7.071. 
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EXERCISE 114, Page 252. 


+ 4-V3, or + .866. 


. +47, or + .661. 

. £4V2, or + .707. 

. £421, or + .654. 
. £430, or + .912. 
. £345, or + 1.841. 


+,V77, or + .797. 


2. 


DO 


ro. 


12. 


14. 


+ 4V5, or +.745. 
+ 4V38, or + .577. 
+410, or + .682. 
+410, or + .790. 
+ 428, or + .755. 
+ 7, V30, or + .547. 
+410, or + 597. 


15.  $V6, or + .272. 


EXERCISE 115. Page 253. 


. V3, op 12.124. 


2/5, or 4.472. 


. 5V7, or 18.225., 

. £V8, or 4.041. 

. $8v6 + V8), or 1.008. 
. 4(2+4 V5), or 1.412, 

. $84 V2), or .882. 

. —, or —.272. 

. +(V6 — 5), or — .425, 

. }(—3 + 2V10), or .415. 


oar b 


To. 
12. 
14. 
16. 
18. 
20. 


. 4V2, or 5.656. 
. 5V38, or 8.660. 
. 4V2, or 5,656. 
. 3,V10, or .948- 


— £V6, or — 4.285. 

4(1 — V8), or — .366, 
+ (V2 — 1), or .059. 
2(1 + V8, or 1.821. 
4(V14.— 8), or .105. 

+ (8 —V95), or — 1.849, 


EXERCISE 116. Pages 255-256. 


+ 5. 2. +4. 


ok V3, or 41,782. 


+147, or + 881. 


os § 9/8, OF te 1,164. 
o +2. 


3 + 6.. 


12. 
. +8 14. +2. 
tivi(e—a). 38. +2 vam, 
1 5 4 
+ 4 V2 ch. 21. 


4. +2. | 
+15, or + 8.872. 


‘5 + % Vil, or + .608. 


+ V6, or + 2.449. 
+V11, or +°8.316. . 
16. +Vm—ae 


d 
19. +5,Vv2 C. 


1 
= 3m Vom(n +P). 


* 


Yee 
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EXERCISE 117. Pages 257-258. 


z. 27+ it. 2-314 ft, — 3- 21.5in. and 64.5in. 4. 4.14 
§- @ +Vb?—c?; b. + V— a? 6. 12. 7. 48. 8. 2.84 
g. 8.6. 10. a. 8s; 432 11. 254.5 sq. in. 12. 117.7 ft. 
1 
13. a. VI6i A; ?- + Vel - 14. 1021.4 cu. ft. — a5, i A 
1 1 1 
ko. — “ jee 
0. Vr Vh. ay eee ES 18 ah V3 8Vh. 
1g. a. 144 ft.; 6. 400 ft. 20. 7.5sec. a1. 58sec. 22. 52. 
1 
23. — 
3 A ‘tmr. 
EXERCISE 118. Page 259. J 
ES DB 8.5: gush 28, g. 1.2B, 8, 
a —m —3 
5. 0, 1.4. 6. 0, 5§. 7- —a, 2 &. ae? ae 
9. $4, —2k. 10. 5p, ep. 1x. 5, —3.5. 12. —2, 3. 
13. 4, 2 14. —10, —1.6. 15. 0, —5. 16. 5, 54 
17. -10, 5. 18. 2, 13. 19. —3, 2.8. 20. — 7, 1.5. 
EXERCISE 119. Page 262. 
PG 8G a ate. 4 4 SSS, 1. 68 26 ely 
EXERCISE 120. Pages 265-266. 
5,-1.2 3-11 3. 9,-8 4. —4,-6 5. 5, —8. 
6 242 V2; or 4.828, — .828, 7. —~8+V10; or .162, —6.162, 
- $ 14V2; or 2.414, —.414. 9. 4425; or 8.472, — .472. 
ro. 5 +30; or 10.477, — .477. TT. eee. 12.5, 2) 
13°). 2;.1. 14, —6, 5. ‘15. 10, 3. 16. 6, — 1. 
17. eo E or 1.090, — 10.090. 18. eae V161 . oy 13.844, 1.156, 
20. 2, — %. a1. 2, —4. 22. =Sevee, or .659, — 1,516. 
23. 1, —%. 24. 1, —%. 25. oavt8; or 8.348, — 2.098, 


els ee 29: $, —i. 28. ker, Te 2 29n ase. 30. 3, —1 
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sr. 9, 8 ign oe st V29 . or — 838, .288 
33- 5 266 . or 4,773, — .9389. 34. —%,t. 
Aa: vB, or 1.207, — 207. 36. —64 V2; or .480, —12.480 
PEO Ars 38. tevil ; 8.701, — 2.701. 
Fie ees 40. paver, or 4.395, — 1.061. 
af. are oF 6.808, — 668. |. qa 3, — & 
43. 8343; or 4.732, 1.268. 44. 6, 8 
45. 4415 ; or 2.585, .181. 
EXERCISE 121. Page 267. 
I. —at+va?+3. 2.. —G@kVaX— 0. 
3. —24V4+C. aq = eee oat. 
5 =Se Vente 8g, = 2a Via= 3B, 
r 
5 =Sas visited 3. 1, -—(2m+1). 
Q. 2a4+306. 10. aleving, 
rr. eta Ve Hr ke stevia, 
r 
13 oa ce i — 4a 14 —bivb?*—4ac. 
nee 2 . Qa 
EXERCISE 122. Page 269. _ 
I. 1 £. a 3, —} 
3. 12; = 6: 10, 8; 
Sauer 6. SS Vie. or, 1.434, — 28 
~~ 5tvb 14.V73 
7: ap’ 5 OF, «728, .276, g, EYE or, 1.628, .204, 
34V17 ae eee 
9. +3 ; or, 1.780, — .280. 10. er or, .618, — 1.618. 


Nf 
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rr. 24-2; or, 3.414, .586, r2. 2,1. 
13. 2, —2. L 14. SSEVST: or, = 918.4 p64 — 
15. 3, -}f. — 76. 8, —%. 


—14/148 an PREC) 


17. aa ae or, —2.178, 1.840, 18. 3 ; or, 4.679, .321. 


19. aoe v19 » or, 1.271, —.471, 


EXERCISE 123. Pages 270-279. 


1, —6,}, Bo me SLA 
ari. 6; tod 4. 64 V8; or 7.732, 4.268, 
5. ees ue or, — 8.075, 1.408, 6. 8, — 4. 
7. 5430; or, 10.477, —.477. Meee | 
ores et or, 8.090, 8.090. 20. 1, }. 
V29 
a ae or, 6.192, — 102, ra, — 38, 8. 
“13, —3, — 4. ih, ee i 2h 
15. —3, }- 16. 2, 3, 
17 —121 \ 18. ae ee or, 1.784 —7.284, 
19. —4, —}. -. . 20. —¥ 
] 22. 5¢, ¢. 
a rl LE 24. pi VpPi—e. 
vw 
eee NE Ht Oa 26) a? +298 
er. So g 
‘a7, 1,2P-—1. - ae 28. a,—1. 
2b 
29. —a, —b. go 1,- foe 
31. oe, or, — 27. 
™ 


80 ALGEBRA e 
EXERCISE 124, Pages 272-276, : 
x. 1, —3. 2. —2, 8. 3. 17,18; —18, — 17, 
q. 4,5,6; —6, — 6, —4. BAAS NOG > 100 marta | 
6. 23 3 7. Width, 17 ft.; length, 21 ft. 
Ses g. Length, 220 ft. ; width, 130 ft. 
ro. Altitude, 7 in. ; base, 18 in. 11. Altitude, 32 ft.; base, 18 ft. 


. 8mi. perhour. 24. 10ft. 25. 15rd. 26. 


. Altitude, 49 ft.; base, 26 ft. 13. Altitude, 125 ft.; base, 80 ft, 
Altitude, 63 ft.; base, 27 ft. 15. Altitude, 12 ft.; base, 16 ft. 

. Altitude, 24 ft. ; base, 10 ft. 17. 15 in., 15 in., 5 in. 

. 21 mi. per hour. 1g. 30 mi. per hour. 20. 6 mi. per hour. 
. 20 mi. per hour. 22. Large pipe, 3 hr.; small pipe, 6 hr. 


Tee 


. Inside city, 10 mi. per hour ; outside city, 25 mi. per hour. 


2. 29. Bicyclist, 8 mi. per hour; automobilist, 20 mi. per hour, 
Fore wheel, 12 ft. ; hind wheel, 16 ft. 


EXERCISE 125. Page 276. , 
+77. 2. +67. 3. +10%. 4. + 9a. 


I. 

5. +52. 6. +87. - 9% #124. & + llabi. 

9. +}. to. + 27%. Ir +t $t 12. + #4 

13. +i V3. fa, Edt V2; 15. +314 V2, 

16. +6¢V2 17. +7¢ V6. _ 1%. +38¢v3. 

19. +21 v3. 20. 4: 2¢ Vi. 22. oi, 

23. 24. 24. + £8. paar ag: a 2tva, 

26. mae + 25. 128, ' 28. v8, 

29. zSive, 30. ot, : 

EXERCISE 126. Pages 277-278. . 

2. 94. 3. —6i. 4. i 5: 234 6, 0. gate 

8. 2ai. sg. 6 4. so 4iv3. 11. ¢V2, 12. 5iv5. 
33. divi. 14. —2ive. 15. tv11, 17. Lath 


ANSWERS Z 31- 


242% 84ivd 34 21v7 (+ 3iv3 
18. ee erage St Ce “se ——_————, 
3 19. 4 20. 5 21 10 
oat be bivs. 
-- «EXERCISE 127. Page 279. 
t. —1+%v2. % eS ee ivip 
14ivi4 Tex iy Tl 9+4iV79 
4. ss 6. —=—_—. 
8 10 16 
15 + 1V39 . 8+iv31 —~—9 + 1V39 
——— ee gS —_—— 
22 bop ee, 6 
he) 4 iv5I, ew ss Oe i/Si)a. 


1}. 


(2+ iV2)w vi (T+ ivil)t 
ae a Le 


aN ta 
pea diva bunt 


\ 
} 
| 


